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ABSTRACT. In recent years combinations of tense and modality have moved into the
focus of logical research. From a philosophical point of view, logical systems combining
tense and modality are of interest because these logics have a wide field of application in
original philosophical issues, for example in the theory of causation, of action, etc. But
until now only methods yielding completeness results for propositional languages have
been developed. In view of philosophical applications, analogous results with respect to
languages of predicate logic are desirable, and in this paper | present two such results. The
main developments in this area can be split into two directions, differing in the question
whether the ordering of time is world-independent or not. Semantically, this difference
appears in the discussion whethexW-frames or Kamp-frames (resp. Ockham-frames)
provide a suitable semantics for combinations of tense and modality. Here, two calculi
are presented, the first adequate with respect to Kamp-semantics, the second/to T
semantics. (Both calculi contain an appropriate version of Gabbay'’s irreflexivity rule.)
Furthermore, the proposed constructions of canonical frames simplify some of those which
have hitherto been discussed.

KEY WORDS: tense, modality, Kamp-semanticss W-semantics, (strong) completeness

INTRODUCTION

In recent years combinations of tense and modality have moved into the
focus of logical research. From a philosophical point of view, logical sys-
tems combining tense and modality (short: “temporal modal logics”) are
of interest because these logics have a wide field of application in original
philosophical issues, for example in the theory of causation, of action, etc.
But until now only methods yielding completeness results for propositional
languages have been developed. In view of philosophical applications,
analogous results with respect to languages of predicate logic are desirable,
and in this paper | present two such results.

The main developments in this area can be split into two directions,
differing in the question whether the ordering of time is world-independent
or not. Semantically, this difference appears in the discussion whether
TxW-frames or Kamp-frames (resp. Ockham-frames) provide a suitable
semantics for combinations of tense and modality. Here, two calculi are
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presented, the first adequate with respect to Kamp-semantics, the second to
TxW-semantics. (Both calculi contain an appropriate version of Gabbay'’s
irreflexivity rule.) Furthermore, the proposed constructions of canonical
frames simplify some of those which have hitherto been discussed.

In Kamp-semantics each world has its own order of time, and these
orders can coincide, but need not. Ix\IV-semantics “coincidence of or-
ders of time” has to be expressed by introduction of an additional logical
symbolJ. Syntactically, this symbol is characterized as a unary operator,
analogous to the symbols @ ill always be that.), H (it has always
been that.).and N {t is historically necessary that)..Semantically, there
are two possibilities to read:

(a) ¢ is true in every world — this reading (and a corresponding calculus)
has been first discussed by Di Maio and Zanardo (1997);
(b) ¢ is true in the actual world — see Kutschera (1997).

For both readings an axiomatization and a completeness proof — with re-
spect to propositional languages — are given in Kutschera (1997). In his
completeness proofs Kutschera makes essential use of Gabbay'’s irreflex-
ivity lemmal | am not sure whether this lemma could be applied to langu-
ages of predicate logic as well. However, we will see that no further prob-
lem arises in extending the results of Kutschera to languages of predicate
logic. In what follows, we will restrict ourselves to the first readind @f.

In quantified modal logic, there is a broad discussion about an intu-
itively satisfactory semantics for modal logic, and correspondingly, of the
formulas which are justified by the semantics in question. It is not the
aim of this paper to unfold these problems with respect to temporal modal
logic, although all the problems of quantified modal logic reappear in
quantified temporal modal logic. Thus, we restrict the semantics as fol-
lows:

(&) We read the quantifier in a “possibilist” wayy in the sense of “for
all possible objects ...” and 3x as “there is a possible object . .".
Thus in every world and every moment, we have the same universe
of discourse of individuals=£ possible objects) over which the quan-
tifiers range. Hence, “quantifying in” and the Barcan-formula are un-
problematic. The usual “actualist” quantification can then be expressed
in the following way: introduce an additional existence predidéte
and relativize the global possibilist quantification to that predicate,
i.e. definev?xg := Vx(Ex — ¢) and3%x¢p := Ix(Ex A ¢).?

(b) We interpret individual constants as proper names and therefore as
rigid designators, i.e. every constant denotes the same individual in
every world at every moment, even though this object may be nonex-
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isting in some world at some moment; for example: “John F. Kennedy”
denotes now in the actual world a nonexisting object. The introduction
of nonrigid designators (e.g. descriptions) does not present serious
problems. There are techniques to eliminate nonrigid designators in
guantified modal logic, and these technigues can be used with respect
to temporal modal logic as well.

1. PRELIMINARIES

In this paper we will establish completeness results parallely for Kamp-
and TxW-semantics. Therefore we will consider two languagesnd
£Lg. The alphabet of the first one consists of:

() countably many (individual) constarnts

(b) for every natural numbetr: > 0O, countably manyn-ary relation
symbolsR’, but denumerably many unary relation symbols,

(c) denumerably many (individual) variables,

(d) the symbolsE =,

(e) the operatorss — VG H N,

() the auxiliary symbols) (,.

The alphabet of£g contains as additional symbol the operdiarVari-
ables and constants are calleims. Formulas — i.e. £L-formulas resp.
Lp-formulas — are precisely those strings of finite length which can be
obtained by the following rules:

(@) If s andr are terms, thelk's ands = r are formulas.

(b) If R is am-ary relation symbol and, ..., ¢, are terms, then
R(t1,...,1t,)is aformula.

(c) If ¢ andyr are formulas, then so arep and(¢ — ).

(d) If ¢ is a formula, then @, Hp and Ny are formulas, andly is a
Lo-formula.

(e) If ¢ is a formula and: is a variable, theNx¢ is a formula.

We use the symbol, A, v, <>, 3and_L as (metalinguistic) abbreviations
defined in the usual manner. Furthermore, we set FG—, P := —=H—,
:= —=N-and{ := —=[-. As noted in the introduction, we define:

Vixp :=Vx(Ex — @),
Fxp :=3Ix(Ex A @).

The concepts diee variable andsentenceare understood as usual. Given
a formulag, a variablex and a ternr, let ¢ (x/¢) be that formula which is
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obtained by replacing every free occurrencecofh ¢ by . Analogously,
we understan@(c/x) to be that formula which results by replacing each
occurrence of the constantin ¢ by the variablex. A variabley is said

to befree for the variablex in a formulag iff no free occurrence ok
lies within the “scope” of a quantifie¥y that has been used to buiid
according to the rules above. Furthermore, let every constaafree for
xing.

2. THE CALCULI K™ AND K

The calculus K combines the usual calculus of predicate logic with the
propositional calculus of historical necessity. It includes the following ax-
ioms and rules (more exactly schemata of axioms and rules):

Axioms of K:

(0) an appropriate calculus of propositional logic,

(1) Vxg — @(x/t), if t is free forx in ¢,

(2) Vx(p — ¥) — (¢ — Vx), if there is no free occurrence ofin ¢,
) Vxx = x,

@) 11 =1 — (p(x/11) > @(x/12)), if t, andr, are free forx in ¢.

