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Abstract. We develop a theory for ternary point-based calculi such that the re-
lations are invariant when all points are mapped by rotations, scalings or trans-
lations and propose methods to determine arbitrary transformations and com-
positions of such relations. We argue that calculi based on such relation systems
should satisfy two criteria. First, the relation system should be closed under trans-
formations, compositions and intersections and have a finite base that is jointly
exhaustive and pairwise. This implies that the well-known path consistency al-
gorithm can be used to conclude implicit knowledge without any loss of infor-
mation. If this is the case, we call the calculuspractical. Second, we say that a
relation system isnatural if all relations and their complements give rise to sets
of points that are connected. The main result of the paper is then the identification
of a maximally refined calculus amongst the practical natural RST calculi, which
turns out to be very similar to Ligozat’s flip-flop calculus. From that it follows,
e.g., that there is no finite refinement of the TPCC calculus by Moratz et al that is
closed under transformations, composition, and intersection.

1 Introduction

Reasoning about spatial configurations is an important task for many applications such
as geographical information systems (GIS), natural language understanding, and for
automatic geometric proofs. In many cases, no detailed quantitative information of the
spatial structures under consideration is available. For example, images show only the
relative alignment of objects, and text information often contains rough descriptions
such as “coming from pointa you have to turn right at pointb to reach regionc”.
In such cases, qualitative approaches that define formal representations of everyday
descriptions are used. They are an effective way to conclude implications of the given
spatial information.

In recent years, a series of qualitative spatial calculi have been proposed and ana-
lyzed, such as a calculus for reasoning about topological relations [1, 13], calculi about
orderings [5, 9, 14], directions [2, 12], relative position of a point with respect to a line
segment [8, 3, 4, 11] and others.

In this paper, we will focus on calculi as the latter ones, whereby we will develop
a general theory for ternary, point-based relations that are invariant when all points are
mapped by rotations, scalings or translations. This means that, e.g., the claim that one



point lies on a straight line between two other points remains true when the whole map
is rotated, shifted or the scale is changed. We will call such relationsRST relations
according to the first letters of the transformations. We present a new way of describing
them that gives each RST relation a standard name or representation, and we calculate
compositions and transformations of qualitative relations.

Starting with the observation that Freksa’s double-cross calculus [3, 4] has some
unsatisfactory properties [16], we consider the entire class of RST calculi, of which the
double-cross calculus is an instance. For practical reasons, we expect from a calculus
that it is finite and closed under certain fundamental operations such as transforma-
tions and compositions that are used to conclude implicit knowledge. It is known that
Freksa’s calculus and its finite refinements do not have this closure property [16]. Fur-
thermore, we require that the relation systems of the calculus has the property that base
relations do not denote arbitrary sets of points, but they should be connected regions.
The goal of this paper is to identify the most refined RST calculus with the these proper-
ties. As it turns out, this is a calculus which is very close to Ligozat’s flip-flop calculus,
and which we callLR.

The remainder of the paper is structured as follows. In the next section we define
the calculusLR as an example for a calculus with ternary RST relations. In Section
3, we define the requirements necessary for a practical calculus and prove some basic
properties of all ternary calculi not yet dealing with the RST property. In Section 4,
we introduce the theory of RST Calculi, the way of describing ternary RST relations
and some fundamental consequences. In Section 5, we prove thatLR is the finest finite
RST calculus with the properties proposed in Section 3. In Section 6, we conclude.

2 The CalculusLR

When human beings or robots proceed along a path (going from pointa1 to pointa2),
they will always distinguish between things ahead of them or behind their back, and
they can distinguish whether objects they pass have been to their right or to their left, or
if they have directly met them. Moreover, it is easy to recognize in which order certain
points have been reached, hence, which objects are between others on the line. However,
without additional information, it is often not possible to find out in which distance the
objects are from the path, or at which angle precisely something can be seen.

All these spatial expressions involve the current standpoint orstarting pointa1, the
walking direction and a focus pointa3. The direction can be easily represented by a
goal orreference pointa2 along the line. Now we can describe the spatial situation by
sentences such as (refer to Figure 1.a):

1. Looking froma1 to a2, a3 is to the left.
2. Walking froma1 to a2, a30 is always at your back.

This idea will now be formalized by introducing relations and operations on the
relations. We will call it the left-right-distinguishing calculusLR.



Fig. 1. a. The two examples of relations b. The base relations ofLR wherea1 6= a2. given
in the text The letters are explained in Table 1.

2.1 Relations

For each of the different situations we introduce a relation with three arguments
a1; a2; a3. Each argument represents a point in the planeR2. We consider two alter-

natives in the case thata1 anda2 coincide. We distinguish between seven situations for
a3 whena1 anda2 are different. This leads to a calculus that contains the nine relations
as shown in Table 1. Note that for all possible triples of points there is a relation of
the calculus (see Figure 1.b), which distinguishes this calculus from Ligozat’s flip-flop
calculus which does not have the relationseq ande12 .

LR Base Relation
for triple (a1; a2; a3)

angle ata1\(a2; a1; a3)
angle ata2\(a3; a2; a1) Meaning

eq a1 = a2 = a3 - - a1; a2 anda3 are all equal.
e12 a1 = a2 6= a3 - - a3 is different froma1 = a2.
e13 a1 = a3 6= a2 - 0o a2 is different froma1 = a3.
e23 a1 6= a2 = a3 0o - a1 is different froma2 = a3.

a1 6= a2 6= a3 6= a1 : Looking froma1 to a2:
b back 180o 0o a3 is back behinda1.
c closer 0o 0o a3 is closer toa1 thana2.
f further 0o 180o a3 is further ahead.
r right ]� 180o; 0o[ ]� 180o; 0o[ a3 is to the right.
l left ]0o; 180o[ ]0o; 180o[ a3 is to the left.

