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Abstract. We develop a theory for ternary point-based calculi such that the re-
lations are invariant when all points are mapped by rotations, scalings or trans-
lations and propose methods to determine arbitrary transformations and com-
positions of such relations. We argue that calculi based on such relation systems
should satisfy two criteria. First, the relation system should be closed under trans-
formations, compositions and intersections and have a finite base that is jointly
exhaustive and pairwise. This implies that the well-known path consistency al-
gorithm can be used to conclude implicit knowledge without any loss of infor-
mation. If this is the case, we call the calcuprsctical. Second, we say that a
relation system isaturalif all relations and their complements give rise to sets

of points that are connected. The main result of the paper is then the identification
of a maximally refined calculus amongst the practical natural RST calculi, which
turns out to be very similar to Ligozat's flip-flop calculus. From that it follows,
e.g., that there is no finite refinement of the TPCC calculus by Moratz et al that is
closed under transformations, composition, and intersection.

1 Introduction

Reasoning about spatial configurations is an important task for many applications such
as geographical information systems (GIS), natural language understanding, and for
automatic geometric proofs. In many cases, no detailed quantitative information of the
spatial structures under consideration is available. For example, images show only the
relative alignment of objects, and text information often contains rough descriptions
such as “coming from point you have to turn right at poirt to reach region:”.

In such cases, qualitative approaches that define formal representations of everyday
descriptions are used. They are an effective way to conclude implications of the given
spatial information.

In recent years, a series of qualitative spatial calculi have been proposed and ana-
lyzed, such as a calculus for reasoning about topological relations [1, 13], calculi about
orderings [5, 9, 14], directions [2, 12], relative position of a point with respect to a line
segment [8, 3,4, 11] and others.

In this paper, we will focus on calculi as the latter ones, whereby we will develop
a general theory for ternary, point-based relations that are invariant when all points are
mapped by rotations, scalings or translations. This means that, e.g., the claim that one



point lies on a straight line between two other points remains true when the whole map
is rotated, shifted or the scale is changed. We will call such relafRfiE relations
according to the first letters of the transformations. We present a new way of describing
them that gives each RST relation a standard name or representation, and we calculate
compositions and transformations of qualitative relations.

Starting with the observation that Freksa’s double-cross calculus [3, 4] has some
unsatisfactory properties [16], we consider the entire class of RST calculi, of which the
double-cross calculus is an instance. For practical reasons, we expect from a calculus
that it is finite and closed under certain fundamental operations such as transforma-
tions and compositions that are used to conclude implicit knowledge. It is known that
Freksa'’s calculus and its finite refinements do not have this closure property [16]. Fur-
thermore, we require that the relation systems of the calculus has the property that base
relations do not denote arbitrary sets of points, but they should be connected regions.
The goal of this paper is to identify the most refined RST calculus with the these proper-
ties. As it turns out, this is a calculus which is very close to Ligozat'’s flip-flop calculus,
and which we calCR.

The remainder of the paper is structured as follows. In the next section we define
the calculusCR as an example for a calculus with ternary RST relations. In Section
3, we define the requirements necessary for a practical calculus and prove some basic
properties of all ternary calculi not yet dealing with the RST property. In Section 4,
we introduce the theory of RST Calculi, the way of describing ternary RST relations
and some fundamental consequences. In Section 5, we prov&Rhiatthe finest finite
RST calculus with the properties proposed in Section 3. In Section 6, we conclude.

2 The CalculusCR

When human beings or robots proceed along a path (going from gototpointa,),

they will always distinguish between things ahead of them or behind their back, and
they can distinguish whether objects they pass have been to their right or to their left, or
if they have directly met them. Moreover, it is easy to recognize in which order certain
points have been reached, hence, which objects are between others on the line. However,
without additional information, it is often not possible to find out in which distance the
objects are from the path, or at which angle precisely something can be seen.

All these spatial expressions involve the current standpoistasting pointay, the
walking direction and a focus poimt;. The direction can be easily represented by a
goal orreference pointa, along the line. Now we can describe the spatial situation by
sentences such as (refer to Figure 1.a):

1. Looking froma; to as, as is to the left.
2. Walking froma; to as, a3’ is always at your back.

This idea will now be formalized by introducing relations and operations on the
relations. We will call it the left-right-distinguishing calculdsR.
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Fig. 1.a. The two examples of relations

in the text

2.1 Relations

b. The base relationd®fwherea; # a». given
The letters are explained in Table 1.

For each of the different situations we introduce a relation with three arguments
a1,as,az. Each argument represents a point in the pRh&Ne consider two alter-
natives in the case that andas coincide. We distinguish between seven situations for
a3z whena; anda, are different. This leads to a calculus that contains the nine relations
as shown in Table 1. Note that for all possible triples of points there is a relation of
the calculus (see Figure 1.b), which distinguishes this calculus from Ligozat's flip-flop

calculus which does not have the relati@gsandé; .

LR Base Relation angle aia; angle af» Meaning

for triple (al,az,ag) é(az,al,ag) L(ag,ag,al)
eq a1 = az = as - - a1, as andag are all equal.
€12 a1 =az # a3 - - as is different froma; = a».
€13 a1 = as 7é a2 - 0° as is different fromal = as.
e23 ai ?é as = ag 0° - ay is different fromag = as.

a1 # a2 #az £ a1 : Looking froma, to as:

0 back 180° 0° as is back behind; .
C closer 0° 0° as is closer taa; thanas.
T further 0° 180° as is further ahead.
T right ] —180°;0°] | ] —180°;0°] as is to the right.
L left 10°;180°| 10°;180°| a3 is to the left.

Table 1. Definition of the base relations dfR

To express uncertainty, all unions of these nine relations are included in the calculus
LR. For example, we writ€a;,az,a3) € €0 U €;5 if we know thata; = a, but do
not know anything abouts;. The union of all relations is denoted By (a;,as,a3) € T
contains no information abogi , as, as).
Definition 1 (Base relations)
We call a minimal subset of relatios C C a baseof the calculug’ if any relationR



in C is a set union of some relations / The relations in3 are calledbase relations
ofC.

