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ABSTRACT

We study fundamental aspects related to the ef cient processing of
the SPARQL query language for RDF, proposed by the W3C to en-
code machine-readable information in the Semantic Web. Our key
contributions are (i) a complete complexity analysis for all opera-
tor fragments of the SPARQL query language, which — as a cen-
tral result — shows that the SPARQL operata®T@ONAL alone is
responsible for the PR CE-completeness of the evaluation prob-
lem, (ii) a study of equivalences over SPARQL algebra, including
both rewriting rules like Iter and projection pushing that are well-
known from relational algebra optimization as well as SPARQL-
speci ¢ rewriting schemes, and (iii) an approach to the semantic
optimization of SPARQL queries, built on top of the classical chase
algorithm. While studied in the context of a theoretically motivated
set semantics, almost all results carry over to the of cial, bag-base
semantics and therefore are of immediate practical relevance.

d

Categories and Subject Descriptors
H.2.3 [Database Managemerjt Languages—Query languages

General Terms

SPARQL, RDF, Complexity, Query Optimization, SPARQL Alge-
bra, Semantic Query Optimization

1. INTRODUCTION

The Resource Description Framework (RDF) [29] is a data for-
mat proposed by the W3C to encode information in a machine-
readable way. From a technical point of view, RDF databases are
collections of éubject,predicate,objectriples, where each triple
encodes the binary relatigeredicatebetweensubjectand object
and represents a single knowledge fact. Due to their homogeneou
structure, RDF databases can be understood as labeled directe
graphs, where each triple de nes an edge fromghbjectto the
objectnode under labgbredicate[12]. While originally designed
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to encode knowledge in the Semantic Web, RDF has found its way
out of the Semantic Web community and entered the wider dis-
course of Computer Science. Coming along with its application
in other areas, such as bio informatics or data integration, large
RDF repositories have been created (see e.g. [18]) and it has re-
peatedly been observed that the database community is facing new
challenges to cope with the speci cs of RDF [6, 16, 19, 3].

With SPARQL [32], the W3C has recommended a declarative
query language to extract data from RDF graphs. SPARQL comes
with a powerful graph matching facility, whose basic construct are
so-called triple patterns. During query evaluation, variables in-
side these patterns are matched against the RDF input graph. The
solution of the evaluation process is then described by a set of
mappings, where each mapping associates a set of variables with
graph components. Beyond triple patterns, SPARQL provides ad-
vanced operators (namelfSeCT, AND, FILTER, OPTIONAL, and
UNION) which can be used to compose more expressive queries.

In this work we investigate fundamental aspects that are directly
related to the evaluation of SPARQL queries. In particular, we re-
visit the complexity of the SPARQL query language (considerably
extending and re ning previous investigations from [26]) and study
both algebraic and semantic optimization of the query language
from a theoretical perspective. In this line, we present a collection
of results that we have gathered in previous projects on SPARQL
query processing, all of which are important background for under
standing the basics of the SPARQL query language and for build-
ing ef cient SPARQL optimizers. In our study, we abstract from
implementation-speci ¢ issues like cost estimation functions, but
rather provide fundamental results, techniques, and optimization
schemes that may be fruitfully applied in virtually every SPARQL
implementation. Accounting for this objective, we partially include
important results from previous investigations (e.g. on the complex-

g‘ty of SPARQL or on algebraic optimization from [26, 1]), to make

Hﬂs paper an extensive reference for people who are planning to
work in the context of SPARQL or to implement SPARQL engines.

Our rst major contribution is a complete complexity analysis,
comprising all possible operator fragments of the SPARQL query
language. Our investigation separates subsets of the language that
can be evaluated ef ciently from more complex (and hence, more
expressive) fragments and relates fragments of SPARQL to estab-
lished query models, like e.g. conjunctive queries. Ultimately, our
results deepen the understanding of the individual operators and
their interrelations, and allow to transfer established results from
other data models into the context of SPARQL query evaluation.

In our analysis of SPARQL complexity, we take the combined
complexity of the SPARQL EaLUATION problem as a yardstick:
given queryQ, data setD, and candidate solutio® as input,
is S contained in the result of evaluatir@ on D? Previous in-



vestigations of SPARQL complexity in [26] have shown that full
SPARQL is P®ACE-complete. Re ning this important result, we
show that already operatorF@IONAL alone makes query evalua-
tion PSrAce-hard. From a practical perspective, we observe that
the high complexity is caused by the unlimited nesting of- O
TIONAL expressions and derive complexity bounds in the polyno-

rules, these equivalences allow to transfer established RA optimiza-
tion techniques, such as projection and Iter pushing, into the con-
text of SPARQL optimization. Going beyond the adaption of ex-
isting techniques, we also tackle SPARQL-speci ¢ issues, such as
the simpli cation of expressions involving negation, which —when
translating SPARQL queries into SA according to the SPARQL se-
mial hierarchy for fragments with xed ©TIONAL nesting depth. mantics — manifests into a characteristic combination of the selec-
In summary, our results show that operat@rT@NAL is by far the tion and left outer join operator. Ultimately, our results improve the
most involved construct in SPARQL, which suggests that special understanding of SPARQL algebra and lay the foundations for the
care in query optimization should be taken in this speci c operator. design of comprehensive optimization schemes.

Having established these theoretical results we then turn towards Complementary to algebraic optimization, we study constraint-
SPARQL optimization. To give some background, the semantics based optimization, also known as semantic query optimization
of SPARQL is formally de ned on top of a compact algebra over (SQO), for SPARQL. The idea of SQO, which is well-known from
mapping sets. In the evaluation process, the SPARQL operators arehe context of conjunctive query optimization (e.g., [2]), deductive
rst translated into algebraic operations, which are then evaluated database (e.g., [4]), and relational databases (e.g., [15]), isto e

on the data set. More preciselyNA is mapped to a join opera-
tion, UNION to an algebraic union, ©rioNAL to a left outer join
(which allows for the optional padding of information)iLFER to

a selection, and 8.ECT to a projection. On the one hand, there

ploit integrity constraints over the input database. Such constraints
are valuable input to query optimizers, because they restrict the
state space of the database and often can be used to rewrite queries
into equivalent, but more ef cient, ones. Constraints could be user-

are many parallels between these SPARQL algebra (SA) operatorsspeci ed, automatically extracted from the underlying database, or
and the operators de ned in relational algebra (RA), e.g. the study — if SPARQL is evaluated on top of an RDFS inference system —
in [1] reveals that SA and RA have the same expressive power. Onmay be implicitly given by the semantics of the RDFS vocabulary.
the other hand, the technical proof in [1] indicates that a semantics- Our SQO approach splits into two parts. First, we translateA
preserving SA-to-RA translation is far from being trivial and shows connected blocks inside queries into conjunctive queries, optimize
that there are still fundamental differences between both. them using the well-known chase algorithm [21, 14, 2, 8], and
Tackling the speci c challenges of the SPARQL query language, translate the optimized conjunctive queries back into SPARQL. Ina
over the last years various proposals for the ef cient evaluation of second step, we apply SPARQL-speci c rules that allow us to opti-
SPARQL have been made, comprising a wide range of optimiza- mize more complex subqueries, such as queries involving operator
tion techniques such as normal forms [26], triple pattern reordering OPTIONAL. To give an example, we propose a rule that allows us

based on selectivity estimations [20, 23], or RISC-style query pro-
cessing [23]. In addition, indices [13] and storage schemes [30,
34, 6, 3] for RDF have been explored, to provide ef cient data ac-

cess paths. Another line of research is the translation of SPARQL
queries into established data models like SQL [5, 9] or datalog [27],
to evaluate them with traditional engines that exploit established
optimization techniques implemented in traditional systems.

