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Abstract. We define a calculus for spatial reasoning on a grid structure,
present a logical calculus, investigate the complexity of the satisfiability
problem, we prove its NP completeness and specify additionally a con-
crete algorithm for solving it.

1 Introduction

1.1 Psychological Motivation

If A is left of B and C is right of B then A is left of C. This easy (transitive) con-
clusion would be easily accepted by everybody. Two major theoretical positions
have emerged in cognitive psychology how people reason about such problems.

On the one hand, proponents of the theories based on formal rules claim that
people solve reasoning problems with a set of formal rules that are applied to
the information given in the premises. [9]

On the other hand, the theory based on mental models assumes that the main
strategy employed in reasoning is the successive construction of a simulation
or model of the “state of affairs” which contain all the information given in
the premises in an integrated representation. Psychologists try to discern the
theories by constructing problems with a small number of inference rules, but
many models to construct (which are called indeterminate problems) and vice
versa. The indeterminate problems (with a small number of inference rules)
would be harder if we reason with mental models. On the other side, the problems
with a high number of inference rules (but a small number of models) would be
harder if we reason with a set of inference rules. The investigated problems are
schematically illustrated in (a) and (b):

(a)The hammer is to the right of the pliers.
The screwdriver is to the left of the pliers.
The wrench is in front of the screwdriver.
The saw is in front of the hammer.
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(b) The hammer is to the right of the pliers.
The screwdriver is to the left of the hammer.
The wrench is in front of the screwdriver.
The saw is in front of the hammer.

Obviously, for problems of type (a) there is only one possible arrangement:

screwdriver pliers hammer
wrench saw

From this arrangement follows the conclusion “the wrench is to the left of
the saw”, and there is no other possibility that refutes this conclusion.

For problem (b), in contrast, there are two alternative arrangements:

screwdriver pliers hammer pliers screwdriver hammer
wrench saw wrench saw

Cognitive testing will show an answer which of these two theories is the favoured
one. Results of Johnson-Laird shows that the mental model based approach is
the most probable one [9].

1.2 The AI Perspective

The major task from the computational perspective is to analyse the experimen-
tal data created to discern the both theories in an abstract framework.

Our approach is based on a grid whose size is context dependent and which
overlaps a subset of the discrete 2-dimensional physical space. The grid will be
used to have an easy unambigous description for terms of orientation to avoid
problems [11] and [5]. As a result of psychological experiments we know that
the reasoning of humans is predominantly qualitative [10]. Therefore we use
a qualitative description. There are several useful but very general qualitative
calculi like Frank’s Cardinal Direction System, Escrig and Toledo’s DRS [4] but
no known calculus satisfies our requirements with respect to granularity, smallest
number of relation and the particularities of the underlying discrete space.

This paper has two parts. The first part is about a representation of such
tasks by a certain representation algebra and a logical calculus to model the
rule-based reasoning, the second part gives us the complexity of the satisfiability
problem and an algorithm to solve it. The first part has a subtle subproblem.
Defining a calculus has to confront two things. First of all you have to choose
all the relations in a way that they describe everything you want to (also in the
sense of granularity), but otherwise the structure should be chosen small enough
that it can be easily handled.

2 Qualitative Vocabulary

First of all we give here a small overview about the definition of finite con-
crete relational algebras. In the following section we define a related concept - a
representation algebra.
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De“nition 1 (Binary Relation) Let M be a set. A subset R of the cartesian
product M × M is called a binary relation on M.

We will investigate only binary relations because they have not only the advan-
tage of having two kinds of compact visual representation, tables and graphs, but
they have a natural notion of transitivity. Which we hold for the most important
property of relations in spatial reasoning. The following definition is based on
[1]. With R we will always mean a finite set of relations.

De“nition 2 (Finite Concrete Relational Algebra) A finite concrete re-
lational algebra (R,�,�, ◦,̄ ,T ) (over finitely many relations) over a finite uni-
verse M where the relations are interpreted on, consists of

1) A Boolean algebra for (R,�,�, ,̄ 0, 1) with the usual semantics.
2) An involuted semigroup (R, ◦,T ), i.e.