Table 1.Definition of the base relations ofLR

To express uncertainty, all unions of these nine relations are included in the calculus
LR. For example, we write(a1; a2; a3) 2 eq [ e12 if we know thata1 = a2 but do
not know anything abouta3. The union of all relations is denoted by>. (a1; a2; a3) 2 >
contains no information about(a1; a2; a3).
Definition 1 (Base relations)
We call a minimal subset of relationsB � C a baseof the calculusC if any relationR



in C is a set union of some relations inB. The relations inB are calledbase relations
of C.

2.2 Operations

A calculus provides formal ways to conclude implicit knowledge. There are several
ways to derive new claims. Therefore, we define operations on the relations so that the
resulting relations represent what we can derive. As standard methods for ternary rela-
tions we use intersection, transformation and composition which are generalizations of
the corresponding well-known operations for binary relations[7, 17] and of the opera-
tions on ternary relations as defined by Isli et al [5].
Intersection: As with binary relations, if we have two claims about the same triple, we
can combine them into one claim.

(a1; a2; a3) 2 R1 ^ (a1; a2; a3) 2 R2 ) (a1; a2; a3) 2 (R1 \R2)
Transformation: Transformation generalizes the binary concept of the converse (ex-
changing the arguments of a binary relation). If we have a claim about a triple, we can
derive a claim about any permutation of the triple. Therefore, we define the transforma-
tion operations as follows:
Definition 2 (Transformation of a relation)
Let � 2 S3 be a permutation of the positions of a ternary relationR � (R2)3 :=
R2 � R2 � R2, thenR� is thetransformed relation with the property

(a1; a2; a3) 2 R :() ��((a1; a2; a3)) : = (a�(1); : : : ; a�(3)) 2 R�
The operationT�: R 7!R� is called a transformation.

Examples:

The permutation(231) is a rotation of the indexes that maps2 to 3, 3 to 1 and1 to
2. T (231) corresponds with Isli’s [5] “rotation” operation.

(a1; a2; a3) 2 f () (a2; a3; a1) 2 b = f (231)
The permutation(23) is an exchange of the last two indexes that maps1 to 1, 2 to 3

and3 to 2. T (23) corresponds with Isli’s “converse” operation.

(a1; a2; a3) 2 l [ e12 () (a1; a3; a2) 2 r [ e13 = (l [ e12 )(23)
Table 2 displays all the transformations ofLR (see also [6]).
Composition: Restrictions that originate from a combination of the relations of

two overlapping triples are called composition. With ternary relations, one can think of
several ways of composing them, depending on the number and order of overlapping
points. We proved [15] that the only case in which proper new restrictions can be de-
rived is when the two relations concerning different triples have two common points.
Depending on the order of the points in the original relations, we distinguish six differ-
ent types of composition of which two examples are shown in Figure 2.



LRR R(12) R(13) R(23) R(231) R(321)
eq eq eq eq eq eq
e12 e12 e23 e13 e23 e13e13 e23 e13 e12 e12 e23e23 e13 e12 e23 e31 e12b f c b c f
c c b f f b
f b f c b c
r l l l r r
l r r r l l

Table 2.Transformations ofLR

Fig. 2.The idea of compositions. The dotted lines indicate the relations R, S and the solid line the
relationR � S

Definition 3 (Compositions) LetR, S � (R2)3 be ternary relations. Then for� 6=
� and�; � 2 f1; 2; 3g the composition��� is defined as follows:

(a1; a2; a3) 2 R 3 �2 S :() 9x : (a1; a2; x) 2 R ^ (a1; x; a3) 2 S
(a1; a2; a3) 2 R 3 �1 S :() 9x : (a1; a2; x) 2 R ^ (x; a2; a3) 2 S
(a1; a2; a3) 2 R 2 �3 S :() 9x : (a1; x; a3) 2 R ^ (a1; a2; x) 2 S
(a1; a2; a3) 2 R 2 �1 S :() 9x : (a1; x; a3) 2 R ^ (x; a2; a3) 2 S
(a1; a2; a3) 2 R 1 �3 S :() 9x : (x; a2; a3) 2 R ^ (a1; a2; x) 2 S
(a1; a2; a3) 2 R 1 �2 S :() 9x : (x; a2; a3) 2 R ^ (a1; x; a3) 2 S:

Example:
Suppose there is a housex to the left of the path froma1 to a2, and there is a treea3
behind the house as seen froma1. Then the treea3 is also to the left of the path since

(a1; a2; x) 2 l ; (a1; x; a3) 2 f ) (a1; a2; a3) 2 l 3 �2 f = l :



Fig. 3.An example for applying transformation and composition

When looking froma2 to the house, the treea3 will be seen to the right. To derive this,
transformation and composition are needed:

(a1; a2; x) 2 l ) (a2; x; a1) 2 l(231) = l :
Note thatl 3 �1 f = r , hence

(a2; x; a1) 2 l ; (a1; x; a3) 2 f ) (a2; x; a3) 2 r :
Throughout this paper we will revisit this calculus along with the new concepts we
introduce.

3 Properties for Ternary Calculi

3.1 Closure Properties

In LR, any given spatial constellation gives rise to a corresponding set of relations
between its triples, and it is possible to describe all conclusions that can be derived
using intersection, transformation and composition of the relations. It is reasonable to
generalize these properties as requirements for calculi since this is what calculi are used
for.

A calculusC is called closed under an operation iff for any choice of relations ofC
the result of the operation is again a relation ofC.

We assume that all calculi are closed under set union to represent uncertainty. If
a calculus is closed under intersection, all transformations and all compositions, then
implicit information can be made explicit using the conclusion methods of the calculus
mentioned above.