(G1) Gl — ¥) — (Gp — Gy),
(G2) Gp — GGy,
(GP) ¢ — GPy,

(FG) Fp — G(Fp v ¢ Vv Py),
(VG) VxGop — GVxo.

(H1) Hig — ¥) — (Hp — Hy),
(H2) Hp — HHe,

(HF) ¢ — HFp,

(PH) Rp — H(Fp v ¢ v Py),
(VH) VxHp — HVxg.

(N1) N(p — ¥) — (N¢ — Ny),
(N2) Ny — NN,

(N3) Np — ¢,

(NM) ¢ — NMe,

(YN) VxN¢ — NVxg.

(NE) Ex — NEx.

(PN) PNp — NPy  “bridging-principle”.
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Rules of K ;

Q.Y
V] gk o
(MP) 7

¢

™) Vi

¢
R-G) —,
( )G(p
¢
R-H) —,
( )H(p
¢
R-N) —.
( )N(p

Thecalculus K™ is the basic calculug with the additional rule (“irreflex-
ivity rule”):
IAxN(Rx A H—-R .
(R-IrrN) PN(Rx Y = ¢ whereR is a unary
®

relation symbol that does not occurgn

Thecalculus K is an expansion of the calculus.* We add:
(01) O — ¥) — g — Oy,

(O02) Op — OOe,

(3) Dp — ¢,

30) ¢ — D09,

(vO) VxOg — OVxe.

(FO) FOp — OF,

(PO) POe — OPy, “bridging-principles”.

(ON) O¢ — No,

(R-0) D%.

To obtain thecalculus K "Dr, we add — instead of the irreflexivity rule (R-
IrrN) — the rule:
AxO(Rx AH=Rx) — ¢

®
relation symbol that does not occurgn

(R-Irr)

whereR is a unary

The concepts gproof, proof of a formula andprovable formulas (with
respect to the calculus in question) are defined as usual. Given a theory
(that is: a set of sentenceE)and a formulap, ¢ is said to beprovable

from T iff ¢ is provable ory; A --- Ay, — ¢ is provable for some
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yi,...,¥, € . If this is the case, we writd" ~ ¢. A theory X is
said to beinconsistentiff the contradiction_L is provable fromx. Oth-
erwise X is said to beconsistent A consistent theoryx is said to be
maximal consistentiff there exists no consistent theory which includes
¥ as a proper subset.

In what follows, the symboH is used as representing one of the op-
erator symbols out ofG, H, N} resp.{G, H, N, O0}. Let & be defined by
— B —; this means tha® represents the operator F, P, §1,respectively.
Furthermore, we say that H is the dual of G, G the dual of H, N@ride
dual of itself.5* will denote the dual o, and&* is the abbreviation of
- B*—.

Obviously, the usual theorems of predicate, tense and modal logic are
provable, especially the following which will be used in the completeness
proof:

MT-Dx=y—>y=x,
T-2)x=y—>G=z—>x=2),
(T-3) Ax(p A Y¥) < ¢ A Ixy, if there is no free occurrence ofin ¢,

(T-81) B¢ A¥) < Bo A8y,
(T-B2) 93x¢ < x99,

(T-E\?)) th=t,— HtH =1,
(T-B4) n#t, - B #to.

The Barcan-formulagvB) are not needed as axioms, since they are prov-
able by axioms (1) and (2), rul&’) and the rules

¢ — By
P>y
o>y
R-¢'H) ———
(R-9'B) PR
which are provable byR-5%), (5*1) and (8*9) resp.(R-5), (81) and
(B9). In the calculusk T, the irreflexivity rule(R-IrrN) is provable (use
principle (JN)). Hence, all the£-formulas provable in the calculus™
are also provable in the calculdsT. Some further theorems:

(T-NG) NGy — GNg,
(T-HN) HNg — NHg.

(T-E1) Vx¢ — (Ex — @),
(T-E2) VxEx,

(T-E3) V*xNEx,

(T-E4) =Ex — N—Ex,
(T-E5) PEx — NPEXx,

(R-B%H and
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(T-E6) HEx — NHEXx,
(T-E7) MEx — GNPEXx,
(T'E8) Ex — H;...8; GNPEXx, WhereEli € {G, N}.

(T-NV%) NVx@ — V?xNg,
(T-V“N) V*xN¢ — NV%x¢,
(T-MV?) MY%x¢p — V*xMo.

(T-0G) OGe — GO,
(T-GO) GOy — LGy,
(T-OH) OHe — HO,
(T-HO) HOp — OHe.

3. KAMP- AND TxW-STRUCTURES

DEFINITION 3.1. A Kamp-frame is a quadrupleér = (T, W, <, ~)
consisting of:

(a) a nonempty sef (“moments”);

(b) a nonempty se (“worlds”, “histories”);

(c) a map< which assigns to eactv € W a linear ordering(7,,, <)
with e Tw = T;

(d) a map~ which assigns to eache T an equivalence relatior, on
the sefw € W | t € T,,} such that the following condition holds:

/

w~,w and n<, h=>w~,w oand o<y,
foralw,w e W, 1,6, €T.
A Kamp-structure is a quintuplel = (R, U, e, k, p) consisting of

(@) AKamp-frameRr = (T, W, <, ~);

(b) a nonempty sel/ (“individuals”, “possible objects™);

(c) a mape that assigns to eache T and eachw € W with r € T,, a set
U, ., C U such that

(*) w ~ w/ = Ut,w - Ut,w’a
forallw,w e W,reT;
(d) a mapk that assigns to each constardn individualk(c) € U;

(e) amapp that assigns to eaceh-ary relation symboR at every moment
t € T and everyw € W witht € T,, a setp; ,,(R) C U™.

Note that from the definition of a Kamp-frame we obtain<,, t» =
f,tp € T,andw ~, w =t € T, N T,. A momentz is said to bean
a history w iff t € T,,. Read ‘w ~; w'™ as: w andw’ share up to (and
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inclusively) ¢ the same historyU, ,, is said to bethe set of all objects
existing atz in w. These readings justify conditia).>

A special kind of Kamp-frames are those Kamp-frames which satisfy
the condition

w~w iff teT,NT,.

From the completeness result in Section 6 one can conclude that it is not
possible to characterize this condition by afyformula.

