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ABSTRACT. Topic of the paper is Q-logic — a logic of agency in its temporal and modal
context. Q-logic may be considered as a basal logic of agency since the most important stiz-
operators discussed in the literature can be defined or axiomatized easily within its seman-
tical and syntactical framework. Its basic agent dependent operator, the Q-operator (also
known as A- or cstit-operator), which has been discussed independently by F. v. Kutschera
and B. F. Chellas, is investigated here in respect of its relation to other temporal and modal
operators. The main result of the paper, then, is a completeness result for a calculus of
Q-logic with respect to a semantics defined on the tree-approach to agency as introduced
and developed by, among others, F. v. Kutschera and N. D. Belnap.
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1. INTRODUCTION

The most promising framework for the explication of action-theoretical
concepts is provided by treelike structures that allow modeling the alter-
natives that different agents have in some moment and also the various
alternatives that a single agent has in a sequence of moments. Within these
structures it is possible to represent situations in which an agent is able
to do something at some moment, while at some later moment she or he
is not: an agent may miss chances to realize a certain state of affairs. The
tree-approach to agency aims to represent exactly such situations.

The first complete presentation of the ideas on which the tree-approach
of agency is based can be found in Franz von Kutschera’s ‘Bewirken’.
Since then, the approach has been developed mainly by Nuel D. Belnap,
Brian F. Chellas, John F. Horty, and Michael Perloff (cf., for example,
Belnap and Perloff (1990, 1992), Belnap (1991a, 1991b), Chellas (1992),
and Horty and Belnap (1995)). Belnap et al. (2001) provides an excellent
survey of the discussions, and Horty (2001) presents applications of the
tree-approach in the field of ethical theory. Furthermore, Ming Xu has
discussed so-called stit-logics, i.e., logical systems dealing with Belnap’s
and Perloff’s concept ‘seeing to it that” (cf. (1994a, 1994b, 1995b, 1998)).
However, his investigations leave out the temporal context of action sen-
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tences since the languages of the logical systems considered by him lack
any temporal connective.

In this paper we will investigate the Q-operator, which has been dis-
cussed independently in Kutschera (1986) and in Chellas (1992). Chellas
uses the symbol A instead of Kutschera’s Q, and in the literature this
operator is also referred to as cstit. The Q-operator functions as a binary op-
erator that assigns to each agent name a and each sentence ¢ the sentence
Q(a, @) that may be read as: the agent a settles ¢ as true, or: a necessitates
¢, or more informatively: the alternative that is presently and actually
chosen by a guarantees that ¢ is true. This operator is introduced here
with respect to two semantical approaches, one based on T x W-frames
(cf. Kutschera (1986)) and one defined with respect to synchronized trees
(cf., for example, Belnap et al. (2001)). The technical connections between
both frame types are briefly discussed in Section 2. Then, in Section 3 some
notions from the tree-approach to agency are presented as far as they are
needed in the following sections.

The formal language introduced in Section 4 is an extension of a stan-
dard language for combinations of tense and modality. Besides usual tem-
poral operators, it includes a series of other operators to express

— time-dependent necessity (historical necessity): Thomason (1984)
presents a survey;

— truth in all histories at the instant at hand: this operator has been dis-
cussed first by Maria Concetta Di Maio and Alberto Zanardo in (1994)
and, since then, it has been used in several completeness results of
logical systems combining tense and modality with respect to T x W-
semantics (cf. Kutschera (1997), Maio and Zanardo (1998), Wolfl
(1999a, 1999b));

— truth in all histories (passing through the moment at hand) distinct
from the history at hand: ‘difference’-operators of this kind have been
investigated, for example, in de Rijke (1992) and in Gargov and
Goranko (1993).

The calculus of Q-logic studied in Sections 5—7 includes a Gabbay-style
rule that is used in the completeness proof for constructing a canonical
model. Readers who are interested in just this technical result may skip the
following three sections.

2. SYNCHRONIZED TREES AND TxW-FRAMES

One reason for explaining action-theoretical concepts within treelike struc-
tures is given by the assumption of indeterminism, i.e., the assumption that
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there are events that actually happen, but are not causally determined by
any previously occurring event. Indeterminism is the conditio sine qua non
for any concept of agency that takes the idea seriously that agents can
choose between different alternatives concerning what to do: normally,
we are not inclined to consider an agent’s behavior as an action unless
the agent can refrain from performing this behavior. Thus, we obtain the
picture of a closed causal past — events that happened in the past cannot be
undone — but an open causal future — by acting we can, at least partially,
influence the future. The picture of ‘closed causal past, but open causal
future’ is captured by the concept of tree. The various (full) branches of a
tree represent the various histories in which the world can evolve. Further-
more, with regard to applications of trees in action theory it is reasonable
to assume that all branches of the considered trees have a unique temporal
order, i.e., that there is an isomorphism between the temporal evolutions
of all histories. Thus, we will restrict our following considerations of trees
to such synchronized trees:

DEFINITION 2.1 (Synchronized tree). A synchronized tree is an ordered
triple 8 = (Mom, <, Inst) consisting of a non-void set Mom (the set
of moments), an irreflexive, transitive and linear-to-the-left relation < on
Mom (the relation of earlier-than) — the set of all maximal <-chains in
Mom is denoted by His (the set of histories) — and a partition Inst of Mom
(the set of instants) such that the following conditions are satisfied:

(a) For every i € Inst and every h € His there exists exactly one m; €
Mom withm; , € i N h.

(b) Foralli,i’ € Inst and all h, h’' € His, from m; ;, < m; it follows that
mjp < mj p.

A quite similar, but more coordinate-like concept is given by T x W-frames:

DEFINITION 2.2 (TxW-frame). A TxW-frame is an ordered quadruple
R = (T, <, W, ~) consisting of a non-void set T of time-points, a linear
order-relation < on T, a non-void set W of possible worlds, and a map ~
that assigns to each t € T an equivalence relation ~, on W such that the
no-backward-branching condition holds:

w~wandt <t = w ~, w,
forallz,t € T and all w, w' € W.
Some further conditions for T x W-frames are worth to be mentioned:

Modal Connectivity: For all worlds w, w" € W there exists a time-point
t €T withw ~;, w'.
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Modal Divergence: For distinct worlds w, w’ € W there is a time-point
t € T withw #, w'.

Modal Completeness: Let w : T — W be a map such that, for all t < ¢,
it holds that w(#) ~; w(t’). Then there exists a world w® € W with
w(t) ~, w®foreacht € T.

The first of these conditions will be discussed at the end of Section 6, the
second in Section 7, and the third is the subject of consideration in this
section. In general, we will not assume any of these conditions.

There is a well-known correspondence between Tx W-frames and so-
called generalized synchronized trees. But, how do the concept of (gen-
uine) synchronized tree and that of T x W-frame correspond to each other?
Starting with a synchronized tree 8, we obtain a Tx W-frame R® by the
following settings:

T := Inst,

W := His,

i <i 4= mjy <myy, forsomelall h € His,

h ~; h = mip =m;p.
The frame so defined is modally complete. For provided w : Inst — His
is a map such that, for all i < i’, it holds that m; ;) < m ., the set
{m; @ : 1 € Inst} is a maximal <-chain in Mom, i.e., this set is a history.
As can be verified easily, R® is modally divergent. And, the frame R* is
modally connected if each pair of histories of B overlap.