2.2 Operations

A calculus provides formal ways to conclude implicit knowledge. There are several
ways to derive new claims. Therefore, we define operations on the relations so that the
resulting relations represent what we can derive. As standard methods for ternary rela-
tions we use intersection, transformation and composition which are generalizations of
the corresponding well-known operations for binary relations[7,17] and of the opera-
tions on ternary relations as defined by Isli et al [5].

Intersection: As with binary relations, if we have two claims about the same triple, we
can combine them into one claim.

(a1,a2,a3) € Ri A (a1,a2,a3) € Ry = (a1,a2,a3) € (R1 N Rs)

Transformation: Transformation generalizes the binary concept of the converse (ex-

changing the arguments of a binary relation). If we have a claim about a triple, we can
derive a claim about any permutation of the triple. Therefore, we define the transforma-
tion operations as follows:

Definition 2 (Transformation of a relation)

Letm € &3 be a permutation of the positions of a ternary relati®hC (R?)
R? x R? x R?, thenR™ is thetransformed relation with the property

3 Pp—

(a1,az,a3) € R: <= 7((a1,a2,a3)) : = (arq),-..,0x3) € R”
The operatio™: R +— R7 is called a transformation.

Examples:

The permutatior{231) is a rotation of the indexes that map$o 3, 3 to 1 and1 to
2. T(?31) corresponds with Isli’'s [5] “rotation” operation.

(a1,a2,a3) €] < (az,asz,a1) € :I(zgl)

The permutatior§23) is an exchange of the last two indexes that miafus1, 2 to 3
and3 to 2. T(*) corresponds with Isli’'s “converse” operation.

(a1,as,a3) € LU €15 <= (a1, az,as) €T U &3 = (LU €;5)3

Table 2 displays all the transformations&R (see also [6]).

Composition: Restrictions that originate from a combination of the relations of
two overlapping triples are called composition. With ternary relations, one can think of
several ways of composing them, depending on the humber and order of overlapping
points. We proved [15] that the only case in which proper new restrictions can be de-
rived is when the two relations concerning different triples have two common points.
Depending on the order of the points in the original relations, we distinguish six differ-
ent types of composition of which two examples are shown in Figure 2.



LR R R(m) R(13) R(23) R(231) R(321)
€ | eq | €q | eq | €q | €
€12 €12 o3 €13 €33 @13
13 o3 13 1o C1> €3

e23 el3 912 e23 QSI el?
) T C ) C IE
C C 4] T IE
T 0 T C C
T L b L T T
l T T T l l
Table 2. Transformations o£ R
-® a4
x © X
o — 9 —— [ ]
dy a; 5]
Composition o) Composition >

Fig. 2. The idea of compositions. The dotted lines indicate the relations R, S and the solid line the
relatonR o S

Definition 3 (Compositions) Let R, S C (]R?)3 be ternary relations. Then for #
Aandk, A € {1,2,3} the composition,;¢, is defined as follows:

(a1,a2,a3) € R 300 S: <= Tz :(as,a2,z) € R A (a1,2,a3) € S

a1,as,a3) € R30; S:<= 3Jz:(a1,a2,7) € RA(z,a2,a3

ER,2<>3 S:+< dz: a1,T,as ay,as,T

x) ( ) €
) ( z) €
aj,z,a3) € RA(z,a2,a3) € S
az) ( )63
) ) €

(
(
(
(

T,a2,03) € RA a1,02,T

)
)

aj,as,a3) € R0y S:<= Ju:
JER 103 S:<= Jz:
)

(a1,a2,a3) € R 102 S:<= Tz :(x,a2,a3) € RA(a1,2,a3
Example:
Suppose there is a housdo the left of the path frona, to a2, and there is a tree;
behind the house as seen fram Then the trees is also to the left of the path since

(ar,az,2) €L, (a1,2,a3) €] = (a1,a2,a3) €L 300 [ =1.



Fig. 3. An example for applying transformation and composition

When looking fromu, to the house, the treg will be seen to the right. To derive this,
transformation and composition are needed:

(a1,a2,7) €l = (as,z,a1) € (230 —
Note thatl 3¢, [ =T, hence
(a27‘raal) € l’:(alam;GB) EI = (a2,x,a3) er.

Throughout this paper we will revisit this calculus along with the new concepts we
introduce.

3 Properties for Ternary Calculi

3.1 Closure Properties

In LR, any given spatial constellation gives rise to a corresponding set of relations
between its triples, and it is possible to describe all conclusions that can be derived
using intersection, transformation and composition of the relations. It is reasonable to
generalize these properties as requirements for calculi since this is what calculi are used
for.

A calculusC is called closed under an operation iff for any choice of relations of
the result of the operation is again a relatiorCof

We assume that all calculi are closed under set union to represent uncertainty. If
a calculus is closed under intersection, all transformations and all compositions, then
implicit information can be made explicit using the conclusion methods of the calculus
mentioned above.

In general, like in the case dfRR, we expect that for any triple of points of the plane
R? there is a unique base relation that describes it. In other words, all base relations
jointly cover the set of all possible triplé&?)3, and the intersection of different base
relations is disjoint. Hence we have a jointly exhaustive pairwise disjoint basis (JEPD
basis). A calculus with a JEPD basis is closed under intersection and set complement.
In order to be part of a representation in a computer, this set of base relations has to be
finite. Any practical calculus should satisfy these requirements.



Definition 4 (Practical calculus)
A calculusC will be calledpractical if it is closed under transformations, compositions
and intersections and has a finite JEPD basis.