DEFINITION 3.2. A TxW-frame is a quadrupler = (T, <, W, ~)

consisting of:

(a) anonempty set (“time-points”),

(b) alinear ordex< onT,

(c) anonempty sei (“histories”, “worlds”),

(d) afamily~ = (~;);er of equivalence relations; on W such that the
following condition is satisfied:

w~,woand n <t = w W,

forallw,w e W, 1,1 € T.
A T xW-structure is a quintuplell = (*R, U, e, k, p) consisting of

(a) a TxW-frameR = (T, <, W, ~);

(b) a nonempty s/ (“individuals”, “possible objects”);

(c) a mape that assigns to eache T and eachw € W a setU,,, € U
such that

’
W~y w = Ut,w = Ut,w’a

forallw,w e W,reT;

(d) a mapk which assigns to each constaran individualk(c) € U;

(e) a mapp which assigns to each-ary relation symboR at every time-
pointz € T and every worldv € W a setp, ,,(R) € U™.

In what follows, by “frame” or “structure” we understand Kamp-frames
resp. Kamp-structures, or<iW-frames resp. kW-structures depending
on the prevailing context. Bl = (R, U, ...) is a structure, we will denote
the “domain”U by |2].

DEFINITION 3.3. A (variable-) assignment in a structure®l is a map
h which assigns to every variabtean individualz(x) € |2(|. Thevalue of
aterm r at an assignment in 2( ist defined by

2 = h(r), iftis avariable;
h k(t), iftis aconstant.
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Given an assignmerit in 21, a fixed variabler and a fixed individuak €
|2(], the maph defined by

. e if y=x,
o (y) = {h(y), else

is an assignment i#, too.

We recursively define the concept ofz-formula being valid at an
assignmentz ina T x W-structure 2l at a time-point¢ € T and a history
we W:

A, h b= Es iff |5} € U,
Uh=wt1=0 iff |al} = |6l

W hErw Rz . t) 0 (0l ) € prw(R),
91, h ':t,w @ iff le h bét,w @,

Uh=we—> Y iff Ak Erw @ Ord h = ¥,
2, h =0 Go iff A, h =, @, forallt >t
A, h = He iff A, h k=, @, foralt <,
A, h =0 No iff A h = e, foralw ~ w,
A, h = Qe iff A4 e, foralw e w,
A, h = Vxo iff A, 4} =0, forallaeU.

A formula ¢ is said to bevalid in a T xW-structure 2 atr € T and
w € Wiff ¢ is valid at every assignmehtin 20 atz andw. ¢ isvalid in A
iff ¢ isvalidin2( ateveryr € T and everyw € W. 2 satisfies or models a
sentencer atr € T andw € W iff o is valid in2( atr andw. 2 satisfies
or models a set of sentences att € T and w € W iff 2 satisfies every
o € X atr andw. 2 satisfiesX iff there arer € T andw € W such that
2 satisfies: atr andw.

Analogously, the concept of £-formula being valid at an assign-
ment i in a Kamp-structure 2l atr € T and w € W is defined; note that
with respect to Kamp-structuresi=; ,,” is only defined in case € T,,.
And obviously, the clause farl has to be dropped.

As in ordinary predicate logic, we can prove:

THEOREM 3.4 (Coincidence-Theorem).et 2 and 2 be Kamp-(resp.
T xW-) structures, both defined on the same frafand the same domain
U. Moreover, leth and i’ be assignments, the first # and the second
in 2A’. Now, lety be aJ.- (resp.£L0-) formula such that the following
conditions hold

(a) A and 2" agree on the interpretation of all constants and relation
symbols that occur ip;
(b) » and i’ agree on the interpretation of all variables that occur free

in .
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Then, we have the following equivalence

Ql’ h ':I,ll) ()0 Iff Ql/s h/ |:t,w (p’

for everyt ¢ T andw € W with¢ € T, (resp.: for everyt € T and
w e W).

THEOREM 3.5 (Substitution-Theorem).ety be a formulax a variable,
s a term which is free fox in ¢ and®l a structure. Then for evenye T,
w € W and every assignmehtin 2, the following equivalence holds:

Wb @efs) i AR .

From these theorems we obtain that the calcuﬁifé is sound with re-
spect to Kamp-semantics and that the calci§ is sound with respect
to TxW-semantics:

THEOREM 3.6 (Soundness &' andK["T). Any.£-formula provable in
the calculusKk' is valid in each Kamp-structure. Ango-formula prov-
able in the calculusK‘Drr is valid in eachT x W-structure.

Moreover: Every set of-sentences which is satisfied by a Kamp-struc-
ture is consistent with respect " . Every set of£o-sentences which is
satisfied by & xW-structure is consistent with respectAg;.

Proof. We only show that the rule (R-Iif) preserves kW-validity.

Let ¢ be a formula andk be a unary relation symbol that does not occur
in . Assume that there are axW-structurel = (R, U, e, k, p), an
assignment, to € T andwg € W with &1, h &, », . We setp; , (R) :=
pr.w(R’), for every relation symboR’ different from R, and further, for a
fixeda € U:

/ . pt,w(R)\{a} If 1 < fo,
Piw(R) = {p,,w(R) Ufa) else.

By the Coincidence-Theorem and the irreflexivity -of it can easily be
shown that the formulax(Rx AH—Rx) — ¢ is not valid in the structure
A = (R, U, e, k, p) atrg andwy. O

Some further remarks may be in order: A frame is said tonbeally
connectediff for all w,w’ € W, thereisa € T withw ~, w'. A
structure ignodally connectediff its frame is so. A structure is said to be
total iff U =, ,, U.»- A linear order(X, R) is said to benfinite to the
left iff every x € X has anR-predecessor. A ¥W-frame (or -structure)
is infinite in the past iff (T, <) is infinite to the left. A Kamp-frame (or
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-structure) idnfinite in the past iff for every w, the linear orde(T,,, <,,)
is infinite to the left. Note that a modally connected Kamp-frames is infinite
in the past if(T,,, <,,) is infinite to the left, for at least one world.

In ordinary tense logic, infinity in the past is axiomatizable by

Q) Hy — Py orequivalently: F.

Modal connectedness cannot be axiomatized in the langagéhis fol-
lows from the completeness result in Section 6. But in the language
this property can be expressed by the fornfula:

(2)  O¢— PMRp

if we assume infinity in the past. With respect taW-semantics totality
can be axiomatized by

3) O(Ex v PEx Vv FEXx)

and with respect to Kamp-semantics by
4) Ex v MFEx v PMFEx.

From (4) and (1) (resp.: from (3), (1) and (2)), we can derive
(5) PMFEx

—use (A-HF), (T-NG), (T-GJ), (H2) and (G2). Indeed, this formula axiom-
atizes “totality and infinity in the past” with respect to Kamp-semantics (cf.
Section 6), and expresses this property with respect to modally connected
TxW-frames.

4. |IRREFLEXIVE THEORIES

We next introduce the concept of “irreflexive theory”: A sentesde said
to bemodaltypical iff o has the form

<>.I.(§01 AN @n—l(q)n—l A @ngvn) . -),

whereg, ..., ¢, are L-formulas (respLo-formulas) andéy, ..., §, €
{F,P,M} (resp.é, ..., 9, € {F,P,M,{}). In the following considera-
tions lety (R, x) denote the formula \NRx A H=Rx) or J(Rx A H=Rx),
respectively.