(x ◦ y) ◦ z = x ◦ (y ◦ z)
(x ◦ y)T = yT ◦ xT

(xT )T = x.

3) Both structures are connected in such a way that they form a normal Boolean
Algebra with operators

(x � y) ◦ z = (x ◦ z) � (y ◦ z)
(x � y)T = xT � yT

0 ◦ x = 0, 0T = 0.

4) T is a Boolean isomorphism and x �→ 1 ◦ x is a complemented closure oper-
ation, i.e.

(xT ) = (x)T

x ≤ 1 ◦ x

(1 ◦ x) = 1 ◦ (1 ◦ x).

Remember that x ≤ y ⇔ x � y = y.

De“nition 3 (Logical Characterization of Operators) Let a, b, c ∈ M
and R, S be relations of M .

R � S = {(a, b)|(a, b) ∈ R ∨ (a, b) ∈ S}
R � S = {(a, b)|(a, b) ∈ R ∧ (a, b) ∈ S}

R = {(a, b)|(a, b) /∈ R}
R ◦ S = {(a, c) ∈ M × M | ∃b ∈ M(a, b) ∈ R

∧(b, c) ∈ S}
For every relation R a converse relation RT is given by:
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De“nition 4 (Converse Relation) Let a, b ∈ M and R a relation on M .
Then

RT := {(a, b)|(b, a) ∈ R}
is called the converse relation of R. We will call a relation that is self-convers
(R = RT ) symmetric.

For a relational algebra of a finite set of disjoint relations a typical representation
is given by (2M ,�,�, ◦,̄ ,T , ∅, EQ, ALL). Where ALL = M×M is the allrelation.
One particularity of relational algebras is that the relations are definitly more
important than the actual objects. Therefore the objects are in the literature
often handled as points [4]. But this point is up to further research from the
cognitive viewpoint.

A union of relations holds if at least one relation holds for two objects. Exactly
one relation from a relational partition R holds for each pair of objects taken
from the ground set M .

De“nition 5 (Relational Partition) A set of relations R = {Ri}i�I is called
a relational partition of M × M , iff:

⊔

i�I
Ri = M × M (cover)

Rk � Rl = ∅ ∀k �= l; k, l ∈ I (pairwise disjoint).

relations are called atomic or base.

De“nition 6 (Basis of a Concrete Relational Algebra) A smallest set of
relations R is called a basis of a concrete relational algebra A (on M), iff R is
a relational partition of M × M and it is closed under composition.

We have further the following theorem:

Theorem 1 (Uniqueness of Basis Relations) All elements from a concrete
finite relational algebra R can be written as unions of basis elements Ri in R:

∀S ∈ R S = R1 � R2 � · · · � Rm

{Ri}i�{ 1,...,m} ∈ R.

We call S a linear combination of Ri for i = 1, ..., m.

Since every element from a concrete finite relational algebra can be written by
basis elements - we can easily compute composition from the basis elements in
the following way:

(R1 � R2) ◦ R3 = R1 ◦ R3 � R2 ◦ R3

Composition tables allows fast computation by table lookup. The composition
operation corresponds directly with the use of path consistency algorithm by
repeated application of

Pi,j := Pi,j � (Pi,k ◦ Pk,j)

for given Pi,j , Pi,k, Pk,j . We will see in the following that we have to modify
slightly the concept of relational algebra to describe more accurate the given
psychological tasks.
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3 Defining the AC-Calculus

In the following we define and investigate a new calculus. This calculus has
two levels of granularity, which means that we can discern between next-
neighborhood and longer distance.

We base our approach on the definition of a grid Gn(N2) (of size n × n) of
the discrete 2-dimensional physical space, which is a subset of N

2. We give now
a more precise definition. Structures for this language consist of a finite linear
order (M, <, S, min, max) and we have in addition to the ordering axioms:

…SMab iff (a <A b and for all c, if a <A c then b <A c or b = c).
…minA <A a or minA = a.
…a < maxA or maxA = a.