Practical calculi have advantageous formal properties. A variation of the well-known
path-consistency algorithm [10] can be used to find inconsistencies. In this section, we
will present some useful algebraic results that we need for the purpose of this paper:
The main result is that there is a tight dependence between composition and transfor-
mation: Each composition can be derived from any of the others using transformations.
Hence it is sufficient to store one composition table. Moreover, transformations and
compositions distribute over set union, hence in a practical calculus it is sufficient to
define these operations on the base relations.

To state the dependence property, it is necessary to note that the concatenation of
transformations corresponds with concatenation of their underlying permutations [15].
As a consequence we have the following result:

Remark 1 (Inverse Transformation) For each transformation operatiofV’™), there
exists the inverse transformation operati@v)=! := T~ '

(™) (T(R) = T '(R) = T"(R) = R.

The inverse transformation operation is used to derive one composition from another:

Proposition 1 (Interdependence of compositions)
For all K1, A1, K2, Ay € {1, 2, 3} :

-1

R Ko OXa S (R,Tr 1 9N Sﬂ) y
wherer € & is the permutation for whichr (k1) = k2, 7(A1) = Ao

Proof:
We introduce the notatios,, (z)((a1, a2, a3)) for the substitution of the-th element
in the triple byz.

First we prove an equality that holds for any transformation operatiand com-
position .o :

TW(R PR S) = Tﬂ—(R) 7=1(k) <>ﬂ.—1()\) Tﬂ-(S) (*)
By the definition of transformation operation and composition we obtain

(a1,a2,a3) € TT(R , ox, S)

< (a 71(1),...,a 1(3))E(R k2 OAo S)

A (Snz( ))( Ar=1(1)5- - aﬂf1(3)) € Rand(skz(d))(aﬂ—l(l),...,aﬂ71(3)) €S
= EI d (s, 71(R2)(d))((a1,a2,a3)) € R™and(s,-1(x,)(d))((a1,a2,a3)) € S”
< 3d: (sx,(d))((a1,a2,a3)) € R" and(sy, (d))((a1, a2, a3)) € S”

— (a17a27a3) (RF k1 O\ Sﬂ)



which proves the equality (*).
With the premise om thatr—!(k;) = A andnr1(ks) = ), follows:

—

Riox S =T (T™(R 01, 9)) = T7 (T™(R) 1, on, T™(S)).

(ged.)

Proposition 2 (Distribution properties of practical calculi)
1. LetC be closed under transformation and set union. Then for any set of relations

Ri eC:
™(J Ri) = JT™(R:)
iel el
2. For each0 < &, A < 3 and relationsR;, S:

(U Ri) « o S = U (R; xox S)

icl iel
and
S xon (U Ri) = U (S wox Ri)
iel iel
Proof:

ﬁ((al,az,ag)) S Tﬂ(UiE[ R) (al,az,ag) S (Uiel Rl)

diel: ((al,ag,ag)) eER;
Jiel: 7((ar,a2,a3)) € T™(R)
m((a1;a2,a3)) € (User (TT(R))

For allk, A\, R;, S holds:

(ai,az,a3) € (U,-el Ri) kox S

3z se(z)(ar,a2,a3) € (Uje; Ri) A sa(z)(ar,az,a3) € S

3z (Vier (sx(®)(ar,a2,a3) € Ry)) A (sa(z)(ar,a2,a3) € R»)
3z Vier ((sw(@)(ar,a2,a3) € Ry) A (sa(z)(ar,a2,a3) € Ry))
Vier Gz ((ss(@)(a1,a2,a3) € Ri) A (sx(z)(a1,a2,a3) € R»)))
(a1,az,a3) € U,-el (R; xor S)

The second form of this property can be proved analogously. (ged.)

rrees

3.2 Refinement

Typically, in a real-world situation, the information available does not match one-to-
one the relations of a calculus. We have included the operation set union so that we can
describe spatial information for which we have only indefinite knowledge.

Sometimes, conversely, the knowledge available is more detailed than a selected
calculus can express. Then, information is lost when building the knowledge base. This



loss is smaller if there are more detailed relations available. Considering that some
expressions are combinations of finer ones, e. g. “on the waydrtmd” means either

“at a”, or “at b”, or “in between”, we come to the idea of refining some relations. A
calculus that comprises another one’s relations as unions of its own relations, will be
called a refinement of the coarser one.

Definition 5 (Refinement)

A calculuC ¢4, is calledfiner than another calculu§ .,,,s. if each relation inCqq; s

is a set union of relations @ ;.. Then,Ceqqr s iS calledcoarserthanC gp,..

At the beginning of Section 5, we will introduce another concept, the concept of
connectivity, and we will call a calculus natural if its base relations and their com-
plements are connected. Our goal is to find the finest natural practical (hence: finite)
calculus. We will concentrate on a class of calculi that proved to be of much interest
because its relations are independent of scaling, rotation or shift from fixed reference
points: RST calculi.

4 RST calculi

In this section, we will analyze the special properties of RST calculi and develop a
theory of RST relations.
Definition 6 (RST calculus)
Rotations, scalings with scaling factor 0 and translations and concatenations of such
mappings will be calleRST automorphismsA ternary relationR. over points in the
planeR? is calledRST relation if it has theRST property

For all RST automorphismsholds

(017(7'270'3) € R = (p(al),p(ag),p(ag)) € R.
If all relations of a calculus are RST relations, it is called R8T calculus

In the next subsections, we will see that there is a finest RST calculus. Thus arbitrary
RST relations can be understood as union of the base relations of the finest RST cal-
culus. Because of Proposition 2, the operations of transformation and composition of
other RST calculi are based on the transformations and compositions of the finest one.

4.1 Standardized triples

Figure 1b. shows that for fixed points, a; as starting and reference point, there are
different relations oZR, depending on the location af with respect ta; andas. All
relations excepe( andé;, are represented by a region in the plane that is a possible
location foras given the position ofiy, as. This scheme is the basis of the following
idea: Each triple can be mapped by rotation, scaling and translation to a standardized
triple (b, b2, b3) such thath, = (0,0) andb, = (0,0) (if a; andas coincide), or
b2 = (1,0) (lf ap ?é (12).