In general, like in the case ofLR, we expect that for any triple of points of the plane
R2 there is a unique base relation that describes it. In other words, all base relations
jointly cover the set of all possible triples(R2)3, and the intersection of different base
relations is disjoint. Hence we have a jointly exhaustive pairwise disjoint basis (JEPD
basis). A calculus with a JEPD basis is closed under intersection and set complement.
In order to be part of a representation in a computer, this set of base relations has to be
finite. Any practical calculus should satisfy these requirements.



Definition 4 (Practical calculus)
A calculusC will be calledpractical if it is closed under transformations, compositions
and intersections and has a finite JEPD basis.

Practical calculi have advantageous formal properties. A variation of the well-known
path-consistency algorithm [10] can be used to find inconsistencies. In this section, we
will present some useful algebraic results that we need for the purpose of this paper:
The main result is that there is a tight dependence between composition and transfor-
mation: Each composition can be derived from any of the others using transformations.
Hence it is sufficient to store one composition table. Moreover, transformations and
compositions distribute over set union, hence in a practical calculus it is sufficient to
define these operations on the base relations.

To state the dependence property, it is necessary to note that the concatenation of
transformations corresponds with concatenation of their underlying permutations [15].
As a consequence we have the following result:

Remark 1 (Inverse Transformation) For each transformation operation(T�), there
exists the inverse transformation operation(T�)�1 := T��1

:

(T�)�1(T (R)) = T����1(R) = T id(R) = R:

The inverse transformation operation is used to derive one composition from another:

Proposition 1 (Interdependence of compositions)
For all �1; �1; �2; �2 2 f1; 2; 3g :

R �2 ��2 S = (R� �1 ��1 S�)��1 ;
where� 2 S is the permutation for which:�(�1) = �2; �(�1) = �2
Proof:
We introduce the notations�(x)((a1; a2; a3)) for the substitution of the�-th element
in the triple byx.

First we prove an equality that holds for any transformation operation� and com-
position ��� :

T�(R � �� S) = T�(R) ��1(�) ���1(�) T�(S) (�)
By the definition of transformation operation and composition we obtain

(a1; a2; a3) 2 T�(R �2 ��2 S)
() (a��1(1); : : : ; a��1(3)) 2 (R �2 ��2 S)
() 9 d : (s�2(d))(a��1(1); : : : ; a��1(3)) 2 R and(s�2(d))(a��1(1); : : : ; a��1(3)) 2 S() 9 d : (s��1(�2)(d))((a1; a2; a3)) 2 R� and(s��1(�2)(d))((a1; a2; a3)) 2 S�() 9 d : (s�1(d))((a1; a2; a3)) 2 R� and(s�1(d))((a1; a2; a3)) 2 S�() (a1; a2; a3) 2 (R� �1 ��1 S�)



which proves the equality (*).
With the premise on� that��1(�1) = �1 and��1(�2) = �2 follows:

R �2 ��2 S = T��1(T�(R �2 ��2 S)) (�)= T��1(T�(R) �1 ��1 T�(S)):
(qed.)

Proposition 2 (Distribution properties of practical calculi)
1. LetC be closed under transformation and set union. Then for any set of relations
Ri 2 C:

T�([
i2I

Ri) = [
i2I

T�(Ri)

2. For each0 < �; � � 3 and relationsRi, S:

([
i2I

Ri) � �� S = [
i2I

(Ri � �� S)

and
S � �� ([

i2I
Ri) = [

i2I
(S � �� Ri)

Proof:

���(a1; a2; a3)� 2 T�(Si2I R) () (a1; a2; a3) 2 (Si2I Ri)() 9i 2 I : ((a1; a2; a3)) 2 Ri() 9i 2 I : ��((a1; a2; a3)) 2 T�(R)
() ��((a1; a2; a3)) 2 (Si2I (T�(R))

For all�; �;Ri;S holds:

(a1; a2; a3) 2 (Si2I Ri) � �� S
() 9x : s�(x)(a1; a2; a3) 2 (Si2I Ri) ^ s�(x)(a1; a2; a3) 2 S() 9x : (Wi2I (s�(x)(a1; a2; a3) 2 Ri)) ^ (s�(x)(a1; a2; a3) 2 R2)() 9x : Wi2I ((s�(x)(a1; a2; a3) 2 Ri) ^ (s�(x)(a1; a2; a3) 2 R2))() W

i2I (9x : ((s�(x)(a1; a2; a3) 2 Ri) ^ (s�(x)(a1; a2; a3) 2 R2)))() (a1; a2; a3) 2 Si2I (Ri � �� S)
The second form of this property can be proved analogously. (qed.)

3.2 Refinement

Typically, in a real-world situation, the information available does not match one-to-
one the relations of a calculus. We have included the operation set union so that we can
describe spatial information for which we have only indefinite knowledge.

Sometimes, conversely, the knowledge available is more detailed than a selected
calculus can express. Then, information is lost when building the knowledge base. This



loss is smaller if there are more detailed relations available. Considering that some
expressions are combinations of finer ones, e. g. “on the way froma to b” means either
“at a”, or “at b”, or “in between”, we come to the idea of refining some relations. A
calculus that comprises another one’s relations as unions of its own relations, will be
called a refinement of the coarser one.
Definition 5 (Refinement)
A calculusCfine is calledfiner than another calculusCcoarse if each relation inCcoarse
is a set union of relations ofCfine. Then,Ccoarse is calledcoarserthanCfine.

At the beginning of Section 5, we will introduce another concept, the concept of
connectivity, and we will call a calculus natural if its base relations and their com-
plements are connected. Our goal is to find the finest natural practical (hence: finite)
calculus. We will concentrate on a class of calculi that proved to be of much interest
because its relations are independent of scaling, rotation or shift from fixed reference
points: RST calculi.