DEFINITION 4.1. AtheoryX has the3-property iff for every existen-
tial sentencéxy € X there is a constantwith ¢(x/c) € .’
A theory ¥ has thelrr-property iff for every modaltypical sentence

D (@) == 0(@1 A Gu1(@u1 A Q) .. )
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in X, there is a unary relation symbg&lsuch thatR does not occur in any
of the sentenceg,, ..., ¢, andX contains

D(p, ATxx (R, X)) == Ou(pr A ... m1(@u1 A
A (0n AFxx (R, X)))...).B

A theory X is said to barreflexive iff (a)  is maximal consistent, (X
has the3- and the Irr-property, and (c) there is unary relation symikol
with3xx (R, x) € Z.

We will show that on some weak conditions each consistent theory is in-
cludeable in an irreflexive theory. To prove this we will need the following
propositions:

PROPOSITION 4.2. Let X be a theory3x¢ a sentence and a con-
stant that does not occur either I8 or in ¢. If the theoryX U {3x¢}
is consistent, then so is the thediyJ {Ix¢, ¢p(x/c)}.

Proof.As in ordinary predicate logic, using the following factilf, . . .,
¢x is a proof (inkK'™ resp.K[), and if y is a variable which does not occur
in any¢;, then the sequence

@1(c/¥)s ., @ulc/y)
is a proof in which the constaatdoes not occur. O

In analogy to Proposition 4.2, we have:

PROPOSITION 4.3. Let ~ be a theory,®(r) a modaltypical sentence
and R a unary relation symbol that occurs neitherihnor in ®(t). Now,
if the theoryX U {® (1)} is consistent, then so is the theory

U{D(1), P(t Adxx(R, x))}.

Proof. For the proof use Theorem 3.2.4 in Gabbay et al. (1994), pp.
93-94. O

We are now able to establish essential theorems about irreflexive theories
(for the constructions, cf. Gabbay et al. (1994), pp. 182ff):

THEOREM 4.4. Every consistent theor¥ in which infinitely many con-
stants and infinitely many unary relation symbols do not occur can be
included in an irreflexive theory.

Proof. Let ¢q, ¢1, . .. be an enumeration of all sentences. We define an
ascending sequence of theories

Yol XS C ...

such that eaclx; has the following properties:
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(a) X; is consistent.
(b) There are infinitely many constants and unary relation symbols that
do not occur inz;.

First, we choose an arbitrary relation symigthat does not occur ix.
By the irreflexivity rule, it can easily be shown that the the@ly:= X U
{3xx (R, x)} is consistent. Obviously;, also satisfies condition (b).

We suppose now thaX, has been defined and satisfies both of the
above conditions. We set:

{—on} if =,U{—¢,} is consistent,
{3xv, ¥ (x/c)} if , U {—g,} is inconsis-
Tpi1 = 5, U tent andp, = Axy,

{®(1), P(t Axx (R, x))} If X, U{—g,}isinconsis-
tent andp, = ®(1),

{on} else
—in the second case, choose the constant with the lowest insiech that
¢, does not occur iz, U {¢,}, and in the third case the unary relation
symbol with the lowest indekwhich occurs neither iz, nor in®(z). By
Propositions 4.2 and 4.3, the thedBy,, is consistent. Then the theory
X% = Uren Xk is irreflexive, by construction. 0

We will see that Theorem 4.4 suffices to show “weak completeness” of the
calculi in question in case that o, contains denumerably many constants.

In order to achieve a better result, we are going to show that each consistent
theory can be included in an irreflexive theory of some richer language. Let
£L* resp. L denote the languages which are obtained feomesp..L; by
introducing denumerably many new individual constants

* *

Cl, C2, oo
and denumerably many new unary relation symbols

RI,R5,....
Obviously, every theory of o, is a theory in the Ianguagﬁfm). In what
follows we have to show that every consistehty,-theory is a consistent
°C;"D)-theory — whereX is said to be aonsistentL-theory iff (a) ¥ is a
set of L-sentences, and (b) there is no finite sequende-foffmulas which

showsX to be inconsistent (with respect to the calculus in question). We
have to show:

(1) If X is a consistentt o,-theory, thenX is a consistenw’@-theory,
whereL(, denotes the languagé o U {c7, ¢3, . . .}.
2) IfYisa consisten;tli’(D>-theory, thenX’ is a consisten;tliz"m-theory.

(Note that,CfD) = OCED) U{R],R;3,...}.)
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The first claim is a trivial extension of a standard theorem in quantified
modal logic. Essentially, it depends on the remark made in the proof of
Proposition 4.2. For the second claim the procedure is analogous:deet

note an extension ot which differs from.£/ in not more than some
new unary relation-symbols. (Note that the language such that the ex-
istence of denumerably many unary relation symbols is guaranteed.) Then
the second claim can be concluded from the following propositions:

(a) Ifthe sequencey, ..., ¢, of LU{S}-formulas (whereS is a new unary
relation symbol) is a proof with respect Iqrf), then there is a unary
relation symbolR of L such that the sequenge(S/R), ..., ¢,(S/R)
of L-formulas is a proof with respect to that calcufus.

From (a) it follows immediately:

(b) Each consistent-theory is a consistertt U {S}-theory, whereS is a
new unary relation symbol.

By induction, we obtain:

(c) Each consistent-theory is a consistert’-theory, wherd.’ is a finite
extension of.. of the formLU{Sy, ..., S}, for unary relation symbols
S1, ..., 8.

Suppose novk’ to be a theory of the Ianguagegm) which is inconsistent
considered as a theory of the Ianguaq%) = £Liq, U{R], R, .. .}. Then
there ares;, ..., 0, € ¥’ with - o; A --- A 0,, —_L. Hence, there is a
proof sequencey, ... ., g, of L -formulas withg; = o{A-- Aoy, — L.
In this sequence, only finitely many of the new symbais occur, say
R;"l, e R;;. Suppose that, is the largest index ifi4, ..., i;}. Then the
sequencey, ..., g, is a proof in the language’ U {R7, ..., R} }. Thus,
¥ is inconsistent considered astau {R7, ..., R;’;}-theory, and hence by
(c), inconsistent as &'-theory.

The crucial point is the proof of (a): Let, ..., ¢, be a sequence of
L U {S}-formulas which is a proof with respect YOEE)' Assume that the
claim has been shown for all proof sequences of length. Choose a
unary relation symboR of L which does not occur in any of the formulas
@;. If @, is an axiom of the caIcquKéE , ¥.(S§/R) is an axiom, too. If
@, results fromg; by application of the irreflexivity rule — all other rules
are handled in a similar way —, thenis of the form3xx (R, x) — ¢,,
whereR’ is a unary relation symbol that does not occupinlIf S = R/,
we obtaing;(S/R) = Ixx(R,x) — ¢,(S/R). In this caseR does not
occur ing, (S/R), sinceR andS do not occur inp,. If S is different from
R’, we gety;(S/R) = Axx (R, x) — ¢,(S/R). Here R’ does not occur in
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©v.(S/R). Thereforep, (S/R) is derivable fromp; (S/R) by application of
the irreflexivity rule.