We will now describe the function that maps a triple to its standardized triple.
This can most easily be done if we identify a pointR3 with a complex number



using the standard isomorphism betwé&handC, because the RST automorphisms
of R? are exactly those mappings that correspond with simple arithmetic operations in
C: The addition of a complex number corresponds with a translation, multiplication
with a scalar value € R corresponds with a scaling, and multiplication with a purely
imaginary number: (r € R) corresponds with a rotation of the complex plane.

To simplify the reading, for; = z; + 1y; € C let (21,29, 23) denote the triple
((1,11), (z2,92), (x3,93)) . We distinguish three cases:
A.Forz; = z; = 23 (i.e. (21, 22, 23) € €(), we define the standardizatiomg$z1, 2z, 23)) :=
(0,0,0). This corresponds with a shift of the plane.
B. Forz; = 25 # z23 (|e (Zl, 29, 23) € €15 ), Setn((zl,z'g, 23)) = (0,0, 1)

C. Forz; # z, set
23 — 21

n((z1,22,23)) :== (0,1

Note that these functions are well-defined.

In addition to a shorter notation, th{S based representation is motivated by the
following strategy of our proof: We show that any RST relation can be identified with
a set of complex numbers. The advantage of such a notation is that we can determine
complex functions that correspond with compositions and transformations on RST re-
lations. By investigating consequences of possible results of these functions, we will
find constraints on the set of relations in a practical calculus. By combining several of
these constraints, we prove that the finest practical calculus cannot be further refined.
Note that we will only use arithmetic properties©f

To motivate our first step, we show that triples have the same standardizatioy
if there is no RST relation that can distinguish between them.
Proposition 3 (Standardization)
n((21, 22, 23)) = n((21', 22", 23"))
iff there is an RST automorphismthat maps 21, 22, 23) t0 (21, 227, 23")
iff for all RST relationsR holds: (z1,22,23) € R & (z1',22',23') € R.

, .
Z2 — 21

Proof:
First we shown((z1, 22, 23)) = 1((21', 227, 23")) implies that there is an RST automor-
phisma with a(zl, Z9, 2’3)) = (le, Zgl, Zgl) .
By definition, on(zy, 22, 23), n is equal to a concatenation of the complex subtrac-
tion
T:2—=2—27

(corresponding with a translation of pointsiti) and the multiplication (depending on
the case A.,B.or C.)

paiz— 1z or pPB 2

-2 or pc iz
23 — 21 22— 21

-z

(corresponding with a rotation and scaling®f). Similarly, there arer’, p’ so that
(21,22, 2") = p/(7' (2, 22", 24"))). Hencea = ()L o (p) o po 7 is the
desired RST automorphism.

For the reverse direction (i.e. for each RST automorphismy((21, 22, 23)) =
n(a((z1, 22, 23))) holds), it is sufficient to show this property for each rotation-scaling



a:z— z-¢(c € C)andforeachtranslatiam: z — z+d (d € C). Itis easy to verify
thatn((z1, 20, 23))n((21-¢, 22-¢, 23 -¢)) andn((21, 22, z3)) = N((21+d, 22 +d, 23+d)).

Still we have to prove the second equivalence. For triples (a1, as,as3), b =
(b1, b2, b3) regard the relatiom ~gsr b that holds iff there is an RST automorphism
« so thata(a) = b. Because the inverse and concatenations of RST automorphisms are
RST automorphismsy gsr is an equivalence relation, and the triples fall into corre-
sponding equivalence classes.

By definition of ~gs7, ~gsr-classes and their set unions are RST relations. The
RST property means that if an RST relation contains a triple of an equivalence class, it
contains the whole class, hence each RST relation is a set union of equivalence classes.
A triple belongs exactly to all RST relations that are supersets efjitsr-equivalence
class. This proves the claim. (ged.)

4.2 The finest RST calculusF

The proof shows that RST relations are exactly the supersetsg@fr equivalence
classes. The RST calculs whose base relations are the;sr equivalence classes
hence is the finest RST calculus. Our goal is to describe the transformations and com-
positions of 7. Then we can derive any RST calculus frdfipas unions ofF’s trans-
formations and compositions because of the Distribution Property 2. As we have seen,
each equivalence class is characterized by its standardized triple. Almost all these triples
only differ in its third number. To be able to calculate, we will identify each such triple
n(z1,22,23) = (0,1, 23") with the single complex numbeg’ = 22==1. An RST rela-

tion R contains €, or &qor consists of triples whose reference and starting point are
different. In the latter case, RST relations can be represented and denoted by the region
(set of points) inC z3| (0,1, 23") € R.

Definition 7 (Representability, RST relations as regions):
LetR C (T \ €3 \ €() be an RST relation. Then

RegR :={z=az+w € C| ((0,0),(1,0),(z,y)) € R}

is called theregionof R. z is said to be contained iR. R is calledrepresentableand
representedy the RegiorReg R.

If 223 C R, andR\ €3 is represented b®’, thenR’'U{ oo} is called thgRiemann )
representatiorof R, and R is Riemann representable.

If the regionReg R of a (Riemann ) representable relatid® is open, thenR is
called open.

Note that triples that are in the same RST relation can have different representations.
But triples with the same representation are always in the same relation.
A connected representable relation has a connected region.

Example:
As an example, we give the regions of the relationg &f.



€Qis not representable. All others are Riemann representable as follows:

01, = {00} 013 = {0} €3 = {1}
b= ]—00,0] ¢ =10,1] I: ]1, 00]
L=4{2€C|S2z2>0} T={2€C| S2<0}

4.3 Mathematical Approach to derive Transformations and Compositions

The following two propositions allow to derive the operations for any RST relations.
They are fundamental tools in our central proof in the next section.

Lemma 1 (Transformation lemma).