Conversely, let R be a modally divergent and modally complete T x W-

frame. Define an equivalence relation ~ on the set 7 x W by

t,w)~{,w)<=t=tandw~, w.
Equivalence classes w.r.t. (with respect to) ~ will be designated in the form
[z, w]~. We then set

Mom := (T x W)/~,

£, w]lw < [, w]e =t <t and w ~, W,

[t wie ~ [t W =t =1,

Inst := Mom/=~.
It is an easy exercise to check that the triple B® = (Mom, <, Inst) defines

a synchronized tree. Note that each world w determines a maximal ~<-
chain of moments, namely

hy = {[t, wlo € Mom : t € T},
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the history of world w. From modal completeness of R it follows, then,
that the map W — His, w — hy, is surjective, i.e., His and {h,, : w € W}
are identical. And, the map w > h,, is injective if and only if R is modally
divergent. Furthermore, there exists a one-to-one correspondence between
Inst and T given by [[t, w].]~ — t. Hence we obtain a bijection between
the sets T x W and Inst x His, and thus there is also a bijection between
T x W and {(m, h) € Mom x His : m € h}.!

There is a situation in which modal completeness is satisfied almost
trivially:

PROPOSITION 2.3. Let R be a TxW-frame such that the set of time-
points T of R has a maximal element ty,x. Then R is modally complete.
Proof. Let w : T — W be a map such that, forall 7, € T witht < ¢/,
w(t) ~; w(t'). By defining w® := w(tynax), We trivially obtain a world as
wanted. a

It is exactly this fact that will be used in Section 7 to establish a com-
pleteness result of Q-logic with respect to a semantical approach based on
synchronized trees with ending time. As far as I know, modal completeness
itself is not axiomatized yet> and hence this condition will be neglected in
the completeness proof presented here.?

3. MOMENTARY ALTERNATIVES OF AGENTS

After this brief survey on basic frame types and their mutual dependen-
cies we will now discuss momentary alternatives of agents. At first, we
introduce this concept with respect to synchronized trees:

DEFINITION 3.1 (Tree-based agent-frame). A tree-based agent-frame is
an ordered triple C = (B, Ag, Ch), where B is a synchronized tree, Ag is
a non-void set (the set of agents of C), and Ch is a map that assigns to each
agent a € Ag and each moment m of 8B a partition Ch, (m) of the set

His,, := {h € His : m € h}

such that the following conditions are met:

(@) If h € X € Ch,(m) and if h and k' are undivided at m (i.e., there is a
moment m’ € h N k' with m < m’), then &’ too is in X.

(b) Let m be a moment of B and suppose that X is a map that assigns to
each agent a an element X(a) of Ch,(m). Then there exists a history
h that is contained in each X(a).
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The elements of Ch,(m) are said to be (momentary) alternatives of a at
m, and Ch,(m) is said to be the choice-set of a at m. An agent a has non-
vacuous choice at moment m if Ch,(m) # {His,,}, i.e., if there are distinct
X, X' € Ch,(m).

By saying that each agent’s choice-set forms a partition, we postulate that
at each moment each agent is to choose exactly one of her/his alternatives.
Condition (a) of 3.1 means that an agent cannot separate histories that
are undivided at the moment of her/his choice. Finally, by condition (b),
each agent can choose an alternative in her/his choice-set independently of
which alternatives are chosen by all the other agents (at the same moment).
In particular, at a given moment m no agent can prevent another agent from
choosing any of her/his alternatives (at that moment).

DEFINITION 3.2 (TxW-based agent-frame). A TxW-based agent-
frame is defined as an ordered triple ¥ = (R, Ag, f) consisting of a
TxW-frame R = (T, <, W, ~), a non-void set Ag of agents, and a map
f that assigns to each agent a € Ag, each time-point ¢, and each world w
a subset f,(z, w) of the set

whY = {w’ e W :w~, w’}

such that each of the following conditions is satisfied:

(a) Foreacht € T andeachw € W, w € f,(t, w).

(b) From f,(t, w) N f,(¢t, w') # @ it follows that f,(¢, w) = f, (¢, w’).

(c) If w ~, w' for some t' > ¢, f,(t, w) = f,(t, w).

(d) Let (wq)4eaq be a family of worlds such that, forall a, a’ € Ag, w, ~;
w,. Then there is a world w* € W with w* € f,(¢, w,) for each
acAg.

fa(t, w) is said to be the alternative that is chosen by a at time-point t in
world w.

Heuristically and also technically (as can be seen from the following con-
siderations), the conjunction of conditions (a) and (b) corresponds to the
postulate that choice-sets are partitions, while (c) corresponds to condi-
tion (a) of Definition 3.1 and (d) to condition (b) of 3.1.

The concepts of agent-frame resting upon synchronized trees and T x W-
frames, respectively, correspond to each other in the following sense: Let ¥
be an agent-frame defined on a modally divergent and modally complete
T x W-frame R. Consider the synchronized tree 8% that corresponds to R
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(as defined in Section 2). On the set of all histories of B%® define an
equivalence relation by

hy, E:? hy <= w' e fa(tma w)
— fa(tma w) = fa(tma w’),

where 1, = t if m = [f, w]~., and let Ch,(m) be the set of all =/'-
equivalence classes in His,,. The partition Ch, (m) obviously satisfies con-
dition (a) of 3.1. With regard to condition (b) we can argue as follows:
Let X be a map that assigns to each agent a an element X(a) € Ch,(m).
By the Axiom of Choice, choose for each a € Ag a world w, with &,,, €
X(a). Hence, by condition (d) of 3.2, there is a world w* with w* €
(M, fa(tm, ws). Thus we get that, for each agent a, h,+ =" h,,, and hence
hy € X(a).

Conversely, let C be an agent-frame defined on a synchronized tree B
and let R® be the corresponding T x W-frame (cf. Section 2). Furthermore,
let f,(i, h) be that element X of Ch,(m; ;) that contains /. Then it is only
condition (d) of Definition 3.2 that is of interest: Let (/1,) e be a family of
worlds of R® with h, ~; h, forall a,a’ € Ag, and set X(a) := f,(i, hy).
Then there is an h* such that, for each agent a, 2* is in X(a) and hence in

fa(i, ha).

Finally, we introduce further concepts of agent-frame by weakening the
independence condition. Thereto note that, for example, the independence
condition of T x W-based agent-frames can be expressed equivalently by

(d*) Let A be an arbitrary non-void set of agents and let w : A — W be
a map such that, for all a,a’ € A, w(a) ~, w(a’). Then there is a
world w”™ such that, for each a € A, w” is contained in f, (¢, w(a)).