With the successor relation we can easily define the operations +1,−1. Two
dimensional valuations for atoms are made at ordered pairs of M × M . We can
think of one (M, <, S, min, max) as lying horizontally and another (copy) lying
vertically on a cartesian grid. For this grid (of n = |M |) we write Gn(N2).

3.1 AC

A Constraint Satisfaction Problem (CSP) is characterised by

…a set V of n variables {v1, ..., vn}
…the possible values Di of variables vi

…constraints (sets of relations) over subsets of variables.

A spatial object is an ordered pair (x, y) where x and y are interpreted as
the x coordinate and y coordinate points in the grid Gn(N2).This means that
an object in the cell (x, y), (x + 1, y), (x, y + 1), (x + 1, y + 1) will be represented
by the coordinate (x, y). We norm (min, min) = (0, 0). Given two concrete
spatial points (on a grid) the relative positions (with respect to a given grid)
can be described by exactly one of the elements of the set AC of the thirteen bi-
nary relations {EQ, AR, DR, AL, DL, AF, DF, AB, DB, FR, BR, FL, BL}. The
relations are abreviated, e.g. AR stands for AdjacentRight and DF stands for
DistantLeft and so on.

De“nition 7 (Basis Relations of AC on a Grid Structure) We define the
relations of an object z1 (= (x1, y1) ∈ Gn(N2)) with an object z2 (= (x2, y2) ∈
Gn(N2)) in the following way:
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EQz1z2 := (x1 = x2) ∧ (y1 = y2)
ARz1z2 := (x1 + 1 = x2) ∧ (y1 = y2)
DRz1z2 := (x1 + 1 < x2) ∧ (y1 = y2)
ALz1z2 := (x1 = x2 + 1) ∧ (y1 = y2)
DLz1z2 := (x1 > x2 + 1) ∧ (y1 = y2)
AFz1z2 := (x1 = x2) ∧ (y1 + 1 = y2)
DFz1z2 := (x1 = x2) ∧ (y1 + 1 < y2)
ABz1z2 := (x1 = x2) ∧ (y1 = y2 + 1)
DBz1z2 := (x1 = x2) ∧ (y1 > y2 + 1)
FRz1z2 := (x1 < x2) ∧ (y1 < y2)
FLz1z2 := (x1 > x2) ∧ (y1 < y2)
BRz1z2 := (x1 < x2) ∧ (y1 > y2)
BLz1z2 := (x1 > x2) ∧ (y1 > y2)

We see immediately that this calculus is a partition Gn(N2) for every n ∈ N.

FL FL FL DF FR FR FR

FL FL FL DF FR FR FR

FL FL FL AF FR FR FR

DL DL AL EQ AR DR DR

BL BL BL AB BR BR BR

BL BL BL DB BR BR BR

BL BL BL DB BR BR BR

Fig. 1. Table of AC relations

The problem is that we have not a closed relational algebra, in spite of
our natural definition of relations, because of DL ◦ DL �= DL. So we split the
former structure in a representation structure and in a logical calculus, where
the reasoning take place. So we are nearer on structures of a more modeltheoretic
nature.

De“nition 8 (Representation Algebra) A representation algebra is a struc-
ture (R,�,�,̄ ,T ) (over finitely many relations) over a finite universe M where
the relations are interpreted on, consists of

1) R is a relational partition on M × M .
2) A Boolean algebra for (R,�,�,̄ , 0, 1) with the usual semantics.
3) (R,T ) is closed under T and (xT )T = x holds.
4) Both structures are connected in a way that they form a normal Boolean

Algebra with operators

(x � y)T = xT � yT

0T = 0

5) T is a Boolean isomorphism (xT ) = (x)T
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A representation algebra is a finite concrete relational algebra without the com-
pose operator. The advantage is clear, we can split the relational algebra in a
“representation part”(which we call representation algebra) and a “reasoning
part” (which will be described by a logical calculus).

Proposition 1 AC is a representation algebra. �

The terms of basis and uniqueness are transferable. One task of the project is to
model background knowledge. Background kowledge in sense of reasoning rules
for specific domains can be given as deductive rules of a (logical) calculus.