4 RST calculi

In this section, we will analyze the special properties of RST calculi and develop a
theory of RST relations.
Definition 6 (RST calculus)
Rotations, scalings with scaling factor> 0 and translations and concatenations of such
mappings will be calledRST automorphisms. A ternary relationR over points in the
planeR2 is calledRST relation if it has theRST property:

For all RST automorphisms� holds

(a1; a2; a3) 2 R) (�(a1); �(a2); �(a3)) 2 R:
If all relations of a calculus are RST relations, it is called anRST calculus.

In the next subsections, we will see that there is a finest RST calculus. Thus arbitrary
RST relations can be understood as union of the base relations of the finest RST cal-
culus. Because of Proposition 2, the operations of transformation and composition of
other RST calculi are based on the transformations and compositions of the finest one.

4.1 Standardized triples

Figure 1b. shows that for fixed pointsa1, a2 as starting and reference point, there are
different relations ofLR, depending on the location ofa3 with respect toa1 anda2. All
relations excepteq ande12 are represented by a region in the plane that is a possible
location fora3 given the position ofa1, a2. This scheme is the basis of the following
idea: Each triple can be mapped by rotation, scaling and translation to a standardized
triple (b1; b2; b3) such thatb1 = (0; 0) and b2 = (0; 0) (if a1 anda2 coincide), or
b2 = (1; 0) (if a1 6= a2).

We will now describe the function� that maps a triple to its standardized triple.
This can most easily be done if we identify a point inR2 with a complex number



using the standard isomorphism betweenR2 andC, because the RST automorphisms
of R2 are exactly those mappings that correspond with simple arithmetic operations in
C: The addition of a complex number corresponds with a translation, multiplication
with a scalar valuer 2 R corresponds with a scaling, and multiplication with a purely
imaginary numberr{ (r 2 R) corresponds with a rotation of the complex plane.

To simplify the reading, forzi = xi + {yi 2 C let (z1; z2; z3) denote the triple
((x1; y1), (x2; y2), (x3; y3)) . We distinguish three cases:
A. Forz1 = z2 = z3 (i.e. (z1; z2; z3) 2 eq ), we define the standardization as�((z1; z2; z3)) :=(0; 0; 0). This corresponds with a shift of the plane.
B. Forz1 = z2 6= z3 (i.e. (z1; z2; z3) 2 e12 ), set�((z1; z2; z3)) := (0; 0; 1).
C. Forz1 6= z2, set

�((z1; z2; z3)) := (0; 1; z3 � z1
z2 � z1 ):

Note that these functions are well-defined.
In addition to a shorter notation, thisC based representation is motivated by the

following strategy of our proof: We show that any RST relation can be identified with
a set of complex numbers. The advantage of such a notation is that we can determine
complex functions that correspond with compositions and transformations on RST re-
lations. By investigating consequences of possible results of these functions, we will
find constraints on the set of relations in a practical calculus. By combining several of
these constraints, we prove that the finest practical calculus cannot be further refined.
Note that we will only use arithmetic properties ofC.

To motivate our first step, we show that triples have the same standardization� only
if there is no RST relation that can distinguish between them.
Proposition 3 (Standardization)
�((z1; z2; z3)) = �((z10; z20; z30))
iff there is an RST automorphism� that maps(z1; z2; z3) to (z10; z20; z30)
iff for all RST relationsR holds: (z1; z2; z3) 2 R , (z10; z20; z30) 2 R .

Proof:
First we show:�((z1; z2; z3)) = �((z10; z20; z30)) implies that there is an RST automor-
phism� with �(z1; z2; z3)) = (z10; z20; z30) .

By definition, on(z1; z2; z3), � is equal to a concatenation of the complex subtrac-
tion

� : z 7! z � z1
(corresponding with a translation of points inR2) and the multiplication (depending on
the case A., B. or C.)

�A : z 7! 1�z or �B : z 7! 1
z3 � z1 �z or �C : z 7! 1

z2 � z1 �z
(corresponding with a rotation and scaling ofR2). Similarly, there are� 0; �0 so that
�((z10; z20; z30)) = �0(� 0((z10; z20; z30))). Hence� = (� 0)�1 � (�0)�1 � � � � is the
desired RST automorphism.

For the reverse direction (i.e. for each RST automorphism�: �((z1; z2; z3)) =
�(�((z1; z2; z3))) holds), it is sufficient to show this property for each rotation-scaling



� : z 7! z �c (c 2 C) and for each translation� : z 7! z+d (d 2 C). It is easy to verify
that�((z1; z2; z3))�((z1 �c; z2 �c; z3 �c)) and�((z1; z2; z3)) = �((z1+d; z2+d; z3+d)).

Still we have to prove the second equivalence. For triplesa = (a1; a2; a3); b =
(b1; b2; b3) regard the relationa �RST b that holds iff there is an RST automorphism
� so that�(a) = b. Because the inverse and concatenations of RST automorphisms are
RST automorphisms,�RST is an equivalence relation, and the triples fall into corre-
sponding equivalence classes.

By definition of�RST , �RST -classes and their set unions are RST relations. The
RST property means that if an RST relation contains a triple of an equivalence class, it
contains the whole class, hence each RST relation is a set union of equivalence classes.
A triple belongs exactly to all RST relations that are supersets of its�RST -equivalence
class. This proves the claim. (qed.)