DEFINITION 3.3 (Weak agent-frame). Weak TxW-based agent-frames
are defined like Tx W-based agent-frames in the sense of Definition 3.2,
but with condition (d) replaced by a condition (d’) that postulates indepen-
dence for finite sets of agents only (i.e., (d) results from (d*) by replacing
its beginning by “Let A be a finite non-void set of agents ...”). In an anal-
ogous manner the concept of weak tree-based agent-frame is introduced
by weakening condition (b) of Definition 3.1 as follows:

(b’) Let A be a finite set of agents and let X be a map that assigns to each
agent a € A an element X(a) € Ch,(m). Then there exists a history
hwith h € (,.4 X(a).

acA

In order to emphasize the difference between weak agent-frames and
agent-frames in the normal sense, the latter ones may also be called strong
agent-frames.
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It should be clear that weak TxW-based and weak tree-based agent-
frames correspond to each other via the transitions discussed above with
respect to strong agent-frames. But there are also cases in which weak and
strong agent-frames coincide. And one of these seems worth mentioning:

PROPOSITION 3.4. Each weak agent-frame in which at each moment only
finitely many agents have non-vacuous choice is strong.

The premise of this proposition is more plausible than the stronger as-
sumption that the set of agents itself is finite. Unfortunately, this premise
(as is the stronger assumption) is not first-order axiomatizable. In Belnap
et al. (2001), Chapter 17, Xu discusses conditions with regard to the num-
ber of alternatives that each agent has at most. As far as I see, there are
no connections between such cardinality assumptions and the relationship
between weak and strong agent-frames.

4. THE LANGUAGE £q AND BASIC SEMANTICAL CONCEPTS

In this section we introduce the formal language £q upon which all our
following considerations will rest and we discuss its basic semantical con-
cepts, which are defined in terms of the frame-types presented in the pre-
vious section.

The alphabet of L£q contains countably many (individual) constants,
denumerably many propositional constants, the symbols =, =, —, G, H,
N, N*, B, and Q, and parentheses. With respect to /£q the concept of for-
mula is introduced in the usual manner: Propositional constants of £Lq are
formulae of £q. And, for all individual constants ¢ and ¢’ and all formulae
@ and ¥ of Lq, c = ¢, =@, (¢ — V), G, Hp, N, N*¢, By, and Qc ¢
are formulae of Lq.

G and H are the usual temporal operators: Gg means ‘It will always be
the case that ¢ is true’ and He stands for ‘It has always been the case that ¢
is true’. N is the operator of historical necessity (‘It is inevitable that ...").
Sentences of the form Hy may be read as ‘In arbitrary circumstances it is
now the case that ¢ is true’. Finally, the operator N7 is an auxiliary operator
that is introduced to improve the expressive power of the object language.
It will occur in two contexts: in Section 6 this operator plays an essential
role to establish the result that the canonical structure, which is defined
there, satisfies condition (d') of Definition 3.3 and in Section 7 it is used
to axiomatize modal divergence of TxW-frames. The reading of N*¢ is
‘In all merely possible worlds sharing the past and present with the actual
world it is now the case that ¢ is true’. As we will see below, the operator
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N is definable by N#, but for historical reasons it will be considered as an
undefined primitive.

Other temporal and modal operators are introduced as follows Fg :=
—G—¢, Pp := —H—¢p, Mp = —=N—g@, M*¢ := —N*—p, and ¢ =
—H—¢. Connectives of propositional logic are defined in the usual manner
as well as substitution operations (with respect to individual and proposi-
tional constants, respectively). For example, ¢(c’/c) is the formula that is
obtained from formula ¢ by substituting the individual constant ¢’ for each
occurrence of ¢ in ¢.

The semantics of Lq is then defined by the following concepts of agent-
structure and validity:

DEFINITION 4.1 (Agent-structures). (a) A (weak) TxW-based agent-
structure is an ordered pair A = (¥, V), where ¥ is a (weak) T x W-based
agent-frame (cf. definitions 3.2 and 3.3) and V is a map that assigns to each
individual constant ¢ an agent |c|* := V(c) € Ag and to each propositional
constant p a subset [p|* := V(p)of T x W.

(b) A (weak) tree-based agent-structure is defined as an ordered pair
A = (C, V) consisting of a (weak) tree-based agent-frame C (cf. defini-
tions 3.1 and 3.3) and a map V that assigns to each individual constant ¢
an agent |c|* := V(c) € Ag and to each propositional constant p a subset
|p|* = V(p) of {(m, h) € Mom x His : m € h}.

Let now 4 be a (weak) T x W-based agent-structure. The concept of valid-
ity in A at time-point t and world w is defined recursively as follows:

A P —= (@, w) elpl*,

AbEwc=c & ||t =",

A Izt,w @ = A I;ét,w @,

'A Izt,w QY — W — 'A I;ét,w @ or 'A ':t,w W,

A Erw G — Ay, e, forallt >t

A Erw Hp — Ay, e, forallt <t,

A Erw Ng — A e, foralw ~ w,

A Erw N7 — A @, forall w ~; w with w # v,
A =0 Be — A e, forallw e W,

A Erw Qco — A= @, forallw’ e fi 4t w).

The corresponding validity concept with respect to (weak) tree-based
agent-structures is defined analogously — note that }=,,  is only defined
if m is element of A:

A Emnn p < (m,h) € |p|*,
AEapc=c & |t =],

A |=m,h Q@ = A bém,h @,

AEwn 9>V = AFEanporAEnn Y,
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AEnrGp < AEuw, e, forallm’ € h withm < m/,
AEnnHp < AE,, foralm < m,

AEnnNg < A, e, forall b’ € His,,,

A Enn N9 < A, e, foral h' € His,, with h # I,
AEnnBe <<= A e, forall m’ € Mom such that there is

ani € Inst withm, m’ € i,and all b’ €
His,,,

AEnn Qe < A, @, forall k' € His, such that there is
an X € Chja(m) with h, h' € X.

Further concepts of validity are introduced as usual. For example, a
formula ¢ is said to be valid in a TxW-based agent-structure 4 if, for
each t € T and each w € W, it holds that A =, ,, ¢. A set ® of formulae
is said to be satisfiable in a tree-based agent-structure « if there exist a
moment m and a history & € His,, such that, for each ¢ € ®, A =, .

It is obvious that for both semantics appropriate coincidence and substi-
tution theorems hold. We will refer to such theorems without proving them
here. Summarizing the results of Section 3, we then obtain that the seman-
tics defined in terms of tree-based agent-structures and the semantics given
by modally complete and modally divergent T x W-based agent-structures
yield the same logic:

THEOREM 4.2 (Correspondence Theorem). (a) A formula ¢ of £Lq is
valid in each tree-based agent-structure if and only if ¢ is valid in each
modally divergent and modally complete T xW-based agent-structure.

(b) A formula ¢ of Lq is valid in each weak (T xW-based, tree-based)
agent-structure if and only if it is valid in each strong (T xW-based, tree-
based) agent-structure.

Proof. (a) Use the presented transitions from tree-based to T x W-based
agent-frames, and vice versa. Furthermore, with regard to the definition of
interpretation functions use the fact that there is a bijection between T x W
and the set {(m, h) € Mom x His : m € h}.