We have to give the “rules” of the human reasoning process in a syntactic
way.

In a grid we have for instance some rules like:

∀x∀y ART xy = ALxy (ART )T xy = ARxy
ARxy = ALyx ABT xy = AFxy
(ABT )T xy = ABxy ABxy = AFyx

We have also some transitive rules.

∀w∀x∀y∀z ART xy ∧ ABzy ∧ ARwz → ABxw

∀w∀x∀y∀z AFT xy ∧ ARzy ∧ AFwz → ARxw

So we have to define in our logical calculus the following rules:
For X ∈ {AL, AR} and Y ∈ {AF, AB, DF, DB} or
X ∈ {AF, AB} and Y ∈ {AL, AR, DL, DR} or
X ∈ {AL, AR, AF, AB, DL, DR, DF, DB} and Y = EQ

∀x∀y∀w∀z
Xxy, Y yz, XT zw

Y xw

And for Z ∈ {EQ, AL, AR, AB, AF, DL, DF, DB, DF, FR, FL, BR, BL} we
have

∀x∀y
Zxy

ZT yx

∀x∀y
(ZT )T xy

Zxy

and again another rule for (A, D)∈{(AR, DR), (AL, DL), (AF, DF ), (AB, DB)}

∀x∀y∀z
Axy, Ayz

Dxz

and X ∈ {DR, DL, DF, DB}

∀x∀y∀z
Xxy, Xyz

Xxz
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X ∈ {AR, AL, AF, AB}

∀x∀y∀z
Xxy, XT yz

EQxz

It is immediately clear that we can model all syntactic (“rule-based”) reasoning
of the given psychological examples by such rules and further we have a more
precise representation of the human reasoning. It can easily be verified that the
given logical calculus is sound, but not complete with respect to intended grid
models, because

θ := {{x1AFx2}, {x2AFx3}, {x3ARx4}, {x4ARx5},
{x1FRx6}, {x5BLx6}}.

Then we have:

θ |= {x2ARx6}
�� {x2ARx6}.

The incompleteness has no importance for our needs.

x3 x4 x5

x2 x6

x1

Fig. 2. The model of �

A spatial configuration can be described by a set θ of spatial formulas. One
important computational problem is deciding consistency of θ, i.e. deciding
whether it is possible to assign points (of a grid) to the spatial variables in a
way that all relations holds. We call this problem ACSAT .

Whenever we have a solution of a spatial configuration in n variables in a
grid of size bigger than (2n)2 we can do the following: Remove for two empty
adjacent rows or colums one of them. Therefore we have:

Theorem 2 (Assigned Grid Structure) For a given ACSAT problem θ of
n spatial variables the problem of satisfiability can be answered in a grid of size
(2n)2. �

Theorem 3 (ACSAT) The satisfiability problem of AC is NP-complete.

Proof. With the previous theorem we have: The problem θ of n variables is sat-
isfiable ⇔ it is satisfiable in a grid of size (2n)2. That it is in NP is immediately
clear: The NP-Machine guesses for every spatial variable the right assignment
(coordinates of G2n(N2)) which means it guesses a tuple of length 2n. The check-
ing is in PTIME.
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The NP -hardness: Reduction from 3-colorability on ACSAT. Let G = (V, E),
V = {v1, ..., vn} be an instance of 3-colorability. Then we use the points (of
G2(n+3) (N2)) {v1, ..., vn, c1, c2, c3} with the following constraints:

c1 {AL} c2

c2 {AL} c3

vi {EQ, AR, DR} c1

vi {EQ, AL, DL} c3

vi {AL, DL, AR, DR} vj ∀(vi, vj) ∈ E

It is immediately clear that the mapping is in P . Now it is obvious that the
constraint system is satisfiable iff G can be colored with 3 colors. Therefore
the problem is NP -complete. �

We will give at the end of the paper a more practical nondeterministic poly-
nomial time algorithm for this problem. It consists of three parts:

…Guessing Part
…Relation Transformation Program
…Linear Program Solver.