1. The result of a transformation of an RST relation is again an RST relation.

2. The transformations of Riemann representable relations are Riemann representable
relations . For their representations holds:

( «
=1 € Reg R®”
& = € Reg R"Y
< & €Reg R®™"

1 (312)
< 1-, €RegR

Proof:
1. The assertion is trivial for the identity.

Let a be an RST automorphisn® an RST relation. Then:

(aﬂ(l),...,.aﬁ(g)) € R" < ((al,ag,ag))
= (afa)},...,
— (a(aﬂ(l)), ce

~ —~
~ 8
~

This proves that the RST property is preserved.
2. First assume; # z,. Note that

z=2"2l¢ RegR <= (z1,22,23) € R
— (ZTvzgvfg)w:: (Zﬂ(1)7zﬂ'(2)’zﬂ'(3)) € R”
= 2" := 5" c RegR"
“2 “1
After substitutingz] = z.(;y andz; = 0, 2z = 1, z3 = 2z, we get the five results
for the transformed points™, e. g.:

N
2512) =2z =0,




The other formulas are derived analogously. Comparison with the transformations of
&q shows that this arithmetic holds for Riemann representations if we set

1 1
f:oo,oo—lzoo,l—oo:oo,—ZOandgz
0 00 00

(qed.)

Example:

This property allows to "calculate” with RST relations. For example, it is possible to
determine allF base relationgR for which R = R®*") Apart from €q (€4 is not
Riemann representable and must be considered separately), these are exactly the rela-
tions{ w } for whichw = £ holds. There are two solutions:

1 V3 _ 1 3

w=—-4+—1, wWw==+ —1.

2 2 7 2 2
Like for transformations, there are arithmetic ways to determine all compositions.

Lemma 2 (Composition lemma).

1. Compositions of RST relations are RST relations.

2. If R1, R, and their transformations are representable, then the composition is con-
tinuous, and for the representing regions holds:

Rl 3 09 RQ = {(21 . 22) | zZ1 € Reg(R.l) A 2o € Reg(Rz)}
Rl 3 <1 RZ = {(21 + 29 — 2122) | zZ1 € Reg(Rl) Nzo € Reg(Rz)}
Risor Re={:222| 2 € Reg(Ri) A2 € Reg(Ra)}

z1+z0—1

3.Forall 0<k,A<3:

Ricon Re=Ry pox Ra
(R1 K O Rz) rox Rz =Ry ;o (RQ Kk O Rs)

Proof:
For 1., we show that ifR; and R, are RST relations, theR; 5 ¢ Rs is an RST
relation. Leta be an RST automorphism, then for the RST relatiBysholds:

(a1,a2,a3) € R; <= (a(a1),a(as),a(as)) € R; forie {1,2}.

Hence (a1,az2,a3) € Ri 302 Ro
< dx: (al,az, ) (S R1 and (al,x,ag) (S RQ
< Ja(z): (a(ar),alaz),a(z)) € Ry and (a(a1), a(z), a(as)) € Ra
= (aar),a(az),a(as)) € (Ri 302 Ra)

From the Interdependence of Compositions 1 and the Transformations Lemma (Lemma
1), the property follows for all compositions.
For 2, first we regard the compositiofz,, 25, z:) € R1 302 (24,22, 2:) € Ra.



I all transformations are representabledr) oo, then——, —1— and_—— are
. b—Za’ Zb—2Z2c Zd—Za
defined. Thus

z3 € (Rl 3 <9 Rz) < Elza,zb,zc eC: 23 = Zc—Zq (Za,Zb,ZC) € Rl 399 R.z

Zp—2zc !
= 24,2, 2,20 € C: (24,25, 22) € R1 and (2, 22, 2.) € Ra
<= 24, 2b,2c,22 € C: 227;;’“ € R: and == ¢ R»

<~ E|Z1,Z2 eC: z1 € R,l andzs € RQ andzz = z122.

The other compositions are calculated with the Conversion Formula 1 and transfor-
mation formula 1, e. g.

23 € (R1 3901 Rz) <~ 23 € (REU) 3 02 R512))(12)
— (1-23) e (R 300 RI)
<~ EIz%m) € REH),zém) € Rg12) i1l —z3 = z%m) -zém)
< dz1€R1,22 € Ry: 1—2z3=(1—21)(1—22)
= 32’1€R1722€R2: 23 =21+ 22 — 2122

Because the formulas are symmetriczinand z3, exchangingz; and z, does not
change the result. Hend&:, A € {1,2,3} : Ry . ox Rs = R2 ,on Ry Further
calculation shows the last equality, e. g.

24 € (Ri 302 Ra) 302 Rs < Jz1,22,23: 24 = (2122)23 = 21(2223)
< 24 € 399 Rl PRON (R.g 3 02 R3);
z4 € (R,1 3901 Rg) 391 Rg == 321,22,2’3:
28 = (21 + 22 — 2122) + 23 — (21 + 22 — 2122) 23
= 212923 — 2122 — 2223 — 2321 + 21 + 22 + 23
= 2,€ 301 Ri.on (Rz 391 R3)

All these mappings are continuous. The other compositions are concatenations of
the compositionzo, and transformation operations, hence continuous functions.

(ged.)

As we see, compositions and transformationgaire represented by sets of com-
plex numbers, hence relations fii This means,F is closed under composition and
transformation. Although being fundamental for the definition of compaositions of other
RST calculi,.F is not practical becausg has infinitely many relations (For any com-
plex number, there is a base relatiorfof We want to find a practical, i. e. finite coarser
calculus that is closed under composition and transformation operation.

Is our standard examplé&,R, closed under composition? From Propositions 1 and
2, we know that it is sufficient to regard one composition, e. - , on the base
relations. With the theory of RST relations, the complete composition talf&kofan
be generated. There are two cases: Either one of the base relati&nsds; or €;3 .
Then the resulting constraints on the equality of points needs to be checked.