4.2 The finest RST calculusF

The proof shows that RST relations are exactly the supersets of�RST equivalence
classes. The RST calculusF whose base relations are the�RST equivalence classes
hence is the finest RST calculus. Our goal is to describe the transformations and com-
positions ofF . Then we can derive any RST calculus fromF , as unions ofF ’s trans-
formations and compositions because of the Distribution Property 2. As we have seen,
each equivalence class is characterized by its standardized triple. Almost all these triples
only differ in its third number. To be able to calculate, we will identify each such triple
�(z1; z2; z3) = (0; 1; z30) with the single complex numberz30 = z3�z1z2�z1 . An RST rela-
tionR containse12 or eqor consists of triples whose reference and starting point are
different. In the latter case, RST relations can be represented and denoted by the region
(set of points) inC z3j (0; 1; z30) 2 R .

Definition 7 (Representability, RST relations as regions):
LetR � (> n e23 n eq ) be an RST relation. Then

RegR := fz = x+ {y 2 C j ((0; 0); (1; 0); (x; y)) 2 R g
is called theregionofR. z is said to be contained inR.R is calledrepresentable, and
representedby the RegionReg R.

If e23�R, andRne23 is represented byR0, thenR0[f1g is called the(Riemann )
representationofR, andR is Riemann representable.

If the regionReg R of a (Riemann ) representable relationR is open, thenR is
called open.

Note that triples that are in the same RST relation can have different representations.
But triples with the same representation are always in the same relation.

A connected representable relation has a connected region.

Example:
As an example, we give the regions of the relations ofLR:



eq is not representable. All others are Riemann representable as follows:

e12 = f1g e13 = f0g e23 = f1g
b = ]�1; 0[ c = ]0; 1[ f = ]1;1[
l = fz 2 C j =z > 0g r = fz 2 C j =z < 0g

4.3 Mathematical Approach to derive Transformations and Compositions

The following two propositions allow to derive the operations for any RST relations.
They are fundamental tools in our central proof in the next section.

Lemma 1 (Transformation lemma).
1. The result of a transformation of an RST relation is again an RST relation.
2. The transformations of Riemann representable relations are Riemann representable
relations . For their representations holds:

z 2 Reg R () (1� z) 2 Reg R(12)
() 1z 2 Reg R(23)
() zz�1 2 Reg R(13)
() 11�z 2 Reg R(231)
() 1� 1z 2 Reg R(312)

Proof:
1. The assertion is trivial for the identity.

Let � be an RST automorphism,R an RST relation. Then:

(a�(1); : : : ; :a�(3)) 2 R� () ((a1; a2; a3)) 2 R
() (�(a)1; : : : ; �(a)3) 2 R
() (�(a�(1)); : : : ; :�(a�(3))) 2 R�

This proves that the RST property is preserved.
2. First assumez1 6= z2. Note that

z = z3�z1z2�z1 2 RegR () (z1; z2; z3) 2 R
() (z�1 ; z�2 ; z�3 ) := (z�(1); z�(2); z�(3)) 2 R�
() z� := z�3�z�1z�2�z�1 2 RegR�

After substitutingz�i = z�(i) andz1 = 0; z2 = 1; z3 = z, we get the five results
for the transformed pointsz�, e. g.:

z(12)1 = z2 = 1;
z(12)2 = z1 = 0;
z(12)3 = z3 = z; =) z(12) = z�10�1 = 1� z



The other formulas are derived analogously. Comparison with the transformations of
Eq shows that this arithmetic holds for Riemann representations if we set

1
0 =1; 1� 1 =1; 1�1 =1; 1

1 = 0 and
1
1 = 1

(qed.)

Example:
This property allows to ”calculate” with RST relations. For example, it is possible to
determine allF base relationsR for which R = R(231) Apart from eq (eq is not
Riemann representable and must be considered separately), these are exactly the rela-
tionsf w g for whichw = 11�w holds. There are two solutions:

w = 1
2 +

p3
2 {; �w = 1

2 +
p3
2 {:

Like for transformations, there are arithmetic ways to determine all compositions.

Lemma 2 (Composition lemma).
1. Compositions of RST relations are RST relations.
2. If R1, R2 and their transformations are representable, then the composition is con-
tinuous, and for the representing regions holds:

R1 3 �2 R2 = f(z1 � z2) j z1 2 Reg(R1) ^ z2 2 Reg(R2)gR1 3 �1 R2 = f(z1 + z2 � z1z2) j z1 2 Reg(R1) ^ z2 2 Reg(R2)g
R1 2 �1 R2 = f (z1�z2)z1+z2�1 j z1 2 Reg(R1) ^ z2 2 Reg(R2)g

3: For all 0 � �; � � 3 :
R1 � �� R2 = R2 � �� R1

(R1 � �� R2) � �� R3 = R1 � �� (R2 � �� R3)

Proof:
For 1., we show that ifR1 andR2 are RST relations, thenR1 3 �2 R2 is an RST
relation. Let� be an RST automorphism, then for the RST relationsRi holds:

(a1; a2; a3) 2 Ri () (�(a1); �(a2); �(a3)) 2 Ri for i 2 f1; 2g:

Hence (a1; a2; a3) 2R1 3 �2 R2() 9x : (a1; a2; x) 2R1 and (a1; x; a3) 2R2() 9�(x) : (�(a1); �(a2); �(x)) 2 R1 and (�(a1); �(x); �(a3)) 2R2() (�(a1); �(a2); �(a3)) 2 (R1 3 �2 R2)
From the Interdependence of Compositions 1 and the Transformations Lemma (Lemma
1), the property follows for all compositions.

For 2, first we regard the composition(za; zb; zx) 2 R1 3�2 (za; zx; zc) 2 R2 .