(b) Obviously, if ¢ is valid in each weak agent-structure, it is also valid
in each strong agent-structure. Suppose now that there is a weak TxW-
based agent-structure + with A (. ,+ @ for some t* € T and some
w* € W. There are only finitely many individual constants, say cy, ..., ¢,,
that occur in ¢. On the T x W-frame of 4 define now Ag’ :=Ag, V' :=V,
and
fa(t,w) ifa =|c;|* forsomei € {1,...,n},
whw else.

The agent-structure A’ so defined is strong (cf. Proposition 3.4) and coin-
cides with «+ at each pair (¢, w) in the validation of all formulae in which

fot, w) == {
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only individual constants of {cy, ..., ¢,} occur. The claim is proven, then,
by applying an appropriate coincidence theorem. O

Note that the second claim of this theorem does not hold any longer if
the language Lq is enriched by quantifiers. The formula Vx MQx ¢ —
MVx Qx ¢ (cf. Kutschera (1986)) is valid in strong agent-structures, but,
in general, it is not valid in weak agent-structures. A short example may
be helpful. Let us assume that there is a unary relation symbol F in the
extended quantificational language. Now consider the agent-frame that is
defined as follows: Let W := N, T := {0}, < := @, ~¢ := W?, and
Ag := P (where N is the set of natural numbers greater than 0 and PP is the
set of prime numbers). For each p € Ag, we set

{neN:p|n} if p|h,

L= 9, 7,00, p) else.

The frame such defined is a weak T x W-based agent-frame that is not
strong (for cardinality reasons: if infinitely many agents have non-vacuous
choice at some moment, the set of worlds passing through this moment is
not countable). With regard to the proof of the weak independence con-
dition we can argue so: let P be a finite non-void subset of P and, for
each p € P, choose a ‘history’ n, € N. Consider then P* := {p € P :
p | ny}and n* = ]_[pep* p (i.e, n* = 1 if P* is void). It can easily
be verified that, for each p € P, n* is element of f,(0,7n,) (note that
the representation of n* as product of prime numbers is unique). Let now
c1, €2, ... be an enumeration of all individual constants (we can assume
that there are infinitely many) and let A be an agent-structure on this
frame such that V(c,) = p and Vy,(F) = {p € P : p | n} for each
n € N. Then it holds that A =y, VYxMQx Fx, but not that A = ;
MVx Qx Fx. To show the first relation, choose p € P arbitrarily. We then
obtain that A }=¢ , Qc, Fc, and hence that A |=o; MQc, Fc,. Thus,
A o1 VX MQx Fx. But we also get that A =1 N3x —Qx Fx. For if
n € N is chosen arbitrarily, there exists a prime number p > n (IP has no
upper bound). Hence, it holds that f,(0,n) = f,(0, 1) and, consequently,
that A =, —Qc, Fc,. From this we obtain that A4 ¢, 3x —=Qx Fx and
thus that A = NIx —=Qx Fx.

5. THE CALCULUS fq

We will now present the basic calculus £q for Q-logic.
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AXIOMS OF Rq.
(A-0) Axioms of propositional logic.
(A-1) c =c.
(A-2) c = — (9 = (/o).

(A-3) G(p = ¥) — (G — G¥), Hlg — ¥) — (Hp — Hy),
N(p = ¥) = (Np —> Ny), N*(p — ) - (N9 — N7y),
Bl = ¥) > Be — Bv), Qc(p — ¥) — (Qco — Qcy).

A4)c=c >Ge=c,c=c >Hc=c,c=c —>Hc=".
(A-5) FHp — ¢, PGp — ¢.
(A-6) G — GGo.
(A-7) FPp — Py v ¢ V Fp, PFp — Pp Vv ¢ V Fo.
(A-8) MN¢ — Ng, =Qc —Qc ¢ — Qc ¢, 6H ¢ — Bo.
(A-9) M*N*p — ¢.
(A-10) Np — Qc ¢.
(A-11) Ngp — N7g.
(A-12) Hp — Ng .
(A-13) Qcp — o.
(A-14) FHp — HFgp, PHp — BPog.
(A-15) PQc ¢ — NPg.
(A-16) /\05i<j5n i #¢i ANQey (e V-V Tg,) >
N(Qci @1 = N(Qc2 2 = -+ - N(Qcy—1 @51 = N=Qc, @) - - 2).
(A-17) Yy AN*@ — N(—¢ — @).

RULES OF Raq.
(R-MP) m

v (4
R-G) —.
(R-G) Go

%

R-H) 2.
(R-H) ™

p
R-B) E_QD
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BHd, A
(R-Ir) —2 " Xa 7 @

where p and ¢ are distinct propositional constants that both do
not occur in ¢ and where 9, and x,, are defined as pAG—=pAH—p
and g A N*—g, respectively.

The concepts of proof w.r.t. Rq, provable from a set of formulae, etc., are
then introduced as usual.

By the calculus £q, the operators N and B are characterized as S5-
necessities, while N” is characterized as a mere B-necessity. And, pro-
vided Qc is understood as a unary operator, it is an S5-necessity, too. The
calculus Rq contains the temporal logic for linear time with respect to
the operators G and H. The usual bridging principle for logical systems
combining tense and modality is replaced by Axiom (A-15) and appears in
the list of theorems below as (T-3). The necessity-rules for the operators N,
N7, and Qc are derivable from (R-H) and axioms (A-10)—(A-12). The
irreflexivity rule (R-Irr) is of special interest: In the completeness proof
presented in Section 6 this rule provides us with propositional names for
time-points and with propositional names for worlds. Note that the sys-
tem of intensional operators of £q, i.e., the set {G, H, H, N, N*} U {Qc :
¢ is an individual constant}, is dually complete: G is the dual of H, and
vice versa, and each of the operators H, N, N*, and Qc is the dual of
itself. The proofs of some lemmata presented in Section 6 depend on the
fact of dual completeness (cf. 6.2 and 6.5): this is the reason why the
symmetry axiom for N” is needed in the axiomatization. Thus, the rule
(R-Irr) is the reduction of the following rule (R-Irr’) (i.e., (R-Irr) and (R-
Irr’) have the same proof theory on the basis of the other axioms and rules
of Ro):

Dl(q)l — e Dn—l(¢n—l - Dn(EIﬂp N Xg = Ql)n)) -0)

|]I(QDI — Dn—l(q)n—l - an)n) o ) ’
where p and ¢ are distinct propositional constants that both do
not occur in any of the formulae ¢;, where the operators [J; are
arbitrary intensional operators, and where ¢, and x, are defined
as p A G—p A H—p and g A N*—q, respectively.

(R-Irr’)

THEOREMS OF Kq.

(T-1) F(¥ A @) = G — @), P(3 A @) = H®O — @),
where ¥ has the form v A G—y A H—.

(T-2) HQc ¢ — NHgp, Qc Gp — GNgp.
(T-3) PN¢p — NP¢@, HN¢ — NHp, NGp — GNg.
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(T-4) GH¢ < HG¢, HHp < HHe.

(T-5) Aicicjen€i i AN@UA - A @yt = @) >
N(Qci @1 = - - N(QCu—1 @1 = N=Qc; =¢n) - - ).