One interesting observation is that the “native” optimization pro-
posals for SPARQL (i.e. those that do not rely on a mapping into
the relational context or datalog) typically have a strong focus on
SPARQL AnD-only queries, i.e. mostly disregard the optimization
of queries involving operators likelETER or OPTIONAL (cf. [13,

20, 23, 3]). The ef cient evaluation of AD-only queries (or AiD-
connected blocks inside queries) is undoubtedly an important task
in SPARQL evaluation, so the above-mentioned approaches are
valuable groundwork for SPARQL optimizers. Still, a comprehen-
sive optimization scheme should also address the optimization of
more involved queries. To give evidence for this claim, the experi-
mental study in [19] reveals severe performance bottlenecks when
evaluating complex SPARQL queries (in particular queries involv-
ing operator ®@TIONAL) for both existing SPARQL implementa-
tions and state-of-the-art mapping schemes from SPARQL to SQL.

One reason for these de ciencies may be that in the past only
few fundamental work has been done in the context of SPARQL
query optimization (we resume central results from [26, 27] later
in this paper) and that the basics of SA and its relation towards RA
are still insuf ciently understood. We argue that — like in relational
algebra, where the study of algebraic rewriting rules has triggered
the development of manifold optimization techniques — a study of
SPARQL algebra would alleviate the development of comprehen-

sive optimization approaches and therefore believe that a schematic

investigation of SPARQL algebra is long overdue. Addressing this
task, we present an elaborate study of SA equivalences, covering all
its operators and their interrelations. When interpreted as rewriting

to replace operator ©rioNAL by AND in cases where the pattern
inside the @TIONAL clause is implied by the given constraint set.
We summarize the central contributions of this work as follows.

We present novel complexity results for SPARQL fragments,
showing as a central result that already the fragment containing
operator @TIONAL alone is P8ACE-complete (in combined
complexity). Further, we derive tight complexity bounds in the
polynomial hierarchy for expressions with xed nesting depth
of OPTIONAL subexpressions. Finally, we show that a-O
TIONAL-free fragments are either NP-complete (whenever op-
erator AND cooccurs with WiION or SELECT) or in PTIME.

We identify a large set of equivalences over SPARQL algebra.
As a central tool, we develop the conceptpossibleandcer-

tain variables which constitute upper and lower bounds for the
variables that may be bound in result mappings, account for the
characteristics of SPARQL, and allow us to state equivalences
over SPARQL algebra in a clean and compact way. Our in-
vestigation comprises both the study of optimization schemes
known from the relational context (such as Iter and projection
pushing) and SPARQL-speci ¢ rewriting techniques.

We present an SQO scheme to optimize SPARQL queries under
a set of integrity constraints over the RDF database. Our opti-
mization approach adheres (yet is not limited) to constraints ob-
tained from the RDFS inference mechanism [29]. It builds upon
the classical chase algorithm to optimize®B-only queries, but
also supports rule-based optimization of more complex queries.
While established for a theoretically motivated set semantics,
we show that almost all results carry over to the of cial, bag-
based semantics proposed by the W3C, so both our complexity
and optimization results are of immediate practical interest.

We start with the preliminaries in Section 2, discuss the complex-
ity of SPARQL evaluation in Section 3, study SPARQL algebra in
Section 4, and present our SQO scheme for SPARQL in Section 5.



2. PRELIMINARIES

We assume that the set of natural numtédoes not include the
element0 and de neNp := N [f 0g. Furthermore, we introduce

2.1 The RDF Data Format

We follow the notation from [26] and consider three disjoint sets
B (blank nodes)L (literals), andU (URIs) and use the shortcut
BLU to denote the union @&, L, andU. As a convention, we use
quoted strings to denote literals (e.g. “Joe”, “30") and pre x blank
nodes with “_:". AnRDF triple (v1,v2,v3) 2 BU U BLU
connects subject; through predicate, to objectvs. An RDF
databasealso calledRDF documentis a nite set of triples.

2.2 The SPARQL Query Language

We now introduce two alternative semantics for SPARQL evalu-
ation, namely @etand abag semanticsThe set-based semantics is

inspired by previous theoretical investigations in [24, 1]; the bag se-

mantics closely follows the W3C Recommendation [32] and [25].
Syntax. LetV be a set of variables disjoint froBILU . We dis-

We overload functiowars (de ned previously for Iter conditions)
and denote byars(t) all variables in triple pattern. Further,

by (t) we denote the triple pattern obtained when replacing all
variables?x 2 dom( )\ vars(t) int by (?x).

EXAMPLE 1. Consider the three mappings := f ?x 7! alg,
2 :=f?x7! az?y 7! b2g,and 3 :=f?x7! al;?z7! clg. It
is easy to see thatom( 1) = f?xg, dom( ») = f?x; ?yg, and

dom( 3) = f?x; ?zg. Further, we can observe that 3, but
16 2and 2 6 3. Given triple patterri; := (c;?x; ?y) we
havevars(t1) = f ?x; ?ygand e.g. 2(t1) = (c;a2 b2). 1

We next de ne the semantics of Iter conditions w.r.t mappings.
A mapping satisfieghe Iter conditionbnd(?x) if variable ?x is
contained in thelom( ); the Iter conditions?x = c, ?x =7y,
andc = d are equality checks that compare the value ¢¥x)
with ¢, (?x) with (?y), andc with d, respectively; these checks
fail whenever one of the variables is not bound inThe boolean
connectives , _, and" are de ned in the usual way. We writej=
R iff satis es lIter conditionR (cf. Appendix A.1 for details).

The solution of a SPARQL expression or query over docurBent

tinguish variables by a leading question mark symbol, e.g. writing
?x or ?name. We start with an abstract syntax for Iter conditions.
For?x; ?y 2 V andc;d 2 LU we de nefilter conditionsrecur-

is described by a set of mappings, where each mapping represents
a possible answer. The semantics of SPARQL query evaluation is
then de ned by help of a compact algebra over such mapping sets:

sively as follows. The expressiof’g = ¢, ?x =?y, ¢ = d, and
bnd(?x) are atomic lter conditions. Second, R1, R2 are lter
conditions, then R1, R1* Rz, andR1 _ R are Iter conditions.

By vars(R) we denote the set of variables occurring in lter ex-
pressiorR. Next, we introduce an abstract syntax for expressions
(where we use ©T as a shortcut for operatorFI10NAL):

DEFINITION 1 (SPARQL EXPRESSION. A SPARQL expres-
sionis an expression that is built recursively as follows. (1) A
triple patternt 2 UV~ UV LUV is an expression. (2) @1,

Q2 are expressions arill is a lter condition, thenQ1 FILTER R,
Q1 UNION Q2, Q1 OPTQ2, andQ; AND Q> are expressions[_1

The of cial W3C Recommendation [32] de nes four different
types of queries on top of expressions, namely T, AsK, CON-
STRUCT, and DEscRIBEqueries. We will restrict our discussion to
SPARQL SLECT and Ask queries: SELECT queries extract the
set of all result mappings, while 9 queries are boolean queries
that returrtrue iff there is one or more resulffalseotherwise.

DEFINITION 2 (SELECT QIERY, ASK QUERY). LetQ be
a SPARQL expression and I8t V be a nite set of variables. A
SPARQL SLECTquery is an expression of the forneS=CTs (Q).
A SPARQL Ask query is an expression of the forms&(Q). [

In the remainder of the paper we will mostly deal with SPARQL
SELECT queries. Therefore, we usually denote thenSBARQL
queries or simplyqueries As a notational simpli cation, we omit
braces for the variable set appearing in the subscript of the St
operator, e.g. Writing SLECTox,2y (Q) for SELECT; 7x,2yg (Q).