All other compositions, mostly involving refinements®f=0 U ¢ UT U L U L,
can be calculated using the composition lemma. Table 3 lists the compositioprs of
. This shows that’R is practical.



302 Qq €12 Ci3 023 [D ¢ _T { T
eq |eq |ei o 0 |0 [ 0 0 0
Q12 elZ @ Qq e12 el? el? el? el? 912
O3 |Gz |QUCys |0 |0 |0 0 0 0 0
Ca3 ||O |0 8151623 |0 C £ l T
0 O |0 81510 |CU a3 UI 0 T l
C 0O |0 eizlCc |0 C CU €3 UI l T
{ 0 0 013 { 0 CU 053 UI f l T
0 |0 €3 T l l LuTub|duU &y
T 0 |0 15T |l T T du &y |[luTub
Table 3. Compositions ofZR. Note thatdlis an abbreviationfob UC U UL UT

5 The special role ofCR

When studying point-based qualitative representation calculi, one notices that they all
share a particular property. For all tuples in one base relation, we obtain connected
regions when we vary one point and leave all other points constant. In fact, it would
appear to be very “unnatural” if one would get unconnected regions. Such sets of un-
connected regions one would only expect if a relation is truly disjunctive. Since this
property turns out to be very important, we give it a name in the next definition.

Definition 8 (Natural calculus) An RST calculus is callegatural if for all its repre-
sentable base relation8, Reg B andC \ RegB are connected.

Example:
In LR, all base relations and the complements of base relations are connected.
In this section, we will prove thaf R is the finest practical natural RST calculus.

5.1 Some definitions and lemmata

First, we need some more definitions and lemmata to structure the proof.

Definition 9 (Bounded relation)
A representable relatiof? except{0}, {1} is called bounded iReg(R) is bounded.

The exceptiong0}, {1} are omitted because not all of their transformations are
representable.

Now the proof will be structured as follows: First we prove some properties of
bounded and other representable relations, then we will use them to derive limitations
for bounded relations in practical calculi. Then we prove fordR relations that no
connected refinement @fR relations will fulfill these criteria.

Lemma 3 (Bounded composition and inverse).
For representable relations holds:

1. If R is bounded, thefR(*2) is bounded.



2. If Ry and R, are bounded, then the compositiét= R; 3¢» Ry is bounded, or
R={1}

Proof:

1.This follows directly from Composition Lemma 2 and Transformation Lemma 1. Let
2 € RegR, thenl — z € Reg(R"?). Let S be the upper boundary fdteg( R), hence

|z] < S forall zin R, thenS + 1 is an upper boundary fdi — z|. The exceptions,
{0}, {1} cannot be the resulting relation becays¢('?) = {1}, and{1}(!? = {0},

but R is neither{0} nor {1}.

2.R; #{0} =32, #0: 2z € R; = z:= 2z - 23 € R,z # 0. HenceR # {0}.
With the Composition Lemma 2 we obtain:3f is upper boundary foReg(R;), then
S1 - Sz is upper boundary for the Composition, because R 300 Ry iff 2 = 21 - 25
(with |z;| < S;). Then|z| < S; - Ss. The exceptiorR; 3 o2 R, = {0} cannot occur
because both relations contain valugszs # 0, thusz = z1-20 € Ry 300 Ra,2 #0.
(ged.)

Lemma4 (0-1-lemma).
LetC be a practical RST calculus. Then :

1. For each relationRZ {€(, €12 ,0,€13}InC: 1 € O(RegR)
2.1If Ris bounded, thetimsup__p |2| = 1.

3. If Ris bounded, theeg(R) C R*
4. If R is bounded, thefi € 9(RegR).

This shows that only some bounded relations occur in practical calculi. As we will
see later, refiningC’R would require bounded regions that do not fulfill the criteria of
the 0-1-Lemma.

Proof:
First we will prove properties 2 - 4, and then derive property 1 for possibly unbounded
relations at the end of this proof, as a generalization of property 4 for bounded relations.
We start with the proof of property 2.

Let R be bounded and = limsup__p |z| be the smallest upper limit. We will
show that S=1. Due to the Composition Lemma 2 we know that

R¥:=R 30y R... 300 R= {z|3z1,...,zk € R:z=2129... 21, }.
Multiplication is a continuous and monotonous function, hence

limsup |z| = S*
z€ Rk

Supposes # 1, then all these infinitely many reIatior@Rk)keN were pairwise differ-
ent, and all of them were containeddrbecaus€ is closed under compositions. Btit
is finite, henceS = 1. This proves property 2.



For 3., supposelz| = r(cos¢ + 1sing) (¢ # 0) is contained inR. Then R¥
containsz* = r*(cos(k¢) + 1 sin(k¢)). For somek, R(z*) < 0. Due to the previous
Lemma 3 the relatiogR")(12) is bounded. By the Transformation Lemmg R")(12
containsl — z* with |1 — 2*| > R(1 - 2*) > 1 in contradiction to 2. This proves
property 3. (Refer to Figure 4)

Fig. 4. Sketch for the proof of the 0-1-lemma. For soiave havel — z* € (R")(® and |1 —
k
z'| > 1.

For the proof of 4., suppos®, ¢ 0 R. Then R(23) is bounded becaus&*® =
{z| £ € R} (Transformation Lemma 1). F&R(*>*) in C, we have

limsup |z| = 1, henceliminf |z| = 1.
z€ R(zg) ZGR

Thus for allz € R : |z| = 1. From property 3. followsR = {1}, but by definition,{ 1
} is not bounded. Hence the supposition is wrong, which proves 4.

Property 1 for possibly unbounded relations can be derived from property 4. It is
sufficient to prove the claim in € 9(R \ {1}). Let R\{1} be an arbitrary relation
RZ {eq,ei»,0,¢5}. Supposel ¢ 9 R. Then0 ¢ OR1?. By the Transforma-
tion Lemma 1(R**)23) is bounded. From 3. and 4., we kng®"*(23) C [0, 1] .
HenceR(12) C [1,00] andR"? C [-00,0] = b U ey3, in contradiction to the
prerequisite. This completes the proof. (ged.)