(T-6) /\1§i<j§n ci #¢j AMQci @; A -+ - AMQc,, 9, —
M(Qci @1 A -+ A Qe @).

(T-7) ¢ # ¢’ — (Ng <> QcQc’' ¢).

(T-8) x Ao — N(x — @), where x has the form ¥ A N*—=r.

(T-9) Np <> ¢ A N7g.

Proof. Ad (T-5): We sketch the proof for n = 3: MN(¢; A ¢ — ¢3) im-
plies N(¢; Agr— @3) and the latter formula implies Qc; 91— Qc; (g2 — 3).
By Axiom (A-16), we then have Qc; (¢ — @3) = N(Qc; ¢, —N—-Qc3 —¢3)
provided that A\ _; j<3¢i # ¢j. Thus, we obtain that the formula

MN(@1 A @2 = @3) AN\ iz jsCiFc; —
(Qc1 @1 = N(Qc; ¢ > N—Qc;3 —-g03))
is provable and hence, by (A-4) and (A-8), so is
Ni<izj<sciFci AN(@1 A @2 — ¢3) —
N(Qci @1 = N(Qcz 92 = N—Qc3 —¢3)).
Ad (T-6): We sketch the proof for n = 2: By (T-5), we obtain that

c1 # 2 AN(Qcp ¢ = —Qca ) —
N(Qc; Qcy 91 — N—Qc; Qcr ¢2)

is provable. From the consequent of this implication it follows Qc; ¢; —
N—Qc; ¢,. Hence, the formula

¢ # c2 AQey o1 = (N(Qcy @1 = —Qc; 92) = N—Qc ¢2)
is provable and, by contraposition, so is

c1 # cx ANQcyp ) — (MQC2 @ — M(Qcy 1 A Qe (pz)).
Then, by some S5-modal logic w.r.t. N, the formula

¢1 # ¢ AQey o1 = N(MQcz 9, = M(Qcy @1 A Qez ¢)),
is provable and thus so is

c1 # co AMQc 1 — (Mch @2 — M(Qcy @1 A Qe (pz)).
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Ad (T-7): By (A-10), the implication N¢ — Qc Qc’ ¢ holds almost triv-
ially. Conversely, by Axiom (A-16), we obtain that ¢ # ¢’ A QcQc’ ¢ —
N—-Qc’ —Qc’ ¢ is provable and hence, by (A-8) and (A-13), so is ¢ #
¢ AQcQc’ ¢ — No.

Ad (T-8): By Axiom (A-17), we obtain that ¥ AN*—yr A — N(—= (¢ A
@) — —) is provable. But from the consequent of this formula it follows
first N(y» — @) and then N(yy A N*=¢ — @). O

LEMMA 5.1. Let A be a weak TxW-based agent-structure, let ¥ be a
formula of the form ¢ A H—@ A G—¢, and let x be a formula of the form
¥ A N*=Y. Then, for all time-points t and t' and all worlds w and w' of
A with w ~, w', the following implications hold:

A Izt,w V= (fA ':t’,w V= t= t/)’
Al X = (AlEw x = w=uw).

THEOREM 5.2 (Soundness of Rq). Each formula provable in the calcu-
lus Rq is valid in each (weak/strong) TxW-based agent-structure and
hence it is also valid in each (weak/strong) tree-based agent-structure.

Proof. Let A = (F,V) be a weak TxW-based agent-structure and
define [go];’* ={w: A= @)

Ad (A-9): Suppose that A =, ,, M*"N*¢. Then there is a world w’ ~; w
distinct from w such that, for each world w” ~; w’, # w’, it holds that
A =;.w @. From this we obtain immediately that A =, ¢.

Ad (A-15): Suppose that A =, ,, PQc ¢ and that w’ ~, w. Then there
exists a time-point ¢ < ¢ such that, for each w” € fi 4 (t', w), A =/ v .
By condition (c) of 3.2, we obtain that f.4(¢', w) and fi,4 (¢, w') are
identical. Hence, w' is in f 4 (t', w), consequently #4 =, ¢, and thus
A ':t,w/ PQD

Ad (A-16): Suppose that A =, ,, Qco (—¢; V- - -V—g,) and let wy be w.
Consider then wg ~; w; ~; ... ~; w, such that, foreachi € {1,...,n —
1}, A =, Qc; ¢;. By condition (d') of 3.3, there is a world w* of 4 with
W* € floa @, wo)Ne N fio 14 (¢, wy). From f 4 (f, wo) C [—-gol];*"U- )
[—¢a]?* it follows that there is a j € {1,...,n} such that A =, —¢;.
But, foreach j € {1, ..., n—1},itholds that w* isin ﬁc_/.M(t, w;) C g, ;*",
and hence w* must be in [—wp,,];*". From w* € f|. +(¢, w,) we obtain that
Fieni4 (8, wy)  [@,17* and thus that 4 =, —Qc, @y

Ad (R-Irr): Assume that A =+, ¢. Let p and ¢ be distinct propo-
sitional constants that both do not occur in ¢. Define an agent-structure
A = (F,V') as follows: V'(p) = {(t*,w) : w € W}, V'(g) =
{(t,w*) : t € T}, and V'(r) := V(r) for each propositional constant r
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distinct from p and ¢. By an appropriate coincidence theorem, we obtain
that A’ f&« + @. It is easy to verify, then, that A’ =/ ,+ B9, and that
A’ = e Xq. Hence we get that A f&p 0« B, A g — 0. O

6. COMPLETENESS OF fq

In this section we will establish that the calculus £q is strongly com-
plete with respect to weak TxW-based agent-structures, i.e., each set of
formulae consistent w.r.t. Rq is satisfiable in a weak TxW-based agent-
structure. This result is obtained by an appropriate mixture of techniques
that are standard in the literature. Hence, in what follows it is presupposed
that the reader is familiar with usual concepts such as consistency and
maximal consistency. To keep our considerations widely general, let £
be an arbitrary extension of £Lq (i.e., Lg results from £Lq by adding new
propositional constants and/or individual constants). Let P(Lg) denote
the set of propositional constants of £, and let C(Lg) be the set of in-
dividual constants of L. We use the notation ¢ € L as an abbreviation
of ‘¢ is a formula of £ . Note that each consistent theory of £Lq (i.e.,
each consistent set of formulae of J£q) is also consistent if considered as
an Ly-theory. As intensional operators of L we refer to operators in
{G,H,N,N*, B} U{Qc : c € C(Ly)}. For each of these operators, [], let
Q¢ be the abbreviation of —~[1—¢.

DEFINITION 6.1. A maximally consistent theory X of £, is said to be
an irreflexive theory if each of the following conditions is satisfied:

(a) There are distinct propositional constants p and ¢ with B, A x, € X.
(b) Let Uy, ..., 0, be intensional operators and let ¢y, ..., ¢, be formu-
lae of L4, such that ¥ contains the formula

D1((P1 — D2((P2 — "'Dn—l(q)n—l — 0,89, A xg — (pn)) . ))

for all distinct propositional constants p and g such that neither of
which occurs in any of the formulae ¢, ..., ¢,. Then X also contains
the formula

01 (1 = Da(p2 = -+ Ot (@t = Tugn) -+ -)).