COROLLARY 4.5. Every consistenttmy-theory is included in an ir-
reflexive theory of the Ianguagéjm).

Given a theoryl", we define:

BT :={y By eT}.

LEMMA 4.6. If a sentenc&yg is consistent with a theorly, then=5(I") U
{p} is consistent.

THEOREM 4.7. If X is an irreflexive theory ang is a sentence with
©p € X, then there is an irreflexive theory which containsp as an
element and includes the theds(X).

Proof. Let ¢g, ¢1, ... be an enumeration of all sentences. We define an
ascending sequence of consistent thedf€s) U {p} CTo CI'1 C ...
as in the proof of Lemma 6.2.5 in Gabbay et al. (1994), pp. 185-186. We
only have to consider the following case:

(a) T, is already defined and consistent,

(b) there are only finitely many sentencedinwhich are not ird(X),
(c) —g, is inconsistent wit",,, and

(d) ¢, is an existential sentence of the foay .

In this case X contains the sentence

() OWn A,

wherey, is the conjunction of all the (finitely many) sentenced jnnot
in H(X). This can be seen as follows: Supposggtp be not inX. Then,
by the maximality ofx, the sentenc&(y, — —¢,) is in X, hence the
sentence,, — —g, is in B(X) and thereford”, -+ —¢,. Thus we obtain
thatT", U {¢,} is inconsistent — a contradiction. Fro¢iy, A Axy) € =
it follows ©3x(y, A ¥) € X — the variablex does not occur free ip, —,
and hence, by Theorem &2), 3Ix9(y, A ¥) € X. Now, sincex has the
J-property, there is a constanwith &(y, A ¥)(x/c) € X. From this we
geto(y, A ¥ (x/c)) € X, and we set

Lhpp:i=T, U {Elxw’ W(x/c)}

This theory satisfies condition (a) by Lemma 4.6, and obviously, condi-
tion (b). O
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5. EQUIVALENCE RELATIONS

Given maximal consistent theorigsand X', we define as usual:
YRgY iff B((X)cCY,

whereH € {G, H, N, O}. Obviously,X RgX’ holds if and only ifX' Ry
holds. Each of the relationBy and R is reflexive, symmetric and transi-
tive; the relationRg is transitive, left- and right-linear. More importantly:

LEMMA 5.1. The restriction ofRg to an arbitrary set of irreflexive theo-
ries is an irreflexive relation.
Proof. For the proof use condition (c) of Definition 4.1. O

On the set of all irreflexive theories we introduce a binary relation by
Y~ X :iff TRGY or T =% or YRgX.

~g is an equivalence relation: reflexivity and symmetry are obvious. Its
transitivity follows from the transitivity, left- and right-linearity of the
relation Rg. Thus we can summarize:

PROPOSITION 5.2. The relationRg is a linear order on every equiva-
lence class module.

The content of the following simple lemma is an identity-criteria for
irreflexive theories which we will use frequently.

LEMMA5.3. LetT and X’ be irreflexive theories witlt ~g X’. Now, if
there is a unary relation symba@ and a constant with

RcAH=RceXNY,

thenX and X’ are identical.
Proof. The claim follows immediately from condition (c) of Defini-
tion 4.1. 0

PROPOSITION 5.4.

(a) Let X and X’ be irreflexive theories witl RyX’. Then for every ir-
reflexive theony™ with I' Rg X, there is exactly one irreflexive theory
I"withI"RgX and ' RyI.

(b) Let ¥ and ¥’ be irreflexive theories wittE RgX’. Then for every
irreflexive theoryl, the following statements hotds

(o) X’ is the only irreflexive theory in the equivalence class6f
modulo~¢g which is R-related withX.
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(B) If TRsX, then there is exactly one irreflexive thedry with
I"RgX andT"ROI™.

(y) If ZRsI, then there is exactly one irreflexive thedry with
Y'ReI” andT'ROI™.

Proof. (a): By the irreflexivity ofI", there is a unary relation symbol
R and a constant with N(Rc A H=Rc¢) € T'. FromI'RgX we obtain
PN(Rc A H=Rc¢) € X, and hence byPN), NP(Rc A H=Rc¢) € Z. Since
Y RnY holds, we can conclude:(Rc A H=Rc) € ¥'. By Theorem 4.7,
we obtain an irreflexive theory” with T"RgX’ and Rc A H=Rc € T".
Furthermorel’ RyI holds, since: If N € T', then NpARcAH—=Rc) € T,
hence PNo A Rc A H=Rc) € X, hence NPp A Rc A H=Rc¢) € X,
and finally Rp A Rc A H=Rc) € X’. Again, we obtain an irreflexive
theory T'* with T*RgX’ andgp A Rc A H=Rc € T*. From this by left-
linearity: I'" ~g I'*. But each ofl” andI"™* contains the sentenc®c A
H—=Rc, consequently both theories are identical (Lemma 5.3). Therefore,
I’ containsy, establishing the assertion.

Thus, the existence of a theaFy with the desired properties has been
proved. Its uniqueness is a consequence of Lemma 5.3.

(b): () follows immediately from Lemma 5.3. The proof ¢8) and
(y) is nearly the same as in (a): Instead of (PN), usé)(ix the proof of
(B), and(FO) in that of (). O

Onthe set of all irreflexive theories we define a further equivalence relation
by:

¥ ~ ¥ :iff for all constantsc andd,
c=deY iff c=dey.

PROPOSITIONS5.5.1f ¥ and ¥’ are irreflexive theories wittE RgX’,
then both theories are within the same equivalence class magdulo
Proof. Theorems (T=3) and (TE4) are used here. a

Hence, for each irreflexive theoy, the equivalence classesBfmod-
ulo each of the relations-g, Ry and R are included in the equivalence
class of modulo~.

6. CANONICAL KAMP-STRUCTURES AND COMPLETENESS

Given an irreflexive theorz and an equivalence relation — defined for
irreflexive theories —, lefX]. denote the equivalence classXfmodulo
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~. At first, we set:

[2]; &[]~ :iff there arel’, I'" with
r’ ~G X, r’ ~G poY andFRNF/.

Obviously, the relatiorr is an equivalence relation, and the union of each
equivalence class moduke is included in exactly one equivalence class
modulo~~.