A Set-based Semantics for SPARQLCentral to the evaluation
process in SPARQL is the notion of so-called mappings, which ex-
press variable-to-document bindings during evaluation. Formally,
a mappingis a partial function : V ! BLU from a subset of
variablesV to RDF termsBLU . By M we denote the universe of
all mappings. The domain of a mappingdom( ), is the subset
of V for which is de ned. We say that two mappings,, 2
are compatible, written 1 2, if they agree on all shared vari-
ables, i.e. if 1(?x) = 2(?x) for all ?2x 2 dom( 1)\ dom( »).

1The main challenge of query evaluation (and our focus here) lies
in the core evaluation phase, which is the same for all query forms.

DEFINITION 3 (SPARQL %7 ALGEBRA). LetQ, Q;, Q, be
mapping setsR denote a Iter condition, an® V be a nite set
of variables. We de ne the algebraic operations jolf,{nion ( ),
minus ), left outer join ( ), projection ( ), and selection ():

QR :=f [ r] 12Q15 r2Qr: rg
Q[ Qr:=f j 2Qor 20Qqg
QnQr :=f 1 2Qjforall 2Qr: 16 (g

Q Qe=(Q CaN) [ (nQy)

s(Q =f 1j9 2: 1[ 22Q7dom( 1) S"
dom( 2)\ S=3g

r(Q) =f 2Q] ERg

We refer to these algebraic operationsSS&#ARQL set algebrd 1

To de ne the evaluation result of expressionELECT queries,
and Ask queries we follow the compositional semantics from [26]
and de ne a functiord:K5 that translates them into SA:

DEFINITION 4 (SPARQL %1 SEMANTICS). LetD be an
RDF documentt a triple pattern@Q, Q1, Q2 SPARQL expressions,
R a lter condition, andS V a set of variables. We de ne

Jtko =f jdom( )=vargt)and (t)2 Dg
JQl AND QzK:) ::JQlK:) EI(DZKZ)

JQ1 OPTQ2  :=JQ1Ko  JQ2Ko

JQ1 UNION Q2K5 :=JQ1Ko [ JQ2Ko

JQ FILTERRK> = r(IQKD)

JSELECTs(Q)Ko = s(JQKp)

JASK(Q)Ko =: (; =JQKp) -

ExamMPLE 2. Consider the SPARQLERECT query

Q1:= SELECT»p,2¢ (((?p; age; ?a) OPT (?p; email; ?e))
FILTER (?a = “30"))

which retrieves alB0-year-old persons?f) and, optionally (i.e.,
if available), their email addres8d). Further assume that the data-
baseD := f (P1;age “30” ); (P2;age; “29" ); (P3, age “30” );
(P3; email; “joe@tld.com”)g is given. It is easily veried that
JQiko =ff ?p7! Plg;f?p7! P3,?e7! “joe@tld.com’gg. [1



From Set to Bag SemanticsWe next consider the correspond-

smaller fragments causing NP-hardness (respAR&hardness)

ing bag semantics, obtained from the set semantics when interpretthan those listed in Theorem 1(2) (resp. Theorem 1(3)). Further,
ing mappings sets as bags of mappings. The bag semantics thuprojection (in form of £LECT clauses) was not investigated in [26].

differs in that mappings can appear multiple times in the evalua-
tion result. Formally, we de ne the bag semantics using mapping
multi-sets, which associate a multiplicity with each mapping:

DEFINITION 5  (MAPPING MULTI-SET). A mapping multi-set
is a tuple ,m), whereQ is a mapping setanah : M 7! Npisa
total function s.tm( ™) 1forall 2 Qandm( ) =0for
all  62Q. Given * 2 Q, we refertom( ) as themultiplicity
of *inQand say that ™ occursm( ) timesinQ. 1

We can easily formalize the bag semantics using an adapted ver-

sions of the algebraic operations from De nition 3 that operate on
top of multi-sets and take the multiplicity of the set elements into
account. To give an example, the union operation over multi-sets,
(Qi;m) [ (Qr; my), yields the multi-se(Q; [ Qr; m), where

m( ) :=m()+mg )forall 2 M . We call this algebra
over multi-setsSPARQL bag algebraGiven the SPARQL bag al-
gebra, we immediately obtain the bag semantics for SPARQL when
modifying the rst rule in De nition 4 (the triple pattern case) such
that it returns a multi-set instead of a set. We use funcligfj to

denote the mapping multi-set obtained when evaluating a SPARQL EVALUATION (;D; Q ).

Set vs. Bag SemanticsThe previous de nition of the FALUA -
TION problem relies on set semantics for query evaluation. Our rst
task is to show that all complexity results obtained for set semantics
immediately carry over to bag semantics. We consider the associ-
ated evaluation problem for bag semantics, denoted \oy_ EA -
TION™: given a mapping , documenD, and SPARQL expression
or queryQ as input: letJQKS = (Q;m),is 2 Q7 The fol-
lowing Lemma shows that the bag semantics differs from the set
semantics at most in the multiplicity associated to each mapping:

LEMMA 1. Let Q be a SPARQL query or expressioD, be
an RDF database, and be a mapping. Lef2 := JQK> and
(Q";m™) :=JQKS. Then 2 Q, 20", —1

It follows easily as a corollary that the set and bag semantics do
not differ w.r.t. to the complexity of the evaluation problem:

COROLLARY 1. Let be a mappingD an RDF document,
andQ be an expression or query. TherAEUATION (;D;Q ),
1

expression or query according to the bag semantics. The interested

will nd a proper formalization in Appendix A.2.

ExampPLE 3. LetQ := (?X;c;c) UNION (c; c;?x), document
D :=f(c;c;9g,and = f?x 7! cg. ThenJQKS = (f g;m)
wherem( ):=2andm( % :=0foral °2Mnf g. 1

If Q is a mapping set an@®, m® a mapping multi-set such that
Q =Q% ndm( % = 1forall °2 Q° we say thaQ equals to
(9% m®) and denote this b = (Q% m%. Going one step further,
given a SPARQL query or expressi@we say that théag and set
semantics coincide fa iff it holds thatJQKo = JQKS for every
RDF documenD . In general, the two semantics do not coincide,
as witnessed by the previous example (observertat) > 1).

3. COMPLEXITY OF SPARQL

We introduce the SPARQL operator shortciits= AND, F :=
FILTER, O := OPT, andU := UNION and denote the class of

This result allows us to use the simpler set semantics for our
study of SPARQL complexity, while all results carry over to bag
semantics (and therefore apply to the SPARQL W3C standard).

3.1 OPT-free Expressions

Our rst goal is to establish a more precise characterization of
the UNION operator, to improve the understanding of the operator
and its relation to others beyond the known NP-completeness result
for classAFU . The following theorem gives the results for all
OpT-free fragments that are not covered by Theorem 1.

THEOREM 2. The B/ALUATION problem is (1) in PTME for
classed) andFU, and (2) NP-complete for clagsJ . 1

Proof Sketch. We sketch the NP-hardness part of claim (2), the
remaining parts can be found in Appendix B.2. To prove hardness,
we reduce the STCOVER problem to the EALUATION problem

SPARQL expressions that can be constructed using a set of operafgr classAU . SETCOVER is known to be NP-complete, so the re-

tors (plus triple patterns) by concatenating the respective shortcuts
For instance, clasAU comprises all SPARQL expressions built
using only AND, UNION, and triple patterns. Bf := AFOU we
denote the full class of SPARQL expressions (cf. De nition 1). We
will use the termglassandfragmentinterchangeably.