LEMMA 6.2. Each consistent theory of Lq in which infinitely many propo-
sitional constants of L do not occur can be extended to an irreflexive
theory of L.

Proof. Cf. Lemma 6.2.4 in Gabbay et al. (1994), p. 184. O



PROPOSITIONAL Q-LOGIC 403

Let now 2 be a non-void set of irreflexive theories. For each intensional
operator [J, we set in the usual manner

TRHY = {peLy:Opex}cy,

where X and ¥’ are arbitrary irreflexive theories. Obviously, each of the
relations Ry, Rg, and R, := Ry, (where c is an individual constant
of L) is an equivalence relation on . Furthermore, it holds that, for each
individual constant c of £y,

R, C Ry C Rg.

The relation R is transitive, linear-to-the-left, and linear-to-the-right on €2
(and even irreflexive: cf. Lemma 6.3(a) below). R, is the inverse relation
of Rg. Thus, we obtain an equivalence relation on 2 by

Yx¥Y = TR, To=YorT R, X
Finally, by (A-11) and (A-17), we get that
X Ry Y= ZRy Y and X # ¥,

LEMMA 6.3. Let Q be a non-void set of irreflexive theories of £y,

(a) Provided X,% € Q are equivalent w.r.t. ~ and provided there is
formula of the form ¢ A G—@ AH—g that is contained in both theories,
Y and X’ are identical.

(b) Provided ¥, X' € Q are Ry-equivalent and provided there is a for-
mula ¢ A N*=g in both theories, ¥ and X' are identical.

(¢) The relation Rg is a linear order on each equivalence class w.r.t. .

In what follows we will investigate some properties of specific sets of
irreflexive theories.

DEFINITION 6.4. Let Q2 be a non-void set of irreflexive theories of £
and let C be a set of individual constants of £g,.

(a) Q2 is said to be closed if for each X € €2, each intensional operator [
of £, and each formula (¢ € X there is an irreflexive theory ¥’ € Q
with ¥ R X' and ¢ € X'

(b) Q is said to be connected if for all X, ¥’ € Q there exist I', IV € Q
with ¥ ~T', 2 ~T", and " Ry I'".

(c) Q is said to be maximally connected if Q2 is connected and if there is
no connected set 2’ that contains €2 as proper subset.

(d) Q is said to be C-independent if for each map = : C — 2 such that,
forallc,c’ € C,m(c) Rym(c') thereis a 7 € Q with w(c) R, 7 for
eachc e C.
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Let now 2 be a connected set of irreflexive theories of «£. Then the fol-
lowing equivalence holds for all individual constants ¢, ¢’ € C(Lg) and
all X, ¥’ € Q (cf. Axiom (A-4)):

c=cer & c=ceX.
Hence, we get an equivalence relation on C (L) by

c=0 (= c=( e X, forsome/all T € Q.
A set C of individual constants is said to be Q-disjoint if, for all ¢, ¢’ €
C, the =“-equivalence classes of ¢ and ¢’ are disjoint. We say that
is (weakly) £Lg-independent if Q is C-independent for each (finite) Q-
disjoint set C of individual constants of L.

LEMMA 6.5. The set of all irreflexive theories of L is closed.
Proof. Cf., for example, Lemma 6.2.5 in Gabbay et al. (1994), pp. 184—
185. a

LEMMA 6.6. Let Q2 be a closed set of irreflexive theories of L,

(@) Let £, X" € Q with ¥ Ry X'. Then for each I' € Q with ' Ry X
there exists exactly one irreflexive theory I'' € Q with I'" Rg ¥’ and
IRy

(b) Let ', T" € Q with ' Rg I'". Then for each ¥ € Q withT" Rg X
there exists exactly one irreflexive theory ¥’ € Q with "' Ry X' and
> Ry

Proof. Cf., for example, Proposition 5.4 in Wolfl (1999a). a

LEMMA 6.7. Let Q be a closed set of irreflexive theories of L.

(a) Each maximally connected subset of Q2 is closed.
(b) The set of all maximally connected subsets of 2 is a partition of 2.

Proof. (a) Let Q' be a maximally connected subset of 2. With respect
to the operator N, for example, we can then argue as follows: Let I' € €'
and My € I'. Since 2 is closed, there exists an irreflexive theory I'* € Q
withI'RyI'* and y € I'*. Then, I R4 '™ and hence, since Q' is maximally
connected, ['* € Q.

(b) First, each ¥ € Q is contained in a maximally connected subset
of Q. By Zorn’s Lemma, this follows immediately from the fact that the
set of all those connected subsets of €2 to which X belongs is inductively
ordered by the subset relation. Second, suppose that there are maximally
connected subsets ', Q" of  with non-void intersection. By Lemma 6.6,
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it can be verified that ' U Q” is connected. Since both Q' and Q" are
maximally connected, it then follows that 2" and 2" are identical. O

In what follows, let 2 be a fixed maximally connected and (weakly) £g-
independent set of irreflexive theories (of £y). Then, by Lemma 6.5 and
Lemma 6.7, €2 is closed, too.

Let E, &', ... denote equivalence classes w.r.t. H that are included in 2
and let T% be the set of all such equivalence classes. Analogously, let
W, W', ... designate ~-equivalence classes that are subsets of Q2 and let W*
be the set of all these classes.

PROPOSITION 6.8. For each E € T and each ¥ € W¥ there exists
exactly one irreflexive theory g y € Q with ¥z ¢ € E N V. And, for all
E,B eT%andall ¥,V € W%, it holds:

Yzuw Rg Xz v = Yz v Rg Xz v

Proof. This follows from the definition of connectivity, Lemma 6.3, and
Lemma 6.6. o

Using the notations of Proposition 6.8, we can then define the canonical
TxW-frame with respect to <2, R = (T, <B, W9, ~9, by setting4

8 &= Xz .y Rg Xz y, forsome/all ¥ € T9,
V4 < EE,\IJ RN EE,\IJ’-

We will now see how an agent-frame can be constructed on R%. To
begin, we define Ag® as the set of all equivalence classes w.r.t. =. Obvi-
ously, this set is non-void. Then we continue by defining

fEE W) ={VeW®: 2y R Zz v}

where ¢ € C (L) and where ¢ denotes the equivalence class of ¢ w.r.t. >~
This is well-defined (cf. (A-2)). Furthermore, by (A-10), we obtain that

EE W c{¥ew?: w~gu]

THEOREM 6.9. Let Q2 be a maximally connected and (weakly) QC%—inde—
pendent set of irreflexive theories. Then the triple F = (R, Ag®, %)
is a (weak) TxW-based agent-frame.

Proof. We have to show that all the conditions of Definition 3.2 (of
Definition 3.3, respectively) are satisfied.

(a) By Axiom (A-13), ¥ € fEQ(E, W) for each W € W¥.
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(b) Let W, W, € W and W' € f2(E, W) N f2(E, ¥). Hence,
Ygw R Zgyw and gy, R. Xz w.
For each W € f£(&, V) it holds that £z ¢, R, Tz v, hence that
Yezw, R Zzw R. Xz v, R, Xz v,

and consequently that ¥ € fEQ(E, W,). Thus, fEQ(E, W) is a subset of
fEQ(E, W,). The other inclusion follows analogously.