The restrictions in the 0-1-lemma apply mainly because a practical calculus has
to be finite. As a consequence, the demand for a finite calculus limits the number of
refinements of RST calculi.

5.2 The Central Theorem

Theorem 1 (Central Theorem).
Any practical natural refinement dfR is LR itself.



The proof is based on the fact that the relations of practical calculi fulfill the prop-
erties of the 0-1-Lemma 4. A close consequence is the following lemma that shows that
the relationC cannot be further refined.

Lemma5 (connected bounded relations).
If C is apracticalcalculus. Then any connected bounded relatiofima whole interval
from0Oto 1.

Proof:

Let R be a connected bounded relationCinAccording to the 0-1-lemma, a bounded
relation is a subset of the intervd, 1] . Suppose there is somec 10,1[,z ¢ RegR.
SinceRegR is connected, all points are below or abave

limsup g |z] <z or liminf _p |z| >«
and thenlim Sup__pa2) |z] <1-—.

In both cases, this contradicts the 0-1-lemma. Helticé[ C RegR. (ged.)

Reg(C) = 10, 1[ . Hence neither the relatiofinor its transformation$ andfcan
be further refinedeqand the point relationg;» , €;3, €»3 cannot be refined because
they are already relations . The task is now to prove thaand?” cannot be refined:
Unlike with fand b, we cannot refer to bounded transformations because the trans-
formations ofland T arelandT. However, using criteria 1. from the 0-1-lemma, we
can show: If there is a refinement and all base relations are connected, then there is a
bounded subrelation @f which contradicts the previous Lemma 5.

In practical calculi, for all base relatiors, either

B N B(231) N B(321) — w
or Bn B®Y nBGH = B,

holds because the intersection is a relation of the calculus. We will call base relations
for which the second line is truegtation-symmetri¢ because they remain unchanged
under the "rotating” transformations. (Note th&t23!) and B(2!) are base relations,
henceB**Y = BG2Y = By,

To simplify the proof, we transform the plane of complex numbers so that the "ro-
tating” transformations actually are represented by a rotation of the complex plane with
center0. This allows us to use the inherent symmetry in the proof.

Therefore, regard the Mobius transformatjorthat maps the half planBeg(l) =
{#z| S(z) > 0} to the unit disk :

p(z) = 222 wherew = ¢/—1 =1 + %

z 2

Remark 1 (Rotating Transformations)



hence the images of rotation-symmetric base relations are rotation-symmetric with an-
gle 120° aroundu(w) = 0.

Proof:
First we state some equalities: Wiif = 1, w® = @, ww = 1 = @ + w, we obtain

T—= % _ l—wtwz _  wtwz _ 14wz _ w2(z—w)
i—ﬁ; — 1—w+wz ~  wtwz — w?4z Z—w
1-L e 1—wz (1—w)z—1 @r—1 w?z—w® 4/z—w
z — — —_— ~ p— <~ —
andlféfﬂ; = Timwe: T 1ewe—1  we—l = wrwaw W (z—w)

The Transformation Lemma now completes the proof:

2z € RegR < 1-1¢c Reg REM — L ¢ RegR(Q?’l)
1

€ u(RegR) <= T € p(RegR™) = w?(22%) € u(RegR™*Y),

4
w
|
g

|
&

wow

|
&

€ n(RegR) < 1w € u(RegR®?) = wi(

1-1-w

Z2—w

|
5]

(ged.)

Note that Mobius transformations preserve connectivity(lReg R) is connected,
thenR is connected.

Lemma 6 (Rotation symmetry).
For a practical calculus with connected base relations holds: A base relaBois
rotation-symmetric iffiv € B or w = w® € B.

Proof:
If w € RegB, p(w) =0, follows w € RegB( ) by the Remark on Rotating Trans-

formations. Ifi € RegB, thenl — L = (1 — 1) = @ € RegB'?, hence in both cases

Bn B (. ThusB = (B)(%1) is rotation-symmetric .

For the reverse direction, we use the following consequence of the Jordan Curve
Theorem ([18]): Ifv is a continuous closed path @\ {co} that does not contaiw
but does go around a pointat least once, then the set of all points that can be reached
from z by a continuous path that does not interseist bounded. (For the proof refer to
[15])

Suppose that there is a representable rotation-symmetric base rdbatiwat con-
tains neitherw norw. Then because of connectivity, there is a continuous p&tbhm a
pointz € pu(RegB) tow?z € u(Reg(B?*V)). Thenw? - v is a continuous path from
w?z tow*z, andw* - v a continuous path from*z tow®z = z. Because of the rotation
symmetry of B = B*Y all these paths remain ji Reg B), and together they form
a closed path that goes arouddBy assumption, this path does not hit but separates
0 = p(w) andoo = p(w), becausev,w ¢ B. Eitherp(w) = 0 andpu(co) = 1 are
on different sides of the path, then the base relalihn containingw is bounded, or
u(w) = oo andu(oco) = 1 are on different sides of the path, then the base reldtign
containingw is bounded. Here, we use the connectivity of the base relations.

231
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Fig. 5. Sketch for the proof of the Central Theorem.

This contradicts the 0-1-lemma. (ged.)

Now we complete the proof of the Central Theorem. We have to show anat?
cannot properly be refined.