We follow the approach from [26] and take the complexity of
the EVALUATION problem as a reference: given a mappinga
documentD, and a SPARQL expression or quedyas input: is

2 JQKp? The next theorem summarizes results on the combined pg := ps, Union

complexity of SPARQL from [26], rephrased in our notatfon.

THEOREM 1. (see [26]) The EALUATION problem is (1) in
PTiME for classAF (membership in PIME for classeA andF
follows immediately), (2) NP-complete for fragmeAFU , and
(3) PSPAcE-complete for classeAOU , AFO , andE. 1

The theorem (and hence, the study in [26]) leaves several ques
tions unanswered. In particular, it is not clear whether there are

2[26] contains some more complexity results for the class of so-

called well designed graph patterns, obtained from a syntactic re-

striction for SPARQL expressions, which we do not repeat here.

-duction gives us the desired hardness result. THIRC®VER prob-

asetl I suchthat ;,,Si =U?
We use the xed databad® := f (c; c; ¢g for our encoding and

22 UNION Pg, . Finally we de ne expression
P :=Ps AND ::: AND Ps, wherePs appears exactlytimes.

The intuition of the encoding is as followBs encodes all sub-
setsSj. A set element, say, is represented by the presence of
a binding from variable?X to valuec. The idea is that the en-
codingP allows us to “merge” (at most) arbitrary setsS;. It is
straightforward to show that thee3CoVER problem is true if and
only if
plete universéJ can be obtained by merging these sé&fs1

3An alternative version of the evaluation problem under bag se-
mantics encountered in literature is to ask whethe2 Q and
m( ) = cfor somec. Here, we disregard the multiplicity of.



3.2 Complexity of Expressions Including OPT

We next investigate the complexity of operatopOand its in-
teraction with other operators beyond theFRSE-completeness
results forAOU , AFO , andE stated in Theorem 1(3). The fol-
lowing theorem re nes the three previously mentioned results.

THEOREM 3. EVALUATION is PSPACE-complete forAO . [

Proof Sketch. We reduce QBF, the validity problem for a quanti-
ed boolean formuld := 8x19y18x29y>:::8Xm9ym ,Where

is a quanti er-free formula in CNF, to the\BLUATION problem
for fragmentAO . The reduction divides into (i) the encoding of the
inner formula and (ii) the encoding of the surrounding quanti er-

the previous reduction from QBF to fragmex® is not xed, but
depends on the input formula. It is an open question whether the
PSPacEhardness result foRO carries over to expression com-
plexity (i.e., the evaluation complexity when xing the database).

So far, tight bounds for fragme@ are still missing. The next
theorem gives the central result of our complexity study:

THEOREM 4. EVALUATION is PSAcE-complete forO. 1

Analogously to Theorem 3, the result follows from an encoding
of quanti ed boolean formulas, now using only operata?10The
intuition behind this high complexity is that , the algebraic coun-
terpart of CpT, is de ned using[, 1, n; the mix of these operations

sequence. Part (i) has been presented in [24], so we discuss only(in particular the negation operatoj makes evaluation hard. We
part (|) here. We illustrate the idea of the encoding by examp|e, COnCIUde thIS SubseCtIOI’l W|th a COI’O||ary Of Theorems 1(3) and 4:

showing how to encode the quanti er-free boolean CNF formula
=C1M CowithCq := (X1 _: y1) andCy := (: X1 _ y1) US-

ing only operators ®T and AND (the technical proof can be found

in Appendix B.3). For this formula, we set up the database

D = {(a;tv; 0); (a;tv; 1); (a; falsg 0); (a; true; 1);
(a;var1;x1); (a;vara;y1); (a;varz; x1); (a;var2;y1);
(a;x1;x1);(ay1 ¥y}

where the rst four tuples are xed, the next four tuples encode
the variables that appear in the clauses ofe.g., (a;vari;x1)
means that variablg; appears in claus€:), and the nal two
tuples stand for the two variables that appear inNe then de ne
Py := Pc, AND Pc,, where

Pc,:=(( a;vary;?vary)
OPT ((a;x1; ?var1) AND (a;true; ?X1)))
OPT((a;y1; ?var1) AND (a; false; ?Y1)), and
Pc, :=(( a;var2; ?vary)
OPT ((a;y1; ?var2) AND (a; true; ?Y1)))
OPT ((a;x1; ?var2) AND (a; false; ?X1)).

In these expression, variableX 1, ?Y; stand for the respective
variablesxi, y1 in , and a binding@X 1 7! 1 encodex; = true.
The intuition behindPc, andPc, is best seen when evaluating
them on the input databa®e. For instance, foPc, we have

(Pc, (d=({{var1 B xa1}; {?var1 B y1}}
N {{var1 & x1;?X1 B 1}})
X {{var1 & y1;?Y1 & 0}}
= {{vary B x1;?2X1 B 1} {var1 B y1}}
H{{var1 B y1;?Y1 5 03}
= {{var1 B x1;?X1 5 1} {?var1 5 yi1;?Y1 & O}}.

We observe that the subexpress@n= (a; varq; ?vari) with
JQKo = ff 2vary 7! xag;f?var: 7! yigg sets up one map-
ping for each variable iI€1. When computing the left outer join
of JQKo with ff ?2vary 7! x1;?X1 7! 1gg, the rst mapping
in JQKo is extended by bindin@X 1 7! 1 and the second one is
kept unmodi ed; in the next step, the second mapping fiipio
is extended instead. The nal result contains two mappings, which
re ect exactly the satisfying truth assignments @y it evaluates
to true ifx1 is true (binding?X 1 7! 1inthe rst mapping) or ify;
is false Y1 7! 0in the second mapping). It is easily veri ed that

Py g= {{var1 B xy;varz B y1;?2X1 B 1?1 B 1}
{?varl [mS y]_;?\/al'z B x1;?2X1 5 0;?Y1 & 0}},

which represents exactly the two satisfying truth assignments for
formula ,i.e.?X1 7! 1,?2Y1 7! 1and?X, 7! 0,?Y1 7! 0. 1

Note that, in contrast to the P&ce-hardness proofs fohkOU ,
AFO , andEin [26] (cf. Theorem 1(3) above), the database used in

COROLLARY 2. The B/ALUATION problem for every expres-
sion fragment involving operator €Y is P SPACE-complete. 1

3.3 The Source of Complexity

The proofs of Theorems 3 and 4 both rely on a nesting ef O
expression that increases with the number of quanti er alternations
encountered in the encoded quanti ed formula. When xing the
nesting depth of ©T expressions, lower complexity bounds in the
polynomial hierarchy [33] can be derived. We denotediyk (Q)
the maximal nesting depth of @@ expressions ifQ, where Q°T-
free expressions have rank zero (see Appendix A.4 for a formal
de nition). Given a fragment, we denote byF  the class of
expression® 2 F with rank(Q) n. Then:

THEOREM 5. For everyn 2 No, the EVALUATION problem is
> P .1-complete for the SPARQL fragmeBt n. 1

Observe that the ®LUATION problem for clas€ o is com-
plete for= =NP, which coincides with the result forr@-free ex-
pressions (i.e., clasdF U ) stated in Theorem 1. With increasing
nesting-depth of ®T expressions we climb up the polynomial hi-
erarchy. The proof in Appendix B.5 relies on a version of the QBF
problem with xed quanti er alternations, in which the number of
alternations xes the complexity class in the polynomial hierarchy.

