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Abstract
The point algebrais a fundamentalformal calcu-
lus for spatialandtemporalreasoning.We present
a new generalizationthatmeetsall requirementsto
describedependencieson networks. Applications
rangefrom traf�c networksto medicaldiagnostics.
Weinvestigatesatisfactionproblems,tractablesub-
classses,embeddingsinto other relation algebras,
andtheassociatedinterval algebra.

1 The Dependency Calculus
Reasoningaboutcomplex dependenciesbetweeneventsis a
crucial task. However, qualitative reasoninghasso far con-
centratedon spatial and temporal issues. In contrast,we
presenta calculus[RagniandScivos,2005], a propergener-
alizationof thenonlinearrelationalgebra,createdfor speci�c
questionsof reasoningaboutconsequences.

This algebra,calleddependency calculus(DC), meetsall
requirementsto describedependenciesin networks. There
aretwo aspects:dependenciesof pointsaredescribedby the
pointalgebraPAdc, andof intervalsby theassociatedinterval
algebraIAdc. For thesewe analyzequestionsconcerningthe
satisfactionproblems,andshow thecorrespondenceto other
relationalgebras.For this,weuseanisomorphismpreserving
thetractabilityof subclasses.This methodpromisesto struc-
turethe�eld of relationalgebrasandto transferalgebraicas-
pectsandcomplexity resultsfrom onealgebrato another.

If we observe pollution in anecosystemof �o wing water,
we candraw conclusionsaboutpollution at otherpoints(cf.
Fig. 1). If pollution is found at D, F is pollutedaswell. It
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Figure1: A pipe network. Flow occurs along the ”pipes” from left
to right. Is there a difference between the pairs (A,B) and (D,E)?

might becausedfrom a sourceat A, but not B, C, or E. If C
is polluted,D probablyis alsopolluted. Doesthesamehold
truefor B andD? No: they haveno commonpoint upstream.
DC directly representssuchdifferences.For pairslike (C,D)
or (D,E), we havethenew “fork” relation(f). Therelations

”fork”, ”before”, ”equal”, and”after” arecalled”dependent”.
The othercase,like (A,B), is called”independent”(�). A
medicalproblemis givenin Fig. 2.
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Figure2: A virus transmittance scheme. Arrows indicate direction
of assured, dashed of unassured donorship, dotted lines mean that
both persons carry the same virus. No lines means that we do not
have prior knowledge. The situation on the left must be incomplete.
The existence of a fourth person D accounts for this. PAdc concludes
that indeed there was indirect transmittance from D to A.

If x, y arepoints in a partial order〈T,≤〉, thenwe de�ne
theserelationsin termsof thepartialorderasfollows:

x ≺ y iff x ≤ y and not y ≤ x.
x = y iff x ≤ y and y ≤ x.
x � y iff y ≤ x and not x ≤ y.
x f y iff ∃z z ≤ y∧ z ≤ x and neither x ≤ y nor y ≤ x.
x � y iff neither ∃z z ≤ y∧ z ≤ x nor x ≤ y nor y ≤ x .

All relationsbetweennodesin Fig. 1 can be describedby
these� vebasicrelations.

2 Computational Complexity
Assumethatasetof constraintsbetweensomepointsis given.
Onequestionis whetherthis set is consistent.Is it possible
to constructa network in which all constraintsaresatis�ed?
This problemis calledPAdc-SAT. What is thecomputational
effort to constructsucha network?
Definition 1. For two relation algebras G,G′ a homomor-
phism is a function g from G to G′ such that g preserves all
operations of the boolean algebra and for all relations R, S:
• (converse): g(R−1) = g(R)−1

• (composition): g(R◦S) = g(R)◦g(S)

Definition 2. For two relation algebras G,G′ a tractability-
preserving-homomorphism (tph) is a homomorphism g from
G to G′ such that each subset b ⊆ G is tractable iff g(b) ⊆ G′

is tractable. An isomorphic tph is called tpi.

Lemma 1. A tpi g from PAdc to RCC-5 (Fig. 3) is given by:

g: ≺ 7→ PP = 7→ EQ � 7→ PP−1

f 7→ PO � 7→ DR
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Figure3: The RCC-5 Relations

Table1: Thetractablesubclassesof PAdc.
τ28 τ20 τ17 τ14

⊥ • • • •
{�} • •
{f} • •

{�,f} • •
{≺} • •

{�,≺} • •
{f,≺} •

{�,f,≺} • •
{�} • •

{�,�} • •
{f,�} •

{�,f,�} • •
{≺,�} •

{�,≺,�} • •
{f,≺,�} • •

{�,f,≺,�} • • •

The relations including {=} are contained in τ28, τ20, τ14 iff R\{=}
is in τ28 (τ20,τ14). All relations including {=} are in τ17.

