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Abstract

The point algebrais a fundamentaformal calcu-
lus for spatialandtemporalreasoning We present
anew generalizatiothatmeetsall requirements$o

describedependenciesn networks. Applications
rangefrom traf ¢ networksto medicaldiagnostics.
We investigatesatishictionproblemstractablesub-
classsesembeddingsnto other relation algebras,
andtheassociatedéhterval algebra.

1 The Dependency Calculus

Reasoningaboutcomplex dependenciebetweenreventsis a
crucial task. However, qualitative reasoninchasso far con-
centratedon spatial and temporalissues. In contrast,we
presenf calculus[RagniandScivos, 2005, a propergener
alizationof thenonlinearelationalgebracreatedor speci ¢
guestion®f reasoningaboutconsequences.

This algebra,called dependeng calculus(DC), meetsall
requirementgo describedependenciet networks. There
aretwo aspectsdependenciesf pointsaredescribedy the
pointalgebraPA,., andof intervalsby theassociatec¢hterval
algebralA,.. For thesewe analyzequestiononcerninghe
satishctionproblems,andshawv the correspondence other
relationalgebrasFor this, we useanisomorphisnpreserving
thetractability of subclassesThis methodpromisedo struc-
turethe eld of relationalgebrasandto transferalgebraicas-
pectsandcompleity resultsfrom onealgebrato another

If we obsene pollution in anecosystenof o wing water,
we candraw conclusionsaboutpollution at other points(cf.
Fig. 1). If pollutionis found at D, F is pollutedaswell. It

Figurel: A pipe network. Flow occurs along the “pipes” from left
to right. Is there a difference between the pairs (A, B) and (D,E)?

might be causedrom a sourceat A, butnotB, C, or E. If C
is polluted, D probablyis alsopolluted. Doesthe samehold

truefor B andD? No: they have no commonpoint upstream.

DC directly representsuchdifferencesFor pairslike (C, D)
or (D,E), we havethenew “fork” relation( ). Therelations

"fork”, "before”,"equal”, and”after” arecalled”dependent”.
The othercase like (A,B), is called”independent’(<). A
medicalproblemis givenin Fig. 2.
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Figure2: A virus transmittance scheme. Arrows indicate direction
of assured, dashed of unassured donorship, dotted lines mean that
both persons carry the same virus. No lines means that we do not
have prior knowledge. The situation on the left must be incomplete.
The existence of a fourth person D accounts for this. PAgc concludes
that indeed there was indirect transmittance from D to A.

If x, y arepointsin a partial order (T, <), thenwe de ne
theserelationsin termsof the partialorderasfollows:

x<y iff x<yandnoty<x.

x=y iff x<yandy<ux.

x>y iff y<xandnotx<y.

xAy iff Fzz<yAz<xandneitherx <ynory<ux.
xxy iff neitherdzz<yAz<xnorx<ynory<ux.

All relationsbetweennodesin Fig. 1 can be describedby
these ve basicrelations.

2 Computational Complexity

Assumethatasetof constraintdetweersomepointsis given.

Onequestionis whetherthis setis consistent.Is it possible
to constructa network in which all constraintsare satis ed?

This problemis called PA;.-SAT. Whatis the computational
effort to constructsucha network?

Definition 1. For two relation algebras G,G a homomor-

phism is a function dfrom Gto G such that g preserves all
operations of the boolean algebra and for all relations R, S:

gR M) =g(R)™*
g(RoS) =g(R)og(s)
Definition 2. For two relation algebras G,G a tractability-

preserving-homomorphism (tph) is a homomorphism g from
Gto G such that each subset b C G is tractable iff g(b) C G
is tractable. An isomorphic tph is called tpi.

e (converse):

e (composition):

Lemma 1. A tpi g from PAy. to RCC-5(Fig. 3) is given by:

— EQ ~ +— PP1
— DR

g: < — PP =
A — PO =



OONCOMENC

XDRY XPOY XEQY XPPY

Figure3: The RCC-5 Relations

xpply

Tablel: Thetractablesubclassesf PA,..

[ [ s [ wo [ w7 [ wia |

1 . . . .

{A, >~

{=, A, >~
{<,>
{=,<,> .
{A. <= .
{=, A, <, > . .