3.2 The Base Relation Algorithm

We will see that the following is true:

Theorem 4 (ACSAT of Base Relations) The ACSAT problem of Base
Relations is in PTIME.

We suppose that θ consists only of base relations. In the next step we sub-
stitute the constraints in θ in the following way:

Program RelationTransformation
For i := 1 to n do
Replace (object variable) zi by a tuple (xi, yi)
Replace in θ
EQz1z2 = (x1 = x2) ∧ (y1 = y2)
ARz1z2 = (x1 + 1 = x2) ∧ (y1 = y2)
DRz1z2 = (x1 + 2 ≤ x2) ∧ (y1 = y2)
ALz1z2 = (x1 = x2 + 1) ∧ (y1 = y2)
DLz1z2 = (x2 + 2 ≤ x1) ∧ (y1 = y2)
AFz1z2 = (x1 = x2) ∧ (y1 + 1 = y2)
DFz1z2 = (x1 = x2) ∧ (y1 + 2 ≤ y2)
ABz1z2 = (x1 = x2) ∧ (y1 = y2 + 1)
DBz1z2 = (x1 = x2) ∧ (y2 + 2 ≤ y1)
FRz1z2 = (x1 + 1 ≤ x2) ∧ (y1 + 1 ≤ y2)
FLz1z2 = (x2 + 1 ≤ x1) ∧ (y1 + 1 ≤ y2)
BRz1z2 = (x1 + 1 ≤ x2) ∧ (y2 + 1 ≤ y1)
BLz1z2 = (x2 + 1 ≤ x1) ∧ (y2 + 1 ≤ y1)
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Now we have transformed the original problem in a problem of solving in-
equalities.

3.3 The Main Algorithm

When in θ are not only base relations but combined relations respective � we
have to modify the program with the following: We write θ(R1, ..., Rm) for all
relations Ri for 1 ≤ i ≤ m in θ. Every non base relation is a disjunction of base
relations, e.g. {FR, AR, DR, BR} we represent also every base relation by the
set which unique element is this relation. So we can define

|R| :=
{

1, if R is a base relation
n, if R consists of n base relations

We define for all relations R in θ a function σ : {1, ..., |R|} → R with σ(i) ∈ R
for 1 ≤ i ≤ |R|. Remember that R stands for the set of all relations of a
representational algebra. With these definitons we can describe all relations of a
CSP θ over n objects by a function σj : {1, ..., |Rj |} → R for 1 ≤ j ≤ n.

Algorithm ACSAT
For j:=1 to n do
Replace in θ(R1, ..., Rm) every relation Rj

by σj

od
Guess (nondeterministically)

a value (i1, ..., im)
Program RelationTransformation θ(σ1(i1), ..., σm(im))
Test for cycles
if yes than write the

problem is infeasible
else
use a Linear Program Solver
with bounds of variables in {0, ..., 2n}
minimizing the function x1 + ... + xn

and y1 + ... + yn.

With the minimizing function and the given constraints we get only solutions of
natural numbers, which are the coordinates of the objects. So we get not only a
solution but a minimal one. It is immediately clear that the algorithm is running
in nondeterministic polynomial time. �

This program is complete because of the completeness of the Linear Program
Solver. Why do we use such a strong algorithm like a Linear Program Solver ?
Because this algorithm will be generalized in the future to an algorithm on real
structures. If ACSAT consists only of base relations, we have not to guess and
so we have the following:

Corollary 1 (ACSAT for baserelations) ACSAT for base relations is in
PTIME.
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4 Conclusions

We have presented a calculus for arrangement and a logical calculus to simu-
late the “rule-based” approach. This calculus can be used for further test design
and for a representation of the “rule-based” inferences of the test candidates.
Then we analysed the appropriate satisfiability problem ACSAT , found out
that it lies in the same complexity class as many others satisfiability problems
like Allen’s ISAT, RSAT (of RCC-8 or RCC-5) [12] and RISAT [7]. It is up to
further research to find the determining factors. At last we presented a nonde-
terministic polynomial time algorithm. This is not a problem for psychological
testing, because the problems consists only of a small number of objects.
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