(c) Let W, W' € W* with & Ng, U’ for some B >% E. We have to
show that fz‘(‘z(E, V) and fZ,Q(E, W) are identical. For this it is sufficient
to prove that the relation Xg y R, Xz ¢ holds (if this is established, it
follows ¥’ € fgz(E, )N fz,Q (8, ¥') and hence, by (b), the assertion).
Thus, suppose that Qc ¢ is in Xz y. By irreflexivity of Xz y, there is a
propositional constant p such that Xz ¢ contains the formula B¢, and
hence, by (A-12) and (A-10), Qc (¢, Ap), too. Consequently, PQc (¢, Ap)
and hence, by (A-15), NP(},A@) are in Xz ¢. Then P(,Ap) is contained
in ¥z ¢ and hence, by (T-1), so is H(#}, — ¢). Since Xz ¢ Rg Xz ¢ and
¥, € Xg g, we obtain that ¢ is in Xz y — as has been claimed.

(d/d’) Let A be a (finite) non-void set of ‘agents’ of £, i.e., a (finite) set
of equivalence classes w.r.t. =%, Consider £ € T® and let 7 : A — W%
be a map such that, for all a,a’ € A, w(a) ~£ m(a’). Choose in each
equivalence class a € A an individual constant ¢,. Then we have ¢, = a,
and the set C4 := {c, : a € A} of individual constants is £2-disjoint. Define
m'(c) == g x(0). Since Q is (weakly) L,-independent, there is a > e Q
with 7 R_ '(c). Then let W7 be that element of W< that contains $7 .
By definitions, it then follows that, for each ¢ € Cy, W7 € fZ,Q(E, m(c))
and hence that, for eacha € A, V" € faQ(E, w(a)). O

Thus, the critical point of the completeness proof is to show that for each
consistent set X of Lq there exist an extension £, of Lq and an irreflexive
£Lg-theory ¥’ such that the maximally connected set of £ -theories to
which ¥’ belongs is (weakly) £y-independent. In what follows, let L
be an extension of Lq that is obtained from «£q by adding denumerably
many new propositional constants. Then each consistent theory of £Lq is
contained in an irreflexive theory of «£3. Furthermore, we have

LEMMA 6.10. Each maximally connected set Q of L§-theories is weakly
L§-independent.

Before proving this lemma, we insert a preliminary remark:



PROPOSITIONAL Q-LOGIC 407

LEMMA 6.11. Let C be an Q-disjoint set of individual constants of L§.
Suppose that (X;)ccc is a family of maximally consistent (or irreflexive)
theories of L§ with . Ry X for all ¢, ¢’ € C. Then the set

T* = U{d € Ly:Qco € T}
ceC

is consistent.

Proof. (Cp., for example, Lemma 17-8 in Belnap et al. (2001), pp. 434 f.)
Suppose that X* is not consistent. Then there are ¢y, ...,c, € C and
formulae oy, ..., 0, with Qc; o; € ch for each j € {0, ..., n} such that

oo N Nop, —> L

is provable. It is obvious that in this case n > 1 must hold, since otherwise
the contradiction could be proved from a single consistent theory. But then
we obtain that

oo —> (—oy V-V —oy,)
is provable, and hence so is
Qcoo9 — Qcy (—o V -+ -V —0y,).

From Qcp 0y € %, it follows that Qcg (—o1 V - -+ V —0,) € %,. Conse-
quently, by (A-16), X, contains the formula

N(ch o] —> N(Qc2 02 — -+ -N(Qcy—1 0,1 = N=Qc,, 0y,) - ))
Hence, by Qcy 01 € X, ¥, contains

N(QCz o, — -+--N(Qc,—1 0,1 > N—Qc, 0,) - - )
Continuing successively, we get that =Qc, o,, is in X, — in contradiction

to Qc, 0, € Z¢,. O

Thus, by this lemma, we have seen that X* is consistent and hence ex-
tendable to a maximally consistent theory. But, in the context of the com-
pleteness proof presented here, this lemma does not help, since we have to
show that there is an irreflexive theory in which X* is included (provided
the theories X, of the lemma are irreflexive).

Proof of Lemma 6.10. Let C be a finite and 2-disjoint set of individual
constants. We can assume that C = {cg, ¢1, ..., ¢,} and that ¢; ;759 cj for
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all i # j. Consider amap w : C — Q with X, := 7w (c) Ry 7 (c¢’) for all
¢, ¢’ € C. We have to show that there is an irreflexive theory £ € Q with

Y. R, X", foreachceC.

For each ¢ € C choose a propositional constant g. of £§ with x. := x4, :=
gc ANN*—g. € X.. Then X, contains the formula

(x)  —=Qco—(=Qc; —xe; A+ A=Qcy = xe,)-
Otherwise, the formula
Qco (==Qcp = xe, V -+ V =mQC —Xe,)
and then, by (A-16),

N(ch —Qc; = )xe, = -
N(an—l _'an—l “Kewor N_'an _'an _'ch) o )

would be elements of .. By Qc; —Qc; — Xe; € Xejs X, would then
contain —=Qc, —=Qc, —x,, — in contradiction to Qc, =Qc, —x., € =,-
Since () holds and since 2 is closed, there exists an irreflexive theory
X7 in  such that, for each j € {1, ...,n}, ¥, RL,O ¥ and —Qc; “Xe; €
X7 Foreach j € {l,...,n}, by =Qc; —x., € L7, there exists an irreflex-
ive theory X; € Q with X" R, X; and x.; € X;. By Lemma 6.3(b), we
obtain that, for each j € {1,...,n}, X, = Zj and hence that, for each
J€{0,....n}, &, ch DI O

Now, consider again the agent-frame ¥ of Theorem 6.9. We define the
canonical (weak) TxW-based agent-structure, A%, on this frame by the
following settings:

eA)Q
|C| = [C]Eﬂa

Q
pI* ={(B. W) e T® x W¥: pe Bz},

where c is an individual constant and p is a propositional constant of L£g,.
The name of the structure so defined is justified by

THEOREM 6.12. Let Q2 be a maximally connected and weakly £L§-inde-
pendent set of irreflexive theories. Then, for each formula ¢ of L}, the
equivalence

Ay @ < pE€ gy
holds at each pair (8, V) € T® x W<,
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THEOREM 6.13 (Completeness of Rq). The calculus Rq is strongly com-
plete with respect to weak TxW-based agent-structures, i.e., each consis-
tent theory is satisfiable in a weak TxW-based agent-structure.