The relations including {=} are contained in Tag, T2, T14 iff R\ {=}
is in Tpg (T20,T14). All relations including {=} are in Ty7.

With [RenzandNebel, 1999 andLemmai, we get:
Theorem 1. PA,.-SAT is NP-complete.

Theorem 2. The four classes t 28,t20,t17,t 14 (cf. Tab. 1) are
the only maximal subclasses of PAge.

3 The Associated Interval Algebra

Thereare applicationsin which it is not sufcient to com-

paresingle pointsin a network. For instance pollutionin a

pipe network is not restrictedto single pointsbut extendsto

wholesectionsandautomateglanningandprojectmanage-
mentdealwith tasksthatspanovertime intervals.

Definition 3. An internvall = [s;, ;] is a pair of points satisfy-
ing s; < ej. The interval algebra 1A, is the relation algebra
generated by quadruples of relations as basic relations

R R
B = { (RSS RS@) |RSS)RS€)R€S)R€€ E {_<7:7>_7x7)\}}
es ee

closed under N,U,~ ;0,7 L. For1=[s,e] andI' =[s', '], being
in relation I RI' means SRS, SRse€', eRess', and eRp €.

IA,, is analogicallyde ned, baseon {<,=, >, {=x, A }}.

Figure4: Reasoning with uncertainty. The dashed line indicates
that it is unknown if A is before A;. In contrast to IApo, [Aqgc con-
cludes such knowledge: Depending on the /A4 relation between A
and Aj, the obstruction B can or cannot be bypassed using Aj.

If Rys = Rye = Res = Ree =: R, we write (R'). Fig. 4 and
Fig. 5 shav advantagesf the new, ner interval calculus:
More situationscan be distinguishedand more conclusions

arepossible. The situationgivenin Fig. 4 is describedoy:
A(<)A1,A1(X)C, A2 (<) C,B(=<)C,

B(d Dan B2 Dz (" D)4
By specifyingthe latterrelation,e.g.to A1 (j j) Az, new

conclusionscan be drawn, in this case,A (<) A2 becomes
impossible.This meansjf B is anobstacleon the pathfrom
Ato C via Ay, thenthereis noalternative routevia A».

Figure5: In contrasto 74 ,,, IA,. discernghesecasesvhich
arespeci cationsof thecompositiomA ({=, A })Bo B(>)C.

For a setof IA,. constraintsye de ne IA,.-SAT analogi-
cally to PA,.-SAT. How hardis it to decidethe satis ability?

Theorem 3. [A;.-SAT is NP-hard.

Definition 4. For a subset S C PAy, a relation R is called
S-pointizable if it belongs to the class

Ps= {()I;: ;’g;j) |R6S;RS€7R€S7RE€ € S}

A gadget for an I[Ag. relation R is a set of points
D1, Pm (m > 4) with PA,, relations that are satisfiable iff
[p1, P2]R|p3, p4) is satisfiable. For S C PAg4., an IAy4, rela-
tion R is called S-gadgetable (R € G ) if all PA4. relations
between the endpoints extended with additional points are re-
lations of S. G is an abbreviation for GPAdc andP for Ppa .

Theorem 4. G,P are intractable subclasses of 1A 4.

Not all gadgetableelationsarepointizable.For instance,
(<x)U(>) is gadgetableHenceB CP C G C IA . If Sis
tractable(in PA,.), thenP; is tractablein 74,.. Whatabout
thelargerclassG; ? Is it still tractable?

Theorem 5. If R is a class of S-gadgetable 1A, relations
and the satisfiability problem over S is tractable, then the sat-
isfiability problem over R is tractable.

Corollary 1. B,Gx,, Gy, Gy, Gy, © IAy. are tractable.

=

Corollary 2. [A;.-SAT is NP-complete.

4 Conclusion

We presentedand investigateda new algebrafor reasoning
aboutcausatelations.Both PA,;. and/A,. areNP-complete,
andwe identi ed tractablesubclassesPromisingideasfor
future work are introducing probabilitiesto this calculusto
modelreasoningn Bayesiametworks andthe temporaliza-
tion of DC for modelingdependenciethatvary overtime.
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