We are now going to define the canonical Kamp-frame with respect to
a fixed irreflexive theornyx,. Let ¢ denote the union of all equivalence
classes module-g which are~-related to[X].,. Obviously, for every
equivalence class modulo each of the relatisgsand Ry we have: either
it is included inQq or it is disjoint with q. Let ¥, ¥/, ¥y, ... denote
equivalence classes modulg; which are included if2q, and if ¥ € Qo,
let ¥y denote thaWr with X € . Analogously, let®, @5, @', 04, ...
denote equivalence classes modRjpwhich are included irf2q.

By Lemma 5.3 we obtain: 1® N ¥ # ¢, then there is exactly one
¥ € ®N V. Let®/W¥ denote that unique irreflexive theory which lies in
both® andW. We set:

T := setofall equivalence class&smodulo Ry
which are included 2o,
W .= setof all equivalence classgésmodulo~g
which are included 2,
Ty = {®|0NWV #4J},

O <y O Ciff @l/\ll Rg @2/‘11 (@1, O, e Tq,),
Y ~q v oiff © e Ty NTy.
Hence, for each equivalence claBsthe pair(Ty, <y) is a linear order,
and~g is an equivalence relation onthe 8t ¢ W | ® € Ty}. Let <

denote the map that assigns to edck W the linear orde(Ty, <y).
Furthermore, we have:

PROPOSITION 6.1.FromW¥ ~g, ¥ and®; <y O it follows
v ~0, v’ and O, <y O1.

Proof. By definition, we have®, € Ty N Ty and®,/ ¥ Rg ©,/ V. By
Proposition 5.4, there isB’ € Qo with ©®,/W¥ Ry ¥’ andX’ Rg ©1/V'.
We getX’ € ©®, N ¥, hence®, € Ty, and consequently, b§, € Ty,
¥ ~g, W'. Furthermore, by’ = ©,/¥ and ®,/¥' Rg ©1/ V', we
obtain®; <y O1. O

We summarize:
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THEOREM 6.2. For any irreflexive theoryZg, the quadrupletRg =
(T, W, <, ~) is a Kamp-frame.

This frame is said to bthe canonical Kamp-frame for Xq. By construc-
tion, Rg is modally connected.

On the set of all constants we define a binary relation by

c~d iff ¢c=deX, foratleaston& € Qq,
iff c=de X, foreveryx e Q.

The equivalence can be obtained by Proposition 5.5 and the definition of
Q. 2~ is an equivalence relation: this follows from Axiom (3) and Theo-
rems (T-1) and (T-2). For a constantlet ¢ denote the equivalence class of
¢ modulo~~. Given am-ary relation symboR, and constants,,, ..., ¢;
andcj,, ..., c;, with ¢;, ~ ¢, the following equivalence holds:

(—|—) R(Cil,...,Cim)EZ iff R(le,...,ij)EZ
for every irreflexive theory € Qg (use Axiom (4)). Furthermore, given
¥, ¥’ € ® and constants; ~~ c;, we obtain from (N£) and Axiom (4):

(*) Ecie X iff ECJ' ey
On the canonical fram®&g for g we define:

m

U = {c | cisaconstant
Upyw ;= {ceU|Ece®/V¥},
k(c) := ¢,
pow(R) = {@,....c,) | R(ciy, ..., c;,) € O/}

for constants:, ¢;,, ..., ¢;,, m-ary relation symbolR, and® € Ty. p is
well defined: this follows from(+). Let e denote that map which assigns
to each® and ¥ with ® € Ty the setUg y. e satisfies condition)

of Definition 3.1. Thus, the quintupl®y = (Ro, U, ¢, k, p) is a Kamp-
structure the canonical Kamp-structure for .

PROPOSITION 6.3.For every sentence and each® € Ty, the follow-
ing equivalence holds:

W oy o iff oc®/W.

THEOREM 6.4 (Completeness &™). For every setx of L£-sentences
which is consistent with respect to the calculk’ there is a Kamp-
structure2( which satisfies:.

In particular, each formula which is valid in all Kamp-structures is
provable in the calculugk™.
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Proof. Let X be a consistent set of sentences. By Corollary 4.5, there
is an irreflexive theory=* in a suitable extensiog* of the languagel
which includesx. Consider now the canonical Kamp-struct@tefor X*

— note that this structure is defined with respect to irreflexive theories of the
languagec£*. By Proposition 6.31* satisfiesz* and hence& at®x- and

Wy, But2(* is a structure with respect t6* and not with respect ta.
Hence, restrict the interpretation-functiohsnd p of 2* to the language

£, and let2 denote the resulting Kamp-structure, which now is defined
for the language£. By an analogous argument as in the Coincidence-
Theorem, it can be proved that and 2* satisfy the same sentences of
the languagel at any moment in any world. Henc#,satisfiesx.

Let now ¢ be a formula which is not provable. Hence, the universal
closureVg of ¢ is not provable, too. Consequently, the thefryve} is
consistent, and hence satisfiable by a Kamp-structure. Wauande are
not valid in each Kamp-structure. a

7. CANONICAL TW-STRUCTURES AND COMPLETENESS

We redefine the relatiorr of Section 6 as follows:

[Z]ee =[], :iff there arel’, T with
I ~¢ %, " ~c ¥ andl'ROT.

Let Xy be an arbitrary irreflexive theory, and 1€, ¥, W5, ¥/, ¥, ...,
®, ®x, ®,0,,... be defined as in Section 6. Further, Bt Es, &/,
E1, ... denote equivalence classes modRlg which are included irf2,.
We will show that any two equivalence classésand W’ are order-iso-
morphic with respect to the linear orders definedRgyon ¥ and¥’. By
Proposition 5.4(b) and ~ ¥’, we obtain a map:

T 2 2

that assigns to each theo® € ¥ the unique theoryx’ € W’ which is
Rpo-related tox.

PROPOSITION 7.1.The mapy y is an order-isomorphism with respect
to the linear orders defined bRz on ¥ and ¥’.

Proof. The map := 1y ¢ preserves the order because: Betl” be in
¥ with 'RgX. Sincerl is irreflexive, there is a unary relation symbRl
and a constantwith J(RcAH—=Rc¢) € T". Because of R «(I") we obtain
RcAH=Rc € ((I"). From P1(RcAH—Rc) € ¥ we gett IP(RcAH—=Rc) €
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¥, and hence Rc¢ A H=Rc) € «(X). By Theorem 4.7, there isld € ¥’
with TVRg t(X) andRc A H=Rc € I". By Lemma 5.3, we geff’ = «(I'),
and hence(T)Rg ((2).

The map is bijective: consider the map := 1y ¢ Which assigns to
eachY’ € ¥’ the uniqueX € V¥ which is Ro-related tox’. : and/ are
inverse, i.e. for everE € ¥ and everyX’ € W' we have:

[u®) =% and (/(Z))=%"
This can be concluded as follows: Let{Rc A H—=Rc¢) be in . We get
OO(Re AH=Re) € X, consequentlyI(Rec A H=Rc) € 1«(X), and hence

Rc AH=Rc € /(1(X)). By Lemma 5.3% and/(1(X)) are identical. The
proof of the second identity is analogous. O

COROLLARY 7.2. LetW¥ be an equivalence class modulg and E an
equivalence class modulBg, both included byQsy,. Then there exists
exactly one irreflexive theor¥ such that

YeBNW.