3.4 From Expressions to Queries

We conclude the complexity study with a discussion of SPARQL
queries, i.e. fragments involving projection in the form ofeL.8CT
operator (see De nition 2). We extend the notation for classes. For
some expression cla$s, we denote byF™ the class of queries
SELECTs(Q), whereS  V is a nite set of variables an® 2 F.

Itis easily shown that projection comes for free in fragments that
are at least NP-hard. Based on this observation and an additional
study of the remaining query fragments (i.e., those withNRET
complexity), we obtain the following complete classi cation:

THEOREM 6. EVALUATION is (1) PSAace-complete for all
query fragments involving operatorr®, (2) =F . ,-complete for
fragmentE™, (forn 2 No), (3) NP-complete foA™, AF ™", AU ™,
andAFU ™, and (4) in PTME for classes= ™, U™, andFU™. [

3.5 Summary of Results

We summarize the complexity results in Figure 1. All fragments
that fallinto NP,.=¥ , and P®acEalso are complete for the respec-
tive complexity class. As an extension of previous results, the g-
ure shows that each’, ; also contains the fragmeAFO |, and
the corresponding query fragmeAFO ™,,. These results were



PTime
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Figure 1: Summary of Complexity Results

not explicitly stated before, but follow directly from the proof of
Theorem 5 for clas&™,, (cf. Appendix B.5), which does not use
the UNION operator in its encoding. Observe that the categoriza-
tion is complete w.r.t. all possible expression and query fragments.

4. ALGEBRAIC SPARQL OPTIMIZATION

PROPOSITION 1. LetA be a set algebra expression andgt
denote the mapping set obtained when evaluatingn any docu-
mentD. Then?x 2 cVars(A)!8 2 Qa:?x 2 dom( ). [

The de nition of functionpVars (A) is similar (see De nition 17
in Appendix A.5). It is simply obtained from the de nition of
cVars(A) by replacing in the right side of the rules fok1 [ A2
by [ , because both the variables froln and A, may appear in
result mappings. Possible variables exhibit the following property.

PROPOSITION 2. LetA be a set algebra expression andgt
denote the mapping set obtained when evaluatiron any docu-
mentD. Thenforall 2 Qa :?x 2 dom( )! ?x 2 pVarqA).[1

We note that both Proposition 1 and 2 naturally carry over to bag
semantics and complement the previous discussion with an exam-
ple that illustrates the de nition afVVars(A) andpVars(A):

ExAmMPLE 4. Consider the SPARQL set algebra expression
A = o oy((Q(a; 0;?72x) Ko Cla; ?y; ?2)Ko) [ I(a; p; 2x)Ko).
We have thapVars(A) = f ?x; ?ygandcVars(A) =f?2xg. [1

Outline and Related Work. In the remainder of this section
we present a set of algebraic equivalences for SPARQL algebra,
covering all the algebraic operators introduced in De nition 3. In
query optimization, such equivalences are typically interpreted as
rewriting rules and therefore we shall use the teegsivalence
and(rewriting) rule interchangeably in the following. We will rst
study rewriting rules for SPARQL set algebra in Section 4.1, see
what changes when switching to bag algebra in Section 4.2, and
discuss practical implications and extensions in Section 4.3.

In the interest of a complete survey, we include equivalences that

Having established the theoretical background, we now turn to- have peen stated before in [24]. Among the equivalences in Fig-
wards algebraic optimization. We start with two functions that stat- yre 2, a majority of the rules from groupsand| | , as well as

ically classify the variables that appear in some SPARQL algebra (Epecompl+1), (MJ), and(FUPush)are borrowed from [24]. Fur-

expressiorA. The rst one,cVars(A), estimates theertain vari-
ablesof A and xes a lower bound for variables that are bound
in every result mapping obtained when evaluatfgThe second
one,pVars(A), gives an upper bound for the so-callpdssible
variablesof A, an overestimation for the set of variables that might
be bound in result mapping. Both functions are independent from
the input document and can be computed ef ciently. They account
for the speci cs of SPARQL, where variables occurring in the ex-

ther, rules(J'dem), (FJPush) and(IIJ ) generalize Lemma (2),
Lemma 1(2), and Lemma 3(3) from [24], respectively. These gen-
eralizations rely on the novel notion of incompatibility property
(which will be introduced in Section 4.1) and extend the applica-
bility of the original rules. We emphasize that almost three-fourths
of the rules presented in this section are new. In the subsequent
discussion we put a strong focus on these newly-discovered rules.

pression may be unbound in result mappings, and take a central role4 . 1 Rewriting under Set Semantics

in subsequent investigations. We start with the certain variables:

DEFINITION 6 (FUNCTION cVarg). Let A be a SPARQL set
algebra expression. Functiowars (A) extracts the set of so-called
certain variablesand is recursively de ned as

cVars(Jtko) :=vars(t)
cVars(A1 [CAb) :=cVars(A1)[ cVars(Az)
cVars(A1[ Az) :=cVars(A1)\ cVars(Az)

cVars(A1nAz) :=cVars(A1)
cVars( s(A1)) :=cVars(A1)\ S
cVars( r(A1)) :=cVars(A1) —1

Observe that the cage; Ay is not explicitly listed, but fol-
lows by the semantics of operator, i.e. we can rewritd; A,
into (A1 [CAb) [ (A1 nAjy) and apply the rules fof, 1, andn
to the rewritten expression. Also note that the function is de ned
for set algebra, as witnessed by raiars (Jtko) = vars(t). We
can easily transfer the function to bag algebra by replacing this rule
throughcVars (JtKS) := vars(t) and therefore shall also use it for
bag algebra expressions. The key property of certain variables is:

We investigate two fragments of SPARQL set algebra. The rst
one, calledfragmentA , comprises the full class of SPARQL set
algebra expressions, i.e. expressions built ugind-m , , ,
and triple patterns of the foridtks. We understand a set algebra
expressiolA 2 A as a purely syntactic entity. Yet, according to
the SPARQL set semantics (cf. De nition 4) each set algebra ex-
pressiorA implicitly de nes a mapping set if documeit is xed.
Therefore, we refer to the mapping set obtained by application of
the semantics as ttike result of evaluating on documenb .

In addition to the full fragment of set algebra expressiansve
introduce a subfragme® A that has a special property, called
incompatibility property. As we shall see later, expressions that
satisfy the incompatibility property exhibit some rewritings that do
not hold in the general case and therefore are of particular interest.

DEFINITION 7 (INCOMPATIBILITY PROPERTY). A SPARQL
set algebra expressi@dnhas thancompatibility propertyif, for ev-
ery documenD and each two distinct mappings & 2 con-
tained in the result of evaluatidyonD, it holdsthat 1 6 . [1



DEFINITION 8 (FRAGMENT &). We de neclass& A re-
cursively as follows. An expressiofi 2 A is contained in& iff

& = XtKo is a triple pattern,

= A, CAb, whereh; andA are& expressions,

= A1 nA,, whereA; andA, are& expressions,

= f\l f\z, wheref\l andf\z are& expressions,
R(Al), whereR is a Iter condition andf\l 2R,
S(Al), whereS is a set of variablesf,\l 2 R, and

pVars(,f\l) orS ¢V ars(f\l), or

:=A1[ A, whereh; A, are& expressions and

pVars (f\ 1)=cVars (f\l):pVars (i\z):cVars (f\z).