If all transformations are representable inC n 1, then 1zb�za ; 1zb�zc and 1zd�za are
defined. Thus

z3 2 (R1 3 �2 R2) () 9 za; zb; zc 2 C : z3 = zc�zazb�zc ; (za; zb; zc) 2R1 3 �2 R2
() 9 za; zb; zc; zx 2 C : (za; zb; zx) 2R1 and (za; zx; zc) 2R2() 9 za; zb; zc; zx 2 C : zx�zazb�za 2R1 and zc�zazx�za 2R2
() 9 z1; z2 2 C : z1 2R1 andz2 2R2 andz3 = z1z2:

The other compositions are calculated with the Conversion Formula 1 and transfor-
mation formula 1, e. g.

z3 2 (R1 3 �1 R2) () z3 2 (R(12)1 3 �2 R(12)2 )(12)
() (1� z3) 2 (R(12)1 3 �2 R(12)2 )
() 9 z(12)1 2 R(12)1 ; z(12)2 2 R(12)2 : 1� z3 = z(12)1 � z(12)2() 9 z1 2 R1; z2 2 R2 : 1� z3 = (1� z1)(1� z2)() 9 z1 2 R1; z2 2 R2 : z3 = z1 + z2 � z1z2

Because the formulas are symmetric inz1 and z2, exchangingz1 and z2 does not
change the result. Hence8�; � 2 f1; 2; 3g : R1 � �� R2 = R2 � �� R1 Further
calculation shows the last equality, e. g.

z4 2 (R1 3 �2 R2) 3 �2 R3 () 9z1; z2; z3 : z4 = (z1z2)z3 = z1(z2z3)() z4 2 3 �2 R1 � �� (R2 3 �2 R3);z4 2 (R1 3 �1 R2) 3 �1 R3 () 9z1; z2; z3 :
z4 = (z1 + z2 � z1z2) + z3 � (z1 + z2 � z1z2)z3= z1z2z3 � z1z2 � z2z3 � z3z1 + z1 + z2 + z3() z4 2 3 �1 R1 � �� (R2 3 �1 R3)

All these mappings are continuous. The other compositions are concatenations of
the composition3�2 and transformation operations, hence continuous functions.

(qed.)

As we see, compositions and transformations ofF are represented by sets of com-
plex numbers, hence relations inF . This means,F is closed under composition and
transformation. Although being fundamental for the definition of compositions of other
RST calculi,F is not practical becauseF has infinitely many relations (For any com-
plex number, there is a base relation ofF). We want to find a practical, i. e. finite coarser
calculus that is closed under composition and transformation operation.

Is our standard example,LR, closed under composition? From Propositions 1 and
2, we know that it is sufficient to regard one composition, e. g.3�2 , on the base
relations. With the theory of RST relations, the complete composition table ofLR can
be generated. There are two cases: Either one of the base relations iseq , e12 or e13 .
Then the resulting constraints on the equality of points needs to be checked.

All other compositions, mostly involving refinements ofd = b [ c [ f [ l [ l ,
can be calculated using the composition lemma. Table 3 lists the compositions of3�2
. This shows thatLR is practical.



3�2 eq e12 e13 e23 b c f l r
eq eq e12 ; ; ; ; ; ; ;
e12 e12 ; eq e12 e12 e12 e12 e12 e12e13 e13 d[e23 ; ; ; ; ; ; ;
e23 ; ; e13 e23 b c f l r
b ; ; e13 b c[e23 [ f b b r l
c ; ; e13 c b c c[e23 [ f l r
f ; ; e13 f b c[e23 [ f f l r
l ; ; e13 l r l l l [r[b d[e23r ; ; e13 r l r r d[ e23 l[r[b

Table 3.Compositions ofLR. Note thatd is an abbreviation forb [ c [ f [ l [ r

5 The special role ofLR
When studying point-based qualitative representation calculi, one notices that they all
share a particular property. For all tuples in one base relation, we obtain connected
regions when we vary one point and leave all other points constant. In fact, it would
appear to be very “unnatural” if one would get unconnected regions. Such sets of un-
connected regions one would only expect if a relation is truly disjunctive. Since this
property turns out to be very important, we give it a name in the next definition.

Definition 8 (Natural calculus) An RST calculus is callednatural if for all its repre-
sentable base relationsB, RegB andC nRegB are connected.

Example:
In LR, all base relations and the complements of base relations are connected.

In this section, we will prove thatLR is the finest practical natural RST calculus.

5.1 Some definitions and lemmata

First, we need some more definitions and lemmata to structure the proof.

Definition 9 (Bounded relation)
A representable relationR exceptf0g; f1g is called bounded ifReg(R) is bounded.

The exceptionsf0g; f1g are omitted because not all of their transformations are
representable.

Now the proof will be structured as follows: First we prove some properties of
bounded and other representable relations, then we will use them to derive limitations
for bounded relations in practical calculi. Then we prove for allLR relations that no
connected refinement ofLR relations will fulfill these criteria.

Lemma 3 (Bounded composition and inverse).
For representable relations holds:

1. IfR is bounded, thenR(12) is bounded.



2. If R1 andR2 are bounded, then the compositionR= R1 3�2 R2 is bounded, or
R=f1g
Proof:
1.This follows directly from Composition Lemma 2 and Transformation Lemma 1. Let
z 2 RegR, then1� z 2 Reg(R(12)). LetS be the upper boundary forReg(R), hence
jzj < S for all z in R, thenS + 1 is an upper boundary forj1 � zj. The exceptions,
f0g; f1g cannot be the resulting relation becausef0g(12) = f1g, andf1g(12) = f0g,
butR is neitherf0g norf1g:

2.Ri 6= f0g ) 9zi 6= 0 : zi 2 Ri ) z := z1 � z2 2 R; z 6= 0. HenceR 6= f0g.
With the Composition Lemma 2 we obtain: IfSi is upper boundary forReg(Ri), then
S1 �S2 is upper boundary for the Composition, becausez 2 R1 3 �2 R2 iff z = z1 � z2
(with jzij � Si). Thenjzj � S1 � S2. The exceptionR1 3 �2 R2 = f0g cannot occur
because both relations contain valuesz1; z2 6= 0, thusz = z1 �z2 2 R1 3 �2 R2; z 6= 0:
(qed.)