Given equivalence classe&sandV, let E/ ¥ denote the unique theory
which lies in bothE and V.

We can now give an alternative characterization of the equivalence
classes module: Each two equivalence classes modulg are equi-
valent modulo~ if and only if there is an order-isomorphism between
these equivalence classes such that this morphism assigns to each member
of the first the uniqueR-related member of the second. In this case, the
order-isomorphism is uniquely determined.

We are now going to define the canonicat W-frame forXg:

T := setofall equivalence class&modulo R
which are included 2,
W .= setof all equivalence classésmodulo~¢g

which are included i,
B < By :iff E1/¥ Rg Ey/V¥, for some (and hence
every)¥ e W,
W~z W iff /W Ry E/W.
Note that by Corollary 7.2, we obtain a map
T xW — Qo,

which assigns to eacE € T and each¥ € W the unique irreflexive
theory E/W¥ which is in both equivalence class&sand ¥. This map is
bijective, its inverse assigns to each irreflexive theBrye Q2 the pair

(Ex, ¥x).
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PROPOSITION 7.3.FromW¥ ~z, W' and 2, < & it follows W ~z, W',

Let ~ denote the map which assigns to eathe T the relation~g
onw.

THEOREM 7.4. Given an arbitrary irreflexive theorigg, the quadruple
Ro := (T, <, W, ~) as defined above isBxW-frame.

This frame is said to béhe canonical TxW-frame for Xj. Analo-
gously to Section 6, we define the relationon the set of all constants.
Again, let¢ denote the equivalence classcahodulo~~. On the canonical
TW-frame for X we now define:

U := {c | cisaconstant
Usy = {ceU|EceE/V},
k(c) := c,
pzw(R) = {@.....G,) | R(cip, ..., ci,) € B/ W}
for constants:, ¢;,, ..., ¢;,, m-ary relation symbol®, andg € T, ¥ €

W. Let e denote the map that assigns to ed&lk T and¥ € W the set
Uz.y. Obviously, the quadrupli, = (Ro, U, e, k, p) is a Tx W-structure,
the canonical TxW-structure for X,.

PROPOSITION 7.5.For every sentence and eachE € T, ¥ € W, the
following equivalence holds:

Qlo IZE,\I/ oiffo e E/q)

THEOREM 7.6 (Completeness E‘D"). Every set of£-sentences which
is consistent with respect to the calcul&s] is satisfiable by & xW-
structure.

In particular, each formula which is valid in all x W-structures is
provable in the calculuk".

Proof. Cf. the proof of Theorem 6.4. a

8. SOME FINAL REMARKS

At first, we remark some general conclusions from the completeness re-
sults in Sections 6 and 7:

THEOREM 8.1 (Compactness)A theory X is satisfiable(by a Kamp-
resp.T xW-structure$ if and only if each finite subset &f is satisfiable.
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Proof. Suppose thak is not satisfiable. Then, by the completeness
theorems in Sections 6 and X,is inconsistent. By “syntactical compact-
ness”, we obtain a finite subset & which is inconsistent, and hence,
by the Soundness-Theorems 3.5, not satisfiable. The other direction is
obvious. O

THEOREM 8.2 (Lowenheim—-Skolem)Each satisfiable theory is satis-
fiable on a countable domain, i.e. given a satisfiable thednthere is
structure®l such thatl satisfiesz and || is countable.

Proof. Each satisfiable theory is consistent, and by the construction of
the domain in the canonical structure in question, each consistent theory is
satisfiable on a countable domain: note that there are only denumerably
many constants of the Ianguagqm, and hence only countably many
equivalence classes moduto O

We can strengthen the last result as follows:

THEOREM 8.1. For each theoryI™ which is satisfiable by a Kamp-struc-
ture there is a Kamp-structurd = (R, U, ...) such that

(a) 2 satisfiedl,

(b) U is countable,

(c) R = (T, W, <, ~) is modally connected, and
(d) for eachw € W, the setT,, is countable.

Each theory which is satisfiable by BxW-structure is satisfied by a
TxW-structurel = ((T, ...), U, ...) with countablel/ and T .

Proof.We may assume thatis irreflexive. Consider then the canonical
Kamp-structurelp = (fRo, ...) for T' as defined in Section 6. We have
to show that the canonical frant&, satisfies (d): Letv € W be as in
Section 6. For eaclX € W there are a unique relation symh®j, and a
unique constant;, with

(@) Ixx(R;,, x) € X and there is no unary relation symbol with a lower
index! such thaBxx (R;, x) € X, and

(b) x (R, cky) € X and there is no constant with a lower indesuch
thatX(Rlz, cr) € X.

Thus we have a map that assigns to eack W its “representative” pair

(R, cky ). By Lemma 5.3, this map is injective. Obviously, the set of all
representatives is countable, and hewcis so, too. O

Hence, by adding the usual axioms for rational flows of time to the
calculusK, we obtain a sound and complete calculus with respect to
Q x W-semantics.
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Some remarks on the completeness proof in Section 7, and on the ir-
reflexivity rule (R-IrtJ) used therein may be in order. At first it should not
go unmentioned that there are alternative rules that work as well: Replace
x (R, x) by one of the formulagIRx A HO=Rx, O(Rx A G—=Rx) or
O(Rx AH—=Rx A G—Rx).

Consider now the following rule

O(Rc AH=Rc) — ¢

(R-Irr0) whereR is a relation
%
symbol,c an individual constant, and both do
not occur ing.

This rule is provable in the calculus™, and conversely (R-If) is prov-
able in the calculuXy + (R-Irr0). An interesting alternative to (R-I) is
to fix in (R-1rr0) an arbitrary unary relation symbol, for exam@le Then
the rule

LI(E H-E
(R-Irrl) (EcA =9 wherec is an individual

constant that does not occurgn
is equivalent to the rule
AxO(Ex AH-EXx) — ¢

%
and this rule again is equivalent to the sentence

(A-lrrJ) IxO(Ex A H=EX)

(R-1rr2)

regarded as an axiom. The calculus that is obtained in this manner can
easily be shown to be adequate with respect ¥dNVFframes which sat-
isfy this “irreflexivity axiom” .19 For the completeness proof only maximal
consistent theories with th&property have to be considered instead of
irreflexive ones. Hence the constructions in Section 4 become quite com-
fortable and similar to those in ordinary modal logic. But (A=ljris not
plausible as a special existence postulate for objects in the normal sense.
(An example for an unusual interpretation of the langu#geis presented
below.)