OB BB BB

1]

LEMMA 2. Every& 2 & has the incompatibility property.. 1

The following example illustrates that expressions outside frag-
ment& generally do not exhibit the incompatibility property:

ExampLE 5. LetD :=f(0;f;0); (1;t;1); (a;v;0); (a;v;1)g
be an RDF database, ad := J(O;f;?xX)ko [ J(1;t;?y)kKo,
Az = ooy((a;v;?22)Ko Pz T, X)) J(7z;t; ?y)Ko)
be set algebra expressions. When evaluatingandA, onD we
obtain the mapping s& = ff ?x 7! 0g;f?y 7! 1gg for both ex-
pressions. Obviously, the two mapping<irare compatible. Note
that neitherA; nor A, are& expressions. As a positive example,
observe thaBz 1= (J(@; ?X; 2Y)Ko [ J(b;2%; ?2y)Kp) 2 &. [

Algebraic Laws. We start our investigation of SPARQL set al-

gebra equivalences with some basic rules that hold with respect to

common algebraic laws in groupsand! | in Figure 2, whereA
stands for a\ expression ané& represents a& expression. Fol-
lowing common notation, we writé B if SPARQL algebra
expressiomA is equivalent toB on every documend. As a no-
tational convention, we distinguish equivalences that speci cally
hold for fragment& by a tilde symbol, e.g. writingJldem) for
the idempotence of the join operator over expressions in flass
Most interesting in group are rules(J1dem) and (Ltdem ),
established for fragmer& . In fact, these rules do not generally
hold for expressions that violate the incompatibility property. To

all variables inS that do not belong tpVars(A) can be dropped
when projectingS. The main benet of these two rules stems
from a combination with the other equivalences from group ,
which may introduce such redundant variables within the rewriting
process (cf. Example 6 below). The remaining six rules address
the issue of pushing down projection expressions. Equivalence
(PFPush)covers projection pushing into Iter expressions, while
(PMerge)shows that nested projection expression can be merged
into a single projection. The four rules for the binary operations
build upon the notion of possible variables. To give an example,
rule (PJPush)elies on the observation that, when pushing projec-
tions inside join subexpressions, we must keep variables that may
occur in both subexpressions, because such variables may aéfect th
result of the join (as they might cause incompatibility). Therefore,
we deneS®:=S[ S®=S][ (pVars(A1)\ pVars(Az)) as an
extension ofs and project the variables B’ in the two subexpres-
sions.(PMPush)and(PLPush)exhibit similar ideas. Note that we
generally cannot eliminate the topmost projection, bec&fse S.

ExXAmMPLE 6. Using rules(PBasel) (PBasell) and (PJPush)
we can easily prove that expressidhs andB 2™ below, which se-

lect all persons that know at least one other person, are equivalent:

B1:= 2personznamd ?personznamd [(Ppersonname ?nam¢lg) 1
2person?namd [(Ppersonknows ?person2d))
B{™ := [(Ppersonname?namgig 1
2persod [(Ppersonknows ?person?[gd)

One may expect thd& fpt is more ef cient tharB ; on databases
containing manyknowsrelationships, where the early projection
removes duplicates and accelerates the join operation. 1

Filter Manipulation. Groupsl VandV in Figure 2 contain rules
to decompose, eliminate, and rearrange Iter conditions. They form
the basis for transferring relational algebra Iter pushing techniques
into the context of SPARQL. We emphasize, though, that these
rules are more than simple translations of existing relational algebra
equivalences: rstly, they rely on the SPARQL-speci c concepts
of possible and certain variables and, secondly, address speci cs of
SPARQL algebra, such as predicatal (cf. (FBndl)-(FBndIV)).

The rst three equivalences in grodpV cover decomposition
and reordering of Iter conditions, exploiting connections between
SPARQL operators and the boolean connectivesid_. The sub-

give a concrete counterexample, substitute for instance expressiorsequent four rule@=Bndl)-(FBndIV)are SPARQL-speci ¢ and ad-

A1 (or A) from Example 5 for® in either(J1dem ) or (Ltdem ).
The rules for associativity, commutativity, and distributivity in

dress the predicatend They re ect the intuition behind the con-
cepts of possible and certain variables. To give an example, precon-

groupl | speak for themselves. An outstanding question is whether dition ?x 2 cVars(A1) in rule (Bndl) implies that?x is bound in
they are complete w.r.t. all possible operator combinations. The €ach result mapping (by Proposition 1), so the Iter can be dropped.

lemma below rules out all combinations that are not explicitly stated:

LEMMA 3. LetO; :=f n] gandO;:=0O;[fl[g be sets
of operators. Then (1) operatansand are neither associative
nor commutative; (2) neither nor are left-distributive ovef ;
(3)if 01 2 O1, 02 2 Oz, andos & 0z, then operatoo, is neither
left- nor right-distributive over operatar . 1

Projection Pushing. Next, we shortly discuss the rules for pro-
jection pushing in group | | of Figure 2. These rules are moti-

vated by the desideratum that a good optimization scheme should
include the possibility to choose among evaluation plans where pro-

jection is applied at different positions in the operator tree.
The rst two rules in groupl | |, (PBasel)and (PBasell) are
general-purpose rewritings for projection expressiofiBBasel)

shows that, when projecting a variable set that contains all possibleble. Indeed, we have thaty=c(A1 [CAb) and -y=c(A1

variables (and possibly some additional varial8gsthe projection
can be droppedPBasell)complementg§PBasel)by showing that

Finally, the rules in grouly cover the issue of Iter pushing. Par-
ticularly interesting argdFJPush)and (FLPush) which crucially
rely on the notions of possible and certain variables: the Iter can
be pushed inside the rst component of a joa [—Al, (or left
outer joinA1  Ay) if each variable used inside the lIteris a cer-
tain variable ofA1 (i.e., bound in every left side mapping) or is not
a possible variable &k (i.e., not bound in any right side mapping).
This ultimately guarantees that the join (respectively left outer join)
does not affect the validity of the lIter condition. In general, the
equivalences do not hold if this precondition is violated:

ExXAmMPLE 7. Considerthe SPARQL algebra expressibas=
J(?x;c; o)k J(?x;d; ?y)Ko, Az := J(?y; c; ©)ko and the doc-
umentD = f(c;c;0g. We observe thaty 62cVars(A1) and
?y 2 pVars(Az), so neither(FJPush)nor (FLPush)are applica-
A2)
evaluate tdf ?x 7! c;?y 7! cggonD, whereas »y=c(A1) CAb
and »y=c(A1) A both evaluate t¢. 1



I. Idenpotence and I|nverse I'V. Filter Deconposition and Elimnation
A Al =A (Uldem) R1" Ry (A) = R, ( ry(A)) (FDecompl)
R1R=R Ndem) Ri_Ra(A) = Ry (A) TR, (A) (FDecompll)
PP (Udem ) RCR(A) = Ro( Ri(A) (FReord)
A\A =[] (Inv) bd (2x) (A) = A, if ?x [cVars (A) (FBndI)

bnd (2x) (A) = [if ?x [pVars (A) (FBndll)

I'l. Associativity, Commutativity, Distributivity cbnd (0 (A) = [if 2x [cVars (A) (FBndlIl)
(A1 CAL) [Ak =A; [(A, [Ak) (UAsS) cbnd () (A) = A, if 2x [pVars (A) (FBndIV)
(A11A2)1 A3=A11 (A2l Aj) (JAss) v oA bushi
A, CAb =A, CAY (UComm) . Filter Pushing
A1l A, =A,1 A (JComm) R(ﬁl \l%’z) = R(ﬁl) \?(Az) (Ew;us?])
(A1 [Ab) 1 Az =(A11 As) [(A21 A3) (JUDIsR) R(ALNAZ) = r(A) A2 (FMPush)
A1l (A2 [AB)=(A11 Ap) (A1 1 A3) (JUDistL) > -2
(A1 CAb)\As =(A1\As) [(As\As) (MUDIsR) Ifforzolj ); AI\E;rS(R). .?AII)EiarAs (A1) [I]E/ar(ngiz),ht)hen
A HKAz3=(A1 XA ™A LUDistR R(A1 2 = r(A1 2 us
(s TAR) 3= 3 HA ) ) R(A1MA2) = r(A1) XAz (FLPush)