Lemma 4 (0-1-lemma).
LetC be a practical RST calculus. Then :

1. For each relationR 6� feq ;e12 ;b ;e13 g in C: 1 2 @(RegR)
2. IfR is bounded, thenlim supz2R jzj = 1:
3. IfR is bounded, thenReg(R) � R+
4. IfR is bounded, then0 2 @(RegR).

This shows that only some bounded relations occur in practical calculi. As we will
see later, refiningLR would require bounded regions that do not fulfill the criteria of
the 0-1-Lemma.

Proof:
First we will prove properties 2 - 4, and then derive property 1 for possibly unbounded
relations at the end of this proof, as a generalization of property 4 for bounded relations.
We start with the proof of property 2.

Let R be bounded andS = lim supz2R jzj be the smallest upper limit. We will
show that S=1. Due to the Composition Lemma 2 we know that

Rk := R 3 �2 R : : : 3 �2 R = fz j 9z1; : : : ; zk 2 R : z = z1z2 : : : zkg:
Multiplication is a continuous and monotonous function, hence

lim sup
z2Rk

jzj = Sk

SupposeS 6= 1, then all these infinitely many relations(Rk)k2N were pairwise differ-
ent, and all of them were contained inC becauseC is closed under compositions. ButC
is finite, henceS = 1. This proves property 2.



For 3., suppose,jzj = r(cos� + { sin�) (� 6= 0) is contained inR. ThenRk
containszk = rk(cos(k�) + { sin(k�)). For somek, <(zk) < 0. Due to the previous
Lemma 3 the relation(Rk)(12) is bounded. By the Transformation Lemma 1,(Rk)(12)
contains1 � zk with j1 � zkj � <(1� zk) > 1 in contradiction to 2. This proves
property 3. (Refer to Figure 4)

Fig. 4.Sketch for the proof of the 0-1-lemma. For somek, we have1� zk 2 (Rk)(12) and j1�
zkj > 1.

For the proof of 4., suppose,0 =2 @ R. ThenR(23) is bounded becauseR(23) =
fz j 1z 2 Rg (Transformation Lemma 1). ForR(23) in C, we have

lim sup
z2R(23) jzj = 1; hencelim infz2R jzj = 1:

Thus for allz 2 R : jzj = 1: From property 3. followsR = f1g, but by definition,f 1
g is not bounded. Hence the supposition is wrong, which proves 4.

Property 1 for possibly unbounded relations can be derived from property 4. It is
sufficient to prove the claim in1 2 @(R n f1g). Let Rnf1g be an arbitrary relation
R 6� feq ;e12 ;b ;e13 g. Suppose,1 =2 @ R. Then0 =2 @R(12). By the Transforma-

tion Lemma 1(R(12))(23) is bounded. From 3. and 4., we know(R(12))(23) � [0; 1] .
HenceR(12) � [1;1] andR(12) � [�1; 0] = b [ e13 , in contradiction to the
prerequisite. This completes the proof. (qed.)

The restrictions in the 0-1-lemma apply mainly because a practical calculus has
to be finite. As a consequence, the demand for a finite calculus limits the number of
refinements of RST calculi.

5.2 The Central Theorem

Theorem 1 (Central Theorem).
Any practical natural refinement ofLR isLR itself.



The proof is based on the fact that the relations of practical calculi fulfill the prop-
erties of the 0-1-Lemma 4. A close consequence is the following lemma that shows that
the relationc cannot be further refined.

Lemma 5 (connected bounded relations).
If C is apracticalcalculus. Then any connected bounded relation inC is a whole interval
from0 to 1.

Proof:
Let R be a connected bounded relation inC. According to the 0-1-lemma, a bounded
relation is a subset of the interval[0; 1] . Suppose there is somex 2 ]0; 1[ ; x =2 RegR.
SinceRegR is connected, all points are below or abovex:

lim supz2R jzj � x or lim infz2R jzj � x
and thenlim supz2R(12) jzj � 1� x:

In both cases, this contradicts the 0-1-lemma. Hence]0; 1[ � RegR. (qed.)

Reg(c ) = ]0; 1[ : Hence neither the relationcnor its transformationsbandf can
be further refined.eqand the point relationse12 , e13 , e23 cannot be refined because
they are already relations ofF . The task is now to prove thatlandr cannot be refined:
Unlike with fandb , we cannot refer to bounded transformations because the trans-
formations oflandrare landr . However, using criteria 1. from the 0-1-lemma, we
can show: If there is a refinement and all base relations are connected, then there is a
bounded subrelation ofl , which contradicts the previous Lemma 5.

In practical calculi, for all base relationsB, either

B \B(231) \B(321) = ;
or B \B(231) \B(321) = B;

holds because the intersection is a relation of the calculus. We will call base relations
for which the second line is true,rotation-symmetric, because they remain unchanged
under the ”rotating” transformations. (Note thatB(231) andB(321) are base relations,
henceB(231) = B(321) = B).

To simplify the proof, we transform the plane of complex numbers so that the ”ro-
tating” transformations actually are represented by a rotation of the complex plane with
center0. This allows us to use the inherent symmetry in the proof.

Therefore, regard the Mobius transformation�, that maps the half planeReg(l ) =
fz j =(z) > 0g to the unit disk :

�(z) := z�wz� �w , wherew = 3p�1 = 12 + p32 {
Remark 1 (Rotating Transformations)

�(0) = w2; �(1) = w4; �(1) = 1; �(w) = 0
�(R(231)) = w2 � �(R); �(R(321)) = w4 � �(R);



hence the images of rotation-symmetric base relations are rotation-symmetric with an-
gle120o around�(w) = 0.