With respect to Kamp-semantics, by the axiom

(A-IrrN) 3xN(Ex A H=Ex)

we can prove completeness analogously. Moreover, by Axiom) (&hd
Theorem (T-HN), we obtain that the axiom

(A-lIrr) Ix(Ex AH—EX)
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works as well. But even if one is inclined to consider (A-Irr) to be true
(true in the real world) it is questionable whether (A-Irr) expresses a logical
truth.

Hence, the question arises whether there is a certain predicaté*
for which the formula

(¥)  IxO(ex) A H-e(x))

can be regarded as an axiom. Note at first that by the Axiom of Choice,
for each T™xW-structurel = ((T,...), U ...) in which a formula of the
form (x) is valid there is an injective map froffiinto U. For the converse
assume tha®l = ((T,...), U, ...) is a TxW-structure such that there is
an injective map from 7 into U. Introduce a new unary relation symbol
R* and define a kX W-structure2(* with respect to the languagé- U {R*}

such that (aR(* aggrees witl® in the interpretation of all symbols of the
languageLn, and (b) the interpretation @t* is defined by:

PR = {uh}.

<t

Obviously, in2(* and®( the same formulas of the language; are valid,

and 20* validates the sentencé&x[J(R*x A H—=R*x). Thus, the answer

to the question above is: The plausibility of any irreflexivity axiom of
the form &) depends on the question whether time-points are uniquely
representable in the universe of discourse under consideration.

But all these observations do not elucidate the role of irreflexivity rules.
Now, in view of the completeness proof in Section 7, sentences of the form
x (R, ¢) can be regarded as a kindd#tes as terms that denote time-points
of momentary states: With respect to canonicalMV-frames, momentary
states (or: moments) can be identified with irreflexive theories. Simultane-
ous (Ro-related) moments have the same date, nonsimultaneous moments
do not (cf. Proposition 5.4). Each irreflexive theory contains a sentence of
the formy (R, ¢), hence every irreflexive theory contains a sentence which
expresses its date. By its date, an irreflexive theory is uniquely determined
in its history (cf. Lemma 5.3). Indeed, what is said by the irreflexivity rule
is: each momentary state has a date, and by its date a momentary state can
uniquely be denoted in its history; or alternatively, each momentary state
contains a date proposition by which the position in its history is uniquely
characterized. This expresses the irreflexivity of time.

This interpretation provides an example where (Adlyrcan be assumed
to be analytically true. Suppose that we are interested in a theory of propo-
sitions in the framework of X W-semantics. Let/ denote a set of possible
(not necessarily true or eternal) propositions. Our first attempt to fix the
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interpretation ofE is:

Ex is true iff the proposition denoted hy is a proposition
which holds (is true) at the momentary state (of the actual
world); i.e. Ex is true atr and w iff the proposition denoted
by x holds att andw.

But with respect to this interpretation, Axiom @ is not plausible. Not
every proposition which holds at someand w does also hold in each
world which shares up to (inclusively)the same history withw. As an
example consider a proposition about a future state of the Wérld.

Our second attempt to fix the interpretationffs:

Ex istrue iff the proposition denoted hyis a (true) proposition
aboutthe present momentary state (of the actual world)A.e.
is true atr andw iff the proposition denoted hy holds atr and

w, independentlyof what happened im beforer and of what
will happen inw afterwards.

The second reading implies the first, but not vice versa. Them (Pesp.
FEa) may be read as:d'is a proposition about some past (future) mo-
mentary state (of the actual world}®.With respect to this interpretation,
Axiom (NE) becomes plausible: If the proposition denoted:liya propo-
sition about the present momentary state, then this proposition is in each
world which shares up to now the same history with the real world a
proposition about the present momentary state (in that world).

With respect to both interpretations, Axiom (Aflf} is plausible: for
every time-pointz, there is a proposition which holds in any world at
this time-point (resp.: which is a proposition about the present momentary
state in any world), but never before (and never afterwards), namely the
proposition expressed by “Now it Bat,” whereDat, is a name for.

NOTES

lct Gabbay et al. (1994), Lemma 6.7.2, p. 212.

2 Cf. Hughes & Cresswell (1996), pp. 303ff.

3ct. Hughes & Cresswell (1996), pp. 327-328.

4 Note that the calculk and K™ are defined with respect to the languageand.L7,
while Ky and K[} are only defined with respect tor.

5 There may be interpretations &f where condition(x) and the corresponding axiom
(NE) are not plausible, cf. Section 8 of the paper.

6 This means: A kW-frame % which is infinite in the past is modally connected if
and only if formula (2) is valid in each fW-structure orfR. This does not imply that (2)
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axiomatizes modal connectedness. As far as | can see, with respecteffmes modal
connectedness is axiomatizable by each of the formulas:

(28) 08 A Oy — M(S A ) vV PMFS A ),

wheres is one of the formulag A G—¢, ¢ A H=g or ¢ A H-g A G—p. If we assume
infinity in the past,(28) can be reduced to

(2%8) 08 A Oy — PMFS A ).

7 In the literature some similar concepts are discussed: “theory that contains witnesses”
(Chang, Keisler (1973)), “theory which has theproperty” (Hughes, Cresswell (1984))
and ‘w-saturated theory” (Gabbay et al. (1994)). With respect to maximal consistent theo-
ries, all these concepts coincide.

8 Note that this condition is expressed more exactly as followss ‘6 a modaltypical
sentence irE and®(¢,) := ... isadecomposition af,, then there is. . .” As an example,
consider a sentence of the fornigFA Myr). Now, if X satisfies the (Irr)-property and
contains®(y) := F(¢ A M), then there is

(1) aunary relation symbat with ®(y AJxx (R, x)) = FleAM(¥ Adxx (R, x))) € Z;

and, if we apply the condition above to the decompositiéiy A Myr) := F(p A My),
there is

(2) aunary relation symbat’ with ' (o AMvy AJx x (R, x)) = F(oAMy ATx x (R, x))
€ X.

9 Given a formulay, let ¥ (S/R) be the formula which results by replacing each occur-

rence ofS in ¢ by R — provided thaik andS have the same number of places.

10 This axiom corresponds to the irreflexivity axicgipU(p A H—p) for languages with
propositional quantification (cf. Gabbay et al. (1994), pp. 311ff).

11 we writep(x) in case that is the only variable which occurs free n

12 For example: assume that in the actual world, | have begun climbing some peak, and
that | will succeed in climbing that peak; in some other world which shares up to now the
same history with the actual world, | have begun climbing as well, but in that world | will
break off and turn back. Hence, from the fact that | will successfully climb that peak, it
does not follow that this is necessarily the case.

13 Note that not each proposition which is expressed by a statement in present (past/future)
tense is a proposition about a present (past/future) momentary state. Cf. Meixner (1987),
pp. 111ff.
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