I1l. Projection Pushing _ o

ovars Ay s(A) =A (PBasel) VI. Mnus and Left Quter Join Rewriting

s(A) = s\ pvars (A)(A) (PBasell) (A1\NA2)\Az = (A1\A3)\A; (MReord)

s( r(A)) = s( r( s[vars(r)(A))  (PFPush) (A1 \A2)\A3z = A1\ (A [Ak) (MMUCorr)

si( 5(A) = sps,(A) (PMerge) A1\A; = A1\(A11 A) (M)
RixA, =A; x(A11 Ay) (f3)

Let S%0:= pVars (A1) n pVars (Az) andS%:= S [SP0 Then

s(A1 [Ab) = g(A1) [ E(A2) (PUPush) Let?x [Vl suchthatx [cVars (A2) \ pVars)(A1). Then

s(A11 Az) = s( stA1)1 srfA2)) (PJPush) bnd (259 (A1 X A2) = A1\ Az (FLBndl)

s(A1\NA2) = s( sdfA1)\ smfAz))  (PMPush) bnd (2 (A1 M A2) =A11A; (FLBndIl)

s(A1XAz) = s( sttA1) X scfAz2)) (PLPush)

Figure 2: Algebraic Equivalences, whereA; A 1;A2;A32 A; &2 &;S;S1;S2  V; R, Ry, Rz Denote Filter Conditions

We conclude our discussion of Iter manipulation with two ad- which extracts person®() with givenname ?gn “Sue”, sur-
ditional rules to make atomic equalities in Iter conditions explicit:  name @sn) different from“Smith”, and optionally their email?g).
Itis left as an exercise to the reader to verify that, using rules from
LEMMA 4. Let A be a SPARQL set algebra expression built groupsl - Vin Figure 2, the expression can be transformed into
using only operatord_ I, and triple patterns of the formitks.

Further let?x; ?y 2 cVars(A). ByA% we denote the expression 2p,2e(( 2sre=smith (J(?P; surname?snks)
obtained fromA by replacing all occurrences @k in A by ?y; CJ(?p; givennamg*Sue”)Ko  [I(?p; rdf:type Personks
similarly, A = is obtained fromA by replacing?x by URI or lit- ) J(?p email ?e)kp)

eralc. Then the following two equivalences hold.
We may assume that the latter expression can be evaluated more

(FEliml) snf 2xg ( 2x=2y (A)) snf 2xg (A %) ef ciently than the original expression, because both lters are ap-
(FElimil) snf 2xg ( 2x=c(A)) snf 2xg (A 5%) 1 plied early; the atomic Iter conditio’fgn = “Sue” has been em-
bedded into the triple patted{?p; givennamg?gn)ks . 1

(FEliml) and (FElimIl) allow to eliminate atomic lter condi-

tions of the forn?x =?y and?x = c, by replacing all occurrences The example illustrates that the rewriting rules provided so far
of ?x in the inner expression by andc, respectively. Observe  establish a powerful framework for nding alternate query evalua-
that in both equivalences the Iter expression must be embedded intion plans. It should be clear that further techniques like heuristics,

a projection expressions that projects variableSsef ?xg, i.e. not statistics about the data, knowledge about data access paths, and
including variable?x that is to be replaced (otherwisgx might cost estimation functions are necessary to implement an ef cient
appear in left side result mappings but not in right side mappings). and comprehensive optimizer on top of these rules, just like it is
Given our complete rewriting framework, this is not a major re- the case in the context of relational algebra (see e.g. [31]). The

striction: using the projection pushing rules from grdupl , we study of such techniques is beyond the scope of this work.
can push projections down on top of Iter expressions and subse- Rewriting Closed World Negation. We conclude the discus-
quently check if rulgFEliml) or (FElimll) applies. sion of SPARQL set algebra optimization with an investigation of

We conclude our discussion of lter manipulation with an exam- operatom. First recall that an expressidgky n Az retains exactly
ple that illustrates the Iter manipulation rules and their possible those mappings from; for which no compatible mapping A2

interplay with the previous rules from groupsl | | in Figure 2: exists (cf. De nition 3), so the minus operator essentially imple-
ments closed world negation. In contrast to the other algebraic op-
ExampLE 8. Consider the SPARQL algebra expression erations, operatar has no direct counterpart at the syntactic level,
but — in SPARQL syntax — is only implicit by the semantics of op-
2p,2e( 2sre="smith*» 2gr="sue” ( erator Q°T (i.e., OPTis mapped into  and the de nition of
(J(?p; givenname?gnks 1 relies on operatam). As argued in [1], the lack of a syntactic coun-
J(?p; surname?snko [CIMPp; rdf:type Personko) terpart complicates the encoding of queries involving negation and,

J(?p; emait ?e)K>)) as we shall see soon, poses speci ¢ challenges to query optimizers.



We also stress that, as discussed in Section 3.2, it is mainly the Given a set algebra equivalen¢g), we say that(E) carries
operatom that is responsible for the high complexity of the (syn- over from set to bag algebiiéeither (E) was speci ed for expres-
tactic) operator ®T. Therefore, at the algebraic level special care sionsA;A1;A2;Az 2 A and it also holds for all bag algebra ex-
should be taken in optimizing expressions involvingVe start our pressionsA; A 1;Az; Az 2 AT or (E) is speci ed for expressions

discussion with the observation from [1] that operat@an be en- from fragment& and also holds for expressions frdn*.

coded at the syntactic level using operatosTOFILTER, and (the

negated) lter predicaténd The following example illustrates the ExampLE 10. EquivalencgUldem) from Figure 2 does not
idea behind the encoding of negation in SPARQL. carry over to bag algebra. To see why, consider= f (c; c; g

andA := J(c;c;?x)ko 2 A ™. The result of evaluating onD is
EXAMPLE 9. The SPARQL expressidd; and the correspond-  (ff 2x 7! cgg; m) with m(f 2x 7! cg) := 1, butA [ A evaluates
ing algebra expressio@; = JQ1Ko below select all persons for  to (ff 2x 7! cgg; m® with m°(f 2x 7! cg) := 2. 1

which no name is speci ed in the data set. ) ) ) ) )
To keep the discussion short, we will not go to deep into detalil,

Q1 = ((? p:type; Person) OPT but only present the nal outcome of our investigation

((?p; type; Person) AND (?p; name; ?n))) FILTER (—=bnd(?n)) ’
C1:= . bnd cony([2P; type; Person ) g ¢ THEOREM 7. All equivalences from Figure 2 excefitldem)
(I(?p;type; Person) @ 1 [{?p; name; ?n)3)) 1 and(FDecompll)carry over to bag algebra. Further, ru(@&liml)

and(FElimll) from Lemma 4 carry over to bag algebra. —1

From an optimization point of view it would be desirable to have . . . .
a clean translation of the operator constellation in qu@ryusing 4.3 Extensions and Practical Implications
only operaton, but the semantics maf into C1, which involves We conclude with a discussion of implications for SPARQL en-
a comparably complex construction using operatars , [ and gines that build upon the of cial W3C (bag) semantics. To this
predicatebnd (thus using operaton implicitly, according to the end, we switch from the algebraic level back to the syntax level
semantics of ). This translation seems overly complicated and and discuss conclusion we can draw for engines that follow the bag
we will now show that better translations exist for a large class of semantics approach. We start with a result axAjueries:
practical queries, using only, without , and predicaténd .