Proof:
First we state some equalities: Withw6 = 1; w5 = �w; �ww = 1 = �w + w; we obtain

11�z�w11�z� �w = 1�w+wz1� �w+ �wz = �w+wzw+ �wz = 1+w2zw2+z = w2( z�wz� �w )
and 1� 1

z�w1� 1
z� �w = z�1�wzz�1� �wz = (1�w)z�11� �wz�1 = �wz�1wz�1 = w5z�w6wz�w �w = w4( z�wz� �w )

The Transformation Lemma now completes the proof:

z 2 RegR () 1� 1z 2 RegR(321) () 11�z 2 RegR(231)
) z�wz� �w 2 �(RegR) () 11�z�w11�z� �w 2 �(RegR(231)) () w2( z�wz� �w ) 2 �(RegR(231));

z�wz� �w 2 �(RegR) () 1� 1
z�w1� 1
z� �w 2 �(RegR(321)) () w4( z�wz� �w ) 2 �(RegR(321))

(qed.)

Note that Mobius transformations preserve connectivity. If�(RegR) is connected,
thenR is connected.

Lemma 6 (Rotation symmetry).
For a practical calculus with connected base relations holds: A base relationB is
rotation-symmetric iffw 2 B or �w = w5 2 B.

Proof:
If w 2 RegB, �(w) = 0, followsw 2 RegB(231) by the Remark on Rotating Trans-
formations. If �w 2 RegB, then1� 1�w = (1� 1w ) = �w 2 RegB12, hence in both cases

B \B(12) 6= ;. ThusB = (B)(231) is rotation-symmetric .
For the reverse direction, we use the following consequence of the Jordan Curve

Theorem ([18]): Ifv is a continuous closed path inC n f1g that does not containw
but does go around a pointz at least once, then the set of all points that can be reached
from z by a continuous path that does not intersectv is bounded. (For the proof refer to
[15].)

Suppose that there is a representable rotation-symmetric base relationB that con-
tains neitherw nor �w. Then because of connectivity, there is a continuous pathv from a
point z 2 �(RegB) to w2z 2 �(Reg(B(231))). Thenw2 � v is a continuous path from
w2z tow4z, andw4 �v a continuous path fromw4z tow6z = z. Because of the rotation
symmetry ofB = B(231), all these paths remain in�(RegB), and together they form
a closed path that goes around0. By assumption, this path does not hit but separates
0 = �(w) and1 = �( �w), becausew; �w =2 B. Either�(w) = 0 and�(1) = 1 are
on different sides of the path, then the base relationBw, containingw is bounded, or
�( �w) = 1 and�(1) = 1 are on different sides of the path, then the base relationB �w
containing�w is bounded. Here, we use the connectivity of the base relations.



Fig. 5.Sketch for the proof of the Central Theorem.

This contradicts the 0-1-lemma. (qed.)

Now we complete the proof of the Central Theorem. We have to show thatlandr
cannot properly be refined.

Let us assume there is a proper refinement ofl in a natural calculus, hence exits
Bw $ lwith w 2 RegBw. Let Cw = > n Bw. In a natural calculus,Cw is con-
nected. In a proper refinement,Cw \ l 6= ;, hence there isz 2 Cw \ l . Note that
=(z) > 0; hencej�(z)j < 1: Cw = C(231)w = C(321)w as the complement of the
rotation-symmetric relationBw. Thenw2�(z); w4�(z) 2 �(Reg(Cw), and there is a
continuous closed pathv from �(z) to w2�(z) to w4�(z) to �(z) within �(RegC).
Without loss of generality, we assume that this path remains inside the closed unit disk
�(fz j =(z) � 0g) becauseR � Reg(Cw) (refer to figure 5). Note that0 = �(w) is
in the inside of the path. BecauseBw is connected, any point of�(Bw) is inside this
path, henceBw is bounded butRegBw 6� R, in contradiction to the 0-1-Lemma 4.
This means, the assumption is wrong -lhas no proper refinement in practical natural
calculi. By reasons of symmetry, the same holds forr . This proves the Central Theorem
1. (qed.)

6 Conclusion

We developed a general theory for ternary point-based calculi such that the relations
are invariant when all points are mapped by rotations, scalings or translations. These
calculi are called RST calculi. Examples for such RST calculi are Freksa’s double cross
calculus [3, 4], Ligozat’s flip-flop calculus [8], and Moratz et al.’s TPCC calculus [11].

We argued that one requirement on an RST calculus is that it should be “practical,”
i.e., that it is closed under the usual operations and that it possesses a finite JEPD base.
This is a prerequisite for applying Montanari’s path-consistency algorithm [10] in a
way such that no information loss occurs. Further, we required an RST calculus to be
“natural,” which means that the region denoted by a relation is internally connected.

The original versions of the double-cross and the flip-flop calculus fail the practical-
ity test since their relations are not jointly exhaustive because some equality relations



are missing. After adding these relations one arrives at the following results. As shown
elsewhere [16], the double-cross calculus does not have a finite base, while on the other
hand, the completion of the much coarser flip-flop calculus, which we namedLR, is
a practical and natural calculus. As the main result of the paper, we were able to show
thatLR cannot be properly refined without loosing this property. From that it follows,
e.g., that Moratz et al.’s TPCC [11] does not have a finite base, which was unknown
until now.

An interesting direction of further research could be to make use of the method to
compute exact compositions and transformations in the infinite finest RST calculusF
presented in this paper. This might provide a new solution to conclude knowledge in
some cases, even with infinite calculi.
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