Let us assume there is a proper refinementinfa natural calculus, hence exits
B. C lwith w € RegB,. Let C, = T\ B,. In a natural calculusC,, is con-
nected In a proper refinementd,,, N L # 0, hence there is € C,, N L. Note that
3(2) > 0, hencelu(z)] < 1. C, = CZ = C3V as the complement of the
rotation-symmetric relatiol3,,. Thenw?u(z), w*u(z) € u(Reg(C,), and there is a
continuous closed path from p(z) to w?u(z) to wtu(z) to u(z) within u(RegC).
Without loss of generality, we assume that this path remains inside the closed unit disk
p({z| S(z) > 0}) becaus® C Reg(C,,) (refer to figure 5). Note thai = u(w) is
in the inside of the path. Becau&®, is connected, any point ¢f( B,,) is inside this
path, henceB,, is bounded butkegB,, ¢ R, in contradiction to the 0-1-Lemma 4.
This means, the assumption is wronghas no proper refinement in practical natural
calculi. By reasons of symmetry, the same holdgfof his proves the Central Theorem
1. (ged.)

6 Conclusion

We developed a general theory for ternary point-based calculi such that the relations
are invariant when all points are mapped by rotations, scalings or translations. These
calculi are called RST calculi. Examples for such RST calculi are Freksa’s double cross
calculus [3, 4], Ligozat's flip-flop calculus [8], and Moratz et al.'s TPCC calculus [11].
We argued that one requirement on an RST calculus is that it should be “practical,”
i.e., that it is closed under the usual operations and that it possesses a finite JEPD base.
This is a prerequisite for applying Montanari’s path-consistency algorithm [10] in a
way such that no information loss occurs. Further, we required an RST calculus to be
“natural,” which means that the region denoted by a relation is internally connected.
The original versions of the double-cross and the flip-flop calculus fail the practical-
ity test since their relations are not jointly exhaustive because some equality relations



are missing. After adding these relations one arrives at the following results. As shown
elsewhere [16], the double-cross calculus does not have a finite base, while on the other
hand, the completion of the much coarser flip-flop calculus, which we naifieds

a practical and natural calculus. As the main result of the paper, we were able to show
that LR cannot be properly refined without loosing this property. From that it follows,
e.g., that Moratz et al’'s TPCC [11] does not have a finite base, which was unknown
until now.

An interesting direction of further research could be to make use of the method to
compute exact compositions and transformations in the infinite finest RST calEulus
presented in this paper. This might provide a new solution to conclude knowledge in
some cases, even with infinite calculi.

References

1. M. J. Egenhofer. Reasoning about binary topological relations. Inidth@r and H.-J.
Schek, editorsProceedings of the Second Symposium on Large Spatial Databases, SSD'91
volume 525 ofLecture Notes in Computer Scienpages 143-160. Springer-Verlag, Berlin,
Heidelberg, New York, 1991.

2. A. Frank. Qualitative spatial reasoning with cardinal directionsroceedings of the Sev-
enth Austrian Conference on Artificial Intelligendgerlin, Heidelberg, New York, 1991.
Springer-Verlag.

3. C. Freksa. Using orientation information for qualitative spatial reasoning. In A. U. Frank,
I. Campari, and U. Formentini, editofBheories and Methods of Spatio-Temporal Reasoning
in Geographic Spaceages 162—-178. Springer-Verlag, Berlin, Heidelberg, New York, 1992.

4. C. Freksa and K. Zimmermann. On the utilization of spatial structures for cognitively plausi-
ble and efficient reasoning. Proc. of the IEEE International Conference on Systems, Man,
and Cyberneticspages 261-266, Chicago, IL, 1992. IEEE.

5. A.lsliand A. G. Cohn. A new approach to cyclic ordering of 2D orientations using ternary
relation algebrasAtrtificial Intelligence 122(1-2):137-187, 2000.

6. A.lIsliand R. Moratz. Qualitative spatial representation: Algebraic models for relative posi-
tion. Technical Report FBI-HH-M284/99, Univ. Hamburg, 1999.

7. P.B. Ladkin and R. Maddux. On binary constraint probledasirnal of the Association for
Computing Machinery41(3):435-469, May 1994.

8. G. Ligozat. Qualitative triangulation for spatial reasoningSpratial Information Theory: A
Theoretical Basis for GIS (COSIT-93)ages 54-68, 1993.

9. N. Megiddo. Partial and complete cyclic ordeBsill. Am. Math. Soc82:274-276, 1976.

10. U. Montanari. Networks of constraints: fundamental properties and applications to picture
processinglnformation Sciencer:95-132, 1974.

11. R. Moratz, B. Nebel, and C. Freksa. Qualitative spatial reasoning about relative position. In
F. et al., editorSpatial Cognition Il| pages 385—400. Springer-Verlag, 2003.

12. D. Papadias, M. J. Egenhofer, and J. Sharma. Hierarchical reasoning about direction rela-
tions. InGIS '96, Proceedings of the fourth ACM workshop on Advances on Advances in
Geographic Information Systems, November 15-16, 1996, Rockville, Maryland pa§#s
105-112, 1996.

13. D. A. Randell, Z. Cui, and A. G. Cohn. A spatial logic based on regions and connection.
In B. Nebel, W. Swartout, and C. Rich, editoRrinciples of Knowledge Representation
and Reasoning: Proceedings of the 3rd International Conference (KRp88ks 165-176,
Cambridge, MA, Oct. 1992. Morgan Kaufmann.



14. C. Schlieder. Reasoning about ordering. In A. U. frank and W. Kuhn, ed8pegial Infor-
mation Theory: A Theoretical Basis for GIS (COSIT;95ges 341-349, 1995.

15. A. Scivos. Einfihrung in eine Theorie der teiren RST-Kalkile fur qualitatives aumliches
SchlieRen. Diplomarbeit, Albert-Ludwigs-UniveiitFreiburg, Mathematische Fakatt
2000.

16. A. Scivos and B. Nebel. Double-crossing: Decidability and computational complexity of
a qualitative calculus for navigation. Bpatial Information Theory: Foundations of Geo-
graphic Information Science (COSIT-200M)orro Bay, CA, 2001. Springer-Verlag.

17. A. Tarski. On the calculus of relation¥ournal of Symbolic Logid:73-89, 1941.

18. T. tom Dieck.Topologie de Gruyter, Berlin, 2000.