With [RenzandNebel,1999] andLemma1, we get:

Theorem 1. PAdc-SAT is NP-complete.

Theorem 2. The four classes t 28, t 20, t 17, t 14 (cf. Tab. 1) are
the only maximal subclasses of PAdc.

3 The Associated Interval Algebra
Thereare applicationsin which it is not suf�cient to com-
paresinglepointsin a network. For instance,pollution in a
pipenetwork is not restrictedto singlepointsbut extendsto
wholesections,andautomatedplanningandprojectmanage-
mentdealwith tasksthatspanover time intervals.

Definition 3. An interval I = [sI ,eI ] is a pair of points satisfy-
ing sI ≺ eI . The interval algebra IAdc is the relation algebra
generated by quadruples of relations as basic relations

B =

{(

Rss Rse
Res Ree

)

|Rss,Rse,Res,Ree ∈ {≺,=,�,�,f}

}

closed under ∩,∪,

−
,◦,−1. For I = [s,e] and I′ = [s′,e′], being

in relation I R I′ means sRss s′, sRse e′, eRes s′, and eRee e′.

IApo is analogicallyde�ned,basedon{≺,=,�,{�,f}}.
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Figure4: Reasoning with uncertainty. The dashed line indicates
that it is unknown if A is before A2. In contrast to IApo, IAdc con-
cludes such knowledge: Depending on the IAdc relation between A1
and A2, the obstruction B can or cannot be bypassed using A2.

If Rss = Rse = Res = Ree =: R′, we write (R′). Fig. 4 and
Fig. 5 show advantagesof the new, �ner interval calculus:
More situationscanbe distinguishedandmoreconclusions

arepossible. The situationgiven in Fig. 4 is describedby:
A (≺) A1, A1 (≺) C, A2 (≺) C, B (≺) C,

B
(

{�,≺} ≺
{≺,≺} ≺

)

A1, B
(

{�,f} ≺
{�,f} ≺

)

A2, A1

(

{�,f} ≺
≺ =

)

A2

By specifyingthe latter relation,e.g. to A1

(

� ≺
≺ =

)

A2 , new

conclusionscan be drawn, in this case,A (≺) A2 becomes
impossible.This means,if B is anobstacleon thepathfrom
A to C via A1, thenthereis noalternativeroutevia A2.
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Figure5: In contrastto IApo, IAdc discernsthesecaseswhich
arespeci�cationsof thecompositionA({�,f})B◦B(�)C.

For a setof IAdc constraints,we de�ne IAdc-SAT analogi-
cally to PAdc-SAT. How hardis it to decidethesatis�ability?
Theorem 3. IAdc-SAT is NP-hard.
Definition 4. For a subset S ⊆ PAdc, a relation R is called
S-pointizable if it belongs to the class

PS =
{(

Rss Rse
Res Ree

)

|Res,Rse,Res,Ree ∈ S
}

A gadget for an IAdc relation R is a set of points
p1, . . . , pm (m ≥ 4) with PAdc relations that are satisfiable iff
[p1, p2]R[p3, p4] is satisfiable. For S ⊆ PAdc, an IAdc rela-
tion R is called S-gadgetable (R ∈ GS ) if all PAdc relations
between the endpoints extended with additional points are re-
lations of S. G is an abbreviation for GPAdc

and P for PPAdc
.

Theorem 4. G,P are intractable subclasses of IAdc.
Not all gadgetablerelationsarepointizable.For instance,

(≺)∪ (�) is gadgetable.Hence,B ( P ( G ( IAdc. If S is
tractable(in PAdc), thenPS is tractablein IAdc. Whatabout
thelargerclassGS ? Is it still tractable?
Theorem 5. If R is a class of S-gadgetable IAdc relations
and the satisfiability problem over S is tractable, then the sat-
isfiability problem over R is tractable.
Corollary 1. B ,Gτ28 ,Gτ20 ,Gτ17 ,Gτ14 ( IAdc are tractable.
Corollary 2. IAdc-SAT is NP-complete.

4 Conclusion
We presentedand investigateda new algebrafor reasoning
aboutcausalrelations.Both PAdc andIAdc areNP-complete,
andwe identi�ed tractablesubclasses.Promisingideasfor
future work are introducingprobabilitiesto this calculusto
modelreasoningin Bayesiannetworksandthe temporaliza-
tion of DC for modelingdependenciesthatvaryover time.

References
[RagniandScivos,2005] M. RagniandA. Scivos.The De-

pendency Calculus.Technicalreport, Institut für Infor-
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