Proof. Let X be a consistent theory of Lq. Then, by Lemma 6.2, there
is an irreflexive theory X* of «£§ in which ¥ is included. The set of
all irreflexive theories of L is closed (cf. Lemma 6.5) and hence, by
Lemma 6.7, so is the maximally connected set of irreflexive theories, Q-+,
that contains X*. By Lemma 6.10, Q5+ is weakly £§-independent and thus
the frame F*=* of Theorem 6.9 is a weak T x W-based agent-frame. Con-
sider the equivalence classes Ex+ € T9%* and Wy« € W to which ©*
belongs. The canonical structure that is defined on the frame F %= satisfies
all formulae of X* at time-point Ex+ and world Wy« (cf. Theorem 6.12).
From the canonical structure we obtain a structure of the language Lq
by omitting all propositional constants of £, that are new for «£Lq. This
structure satisfies ¥ at Ex+« and Wyg+. O

As immediate corollaries we obtain:

COROLLARY 6.14 (Compactness of Rq). A theory X is satisfiable in a
weak TxW-based agent-structure if and only if each finite subset of X is
satisfiable in a weak TxW-based agent-structure.

THEOREM 6.15. The calculus Rq is weakly complete with respect to
strong TxW-based agent-structures, i.e., each formula that is valid in

every strong TxW-based agent-structure is provable in Rq.
Proof. Use Theorem 6.13 and Theorem 4.2(b). O

Finally, modal connectivity can easily be axiomatized within the presented
linguistic framework (cf. Wolfl (1999a)): Consider the axiom

MC) ¢ — Mg Vv PMFg.

This axiom is valid in each structure defined on a modally connected T x W-
frame (cf. Section 2). With regard to the completeness proof the con-
cept of connectivity (cf. Definition 6.4) has to be redefined by substituting
the relation Ry for R. Then (MC) guarantees that each maximally con-
nected subset (in the new sense) of a closed set of theories is closed, too.
It can be verified, then, that the canonical T xW-frame defined above is
modally connected. Furthermore, by assessing the cardinality of the set of
time-points and the set of worlds of this frame, we obtain:

THEOREM 6.16. The calculus Rq + (MC) is weakly complete with re-
spect to the semantics of strong TxW-based agent-structures. Each for-
mula that is satisfiable in a modally connected T x W-based agent-structure
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is satisfiable in a modally connected TxW-based agent-structure that is
defined on a frame with a countable set of time-points and a countable set
of worlds.

Proof. Obviously, each ¥ € W* contains countably many irreflexive
theories (since £ has only denumerably many propositional constants).
Then T is countable, because there is a bijection between each W and 7.
Furthermore, by Proposition 6.8, we get that

card(W) < card(T® x W) = card(Q).

Let now W, € W be a fixed ‘world’ of the canonical frame. As the
canonical frame is modally connected, it holds that

Q= [ Q.
EeT®
where Qg0 = Uy~_y, ¥- Thus, since each Qg g is countable, so is Q
and hence W¥. m

7. MODAL DIVERGENCE

As we have seen in Section 4, the semantics of tree-based agent-structures
yields the same logic as the semantics of modally divergent and modally
complete TxW-based agent-structures. Since it is still an open question
how modal completeness can be axiomatized, we have to restrict our con-
siderations to such T x W-frames in which the set of time-points has a max-
imal element. Each such frame is modally complete (cf. Proposition 2.3).
The class of T x W-frames with ending time, i.e., the class of T x W-frames
that have a last time-point #,,,x, can be axiomatized by the formula

(Fin) GLVFGL.
Note that, if this formula is added to Kq as an axiom, the formula
BHGL v HFG_L

becomes provable. Thus, it remains the question whether modal divergence
can be axiomatized within the given framework.

PROPOSITION 7.1. The formula
(MD) B9, A x, = N*FNP(®, A —q),

where 9, := p AG—p AH=p and x, := g AN?—q, is valid in each weak
TxW-based agent-structure that is modally divergent and hence valid in
each weak tree-based agent-structure.
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Proof. Let 4 be a modally divergent agent-structure and consider t € T
andw € W with A =, BY,Ax,. Letw’ ~; w with w # w’. From modal
divergence of + it follows that there is a time-point ' with w %, w’. Thus,
t < t' must hold. Now, provided w” ~, w’, w and w” must be distinct.
Consequently, 4 =, ¥, A =g and hence A =, P(, A —q). O

Thus, the calculus Kq + (MD) is sound with respect to tree-based agent-
structures. But this axiom guarantees modal divergence of the canonical
frame, too. Let ¥, W' € W* be distinct equivalence classes as in Section 6.
We can assume that thereisa & € T with W N% V' (e, ZguRyXz w),
or else ¥ and W’ are not ~%-related for each and hence for some E € T.
Let now p and ¢ be propositional constants with Hi, A x, € Xg ¢ and
hence, by (T-1), GH(¥, — ¢q) € Xz y. By (MD), we get N*FNP(, A
—q) € Tz y and hence FNP(¥, A —q) € Zg y, i.e., thereisa E' > E
with NP(#, A —=q) € Xz g . Then it cannot hold that ¥z ¢ Ry Xz w;
otherwise P(#, A —g) would be in £z y — in contradiction to the fact that
H(®, — g) € Xz v. In summary, we obtain that there isa &’ € T% with
v 74%/ W', Thus, the canonical TxW-based agent-structure is modally

divergent. We can conclude:

THEOREM 7.2. The calculus Rq + (Fin) + (MD) is sound and weakly
complete with respect to the semantics of tree-based agent-structures with
ending time.

8. SEEING TO IT THAT

In what follows, I will shortly discuss some applications of the complete-
ness result presented in Section 6 to stit-logics, i.e., logical systems that
axiomatize the various explications of the term ‘seeing to it that’. We
introduce new binary operators, which function syntactically like the Q-
operator: astit (for ‘achievement stit’) and dstit (for ‘deliberative stit’).
With respect to Tx W-based agent-structures these operators can be char-
acterized semantically by:

A=y dstitcp <= A =0 @, forallw’ € fi 4, w), and
A P @, for some w' ~; w,

A 0 astitcg <= thereisat’ <t such that
A = w @, forallw’ € fi4(t', w), and

A W @, for some w' ~p w.
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Now, both operators can easily be axiomatized by adding the following
axioms to the calculus RKq:

(A-15) dstitcp <> Qc o A M—g.
(A-16) B, — (astitc ¢ < P(Qc G, — ¢) A MF(?, A —¢))).

Axiom (A-15) defines dstit explicitly, while (A-16) gives a merely par-
tial or ‘local’ definition for astit (like local definitions for the Since- and
the Until-operator in ordinary temporal logic). Indeed, (A-16) presents a
formula that axiomatizes astit completely (each irreflexive theory contains
a formula of the form B)). In particular, the axioms for astit discussed in
Xu (1995b) can be proven within this calculus. Furthermore, we obtain the
following theorem:

B9, A astitc ¢ — P(dstitc F(&, A ¢) A G—dstitc F(9, A 9)).

This theorem can be considered as a formula expressing: If an agent a has
seen to it that ¢ holds now, there exists exactly one time-point in the past
at which a sees to it that ¢ will hold now.
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NOTES

I Note, however, that B8R and B do not coincide, but that they are isomorphic to
each other. An analogous claim holds for RE) and R.

2 But cp. Reynolds (2001).

3 Note that there are formulae that, in general, are not true in T x W-frames, but are true
in modally complete frames (cf., for example, Thomason (1984)).

4 Cf. Wolfl (1999a).
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