We argue that the rewriting rules in Figure 2, grodp can ac- LEMMA 6. LetQ, Qu, Q2 be SPARQL expressions. Then

complish such a rewriting in many practical cases. Most impor- JASK(Q)Ko , JASK(Q)KS

tant in our context are rul@fJ ), which allows to eliminate redun- JASK(Q1 UNION Q2)Ko , JASK(Q1)Ko _ JASK(Q2)Ko
dant subexpressions in the right side of expressions (over frag- JASK(Q1 OPTQ2)Ks> ,  JASK(Q1)Ko

ment&), and rule(FLBndI). The idea is as follows. In a rst step, If pVars(JQ1Ko)\ pVars(JQ2Ks) = ; then

we apply rule(fJ ) to C; from Example 9, which gives us expres- JASK(Q1 AND Q2)Ko , JASK(Q1)Ko " JASK(Q2)Ko. L[
sioncg’ = bnd (2n)([(?p; type; Person ) [g X [(?p; name; ?n) [5).

In a second step, we apply rufELBndI) to expressiorC? and ob- The rst bullet states that for Ak queries the set and bag se-
tain C%':= J(?p: type; P erson)ko n J(?p; name; ?n)ko. mantics coincide. The remaining three rewritings are optimiza-
Thelconstruct’ion i,él involving operat’ors ':' and pred- tion rules, designed to reduce evaluation costs feK Aueries.

icatebnd, has been replaced by a simple minus expressi@f'i’h For instance, the rule for operatorr@shows that top-level ©r-
expressions can simply be replaced by the left side expression, thus

4.2 From Set to Bag Semantics saving the cost for computing the right side expression.
We now switch from set to bag algebra. Analogously to our Like SQL, the SPARQL standard [32] proposes a set of solution

discussion of SPARQL set algebra, we de ne a fragment c&lléd modi ers. Our focus here is on th.e solution modi e.rSﬁ'NCT
that contains all bag algebra expressions. It differs from set agebr and REDUCED‘. The DISTINCT modi er removes duplicates from
fragmentA in that triple patterns are of the fordhk’, and therefore the result set, i.e. f[he.result .Of evaluatingL8CT DISTINCTs (Q)
all operations are interpreted as operations over multi-sets. Theunder bag semantlc% is obtained fro()m m) = JSELECTS (Q)I5
ultimate goal in our analysis is to identify those equivalences from byoreplacmgm by m de ned asm( ) := 1 for all 2 Q and
Section 4.1 that hold for bag algebra expressions. m () := 0 otherwise (DST'N.CT and REDUCED queries make

We modify the de nition of the incompatibility property (cf. Def- only sense under bag semantics, where duplicate answers may oc-

inition 7) as follows for bag semantics. A bag algebra expresaion cur). While SELECT DISTINCT queries ensure that duplicates are

has theincompatibility propertyif, for every documend and re- eliminated, £LECT REDUCED queriespermitto eliminate them;
sult multi-set Qo,mp) obtained when evaluating on D it holds the idea is that optimizers can freely choose whether to eliminate

that (i) each two distinct mappings @p are incompatible and duplicates or not, based on their internal processing strategy. We
(i) mo( ) =1forall 2 Qp. The constraint (ii) arises from the describe the result of 2 ECT REDUCED queries as the set of all

fact that duplicate mappings are always compatible to each otheralid answers, i.e. a set of mapping sets. We clarify the idea by
example here; the interested reader will nd a formal de nition of

(i.e., ) and may harm equivalences that — under set algebra — - ;
hold for expressions that exhibit the incompatibility property. both DISTINCT and REDUCED queries in Appendix A.6.

It turns out that we also need to adjust the de nition of the frag-  ExampLe 11. LetQ := (?x;c;c) UNION (c; ¢;?x) and con-
ment that satis es the incompatibility property. We de ne the bag sider Q1 := SELECT(Q), Q2 := SELECT DISTINCT2x(Q),
algebra clasé + (the natural counterpart of set algebra cl&Js Qs := SELECT REDUCED:»(Q), andD := f (c; ¢; ©g. Then
as the set of expressions built using operatbrsd, , , and
(bracket-enclosed) triple patterns of the fadti’. Then, in anal- JQ1K5 = (ff ?x 7! cgg; m1) where _
ogy to Lemma 2 for set semantics, we can show the following. ma(f?x 7! cg) :=2andmy( ) := 0 otherwise,

JQ2K5 = (ff 2x 7! cgg; m2) where
LEMMA 5. EveryA+ 2 &+ has the incompatibility propertyz—1 ma(f?x 7! cg) := Landm( ) := 0 otherwise,

JQsKS =f (ff 2x 7! cgg; m1); (ff ?2x 7! cgg; m2)g. 1



We next summarize relations between modi ers and semantics: that each resource that is typed withalso has the property.
When talking about constraints in the following, we always mean
RDF constraints that are expressed as rst-order sentences.

Before presenting our SQO scheme for SPARQL, we shortly
investigate the general capabilities of SPARQL in the context of
RDF constraints. More precisely, we are interested in the question
whether the SPARQL query language can be used to express (i.e.,
check and encode) RDF constraints. An intuitive way to check if

The rst bullet shows that the (bag) semantics &fL&cT Dis- a constraint holds on some RDF document is by writing aﬁl’“’A
TINCT queries coincides with the set semantics for the correspond- GUery that returngrue on documen® if and only if D j= " .
ing SELECT query. Bullets two and three imply that set semantics To be in line with previous investigations on the expressiveness of
can also be used to evaluatel®CcT REDUCED queries. SPARQL, we extend our fragment by so-called empty graph pat-

Summarizing all previous results, we observe that the (simpler) €S of the formfg (which may be used in place of triple pat-
set semantics is applicable in the context of a large class of queriest®S), and a syntactic Mus operator; we de ne their semantics
(i.e. all Ask, SELECT DISTINCT, and SLECT REDUCEDquEeries). asJgko = fig andJQi MINUS Q2K = JQ1Kp n JQ2kp.
Engines that rely on SPARQL bag algebra for query evaluation may EMPty graph patterns are supported by the current W3C standard
opt to implement a separate module for set semantics and switch@d operator Mus is planned as a future extensidrBoth con-
between these modules based on the results above. We conclud&tructs were also used in [1], where it is shown that SPARQL has
with a lemma that identi es another large class of queries that can the same expressiveness as Relational Algebra. Given the latter re-

be evaluated using set semantics in place of bag semantics: sult and the close connection between RA and rst-order logic, one
may expect that ( rst-order logic) constraints can be expressed in

SPARQL. The next theorem con rms this expectation:

LEMMA 7. Let Q be a SPARQL expression aBd V. Then
JSELECTs(Q)Kp = JSELECT DISTINCTs(Q)KS
JSELECT DISTINCTs(Q)KS 2 JSELECT REDUCEDs (Q)KS

There is somg(Q; m) 2 JSELECT REDUCEDs(Q)KS such
thatJSELECTs (Q)Ko = (Q; m). 1

LEMMA 8. LetQ 2 AFO and letS
JSELECTs(Q)Ko = JSELECTs(Q)KS.

5. SEMANTIC SPARQL OPTIMIZATION

We assume that the reader is familiar with the concepts of rst-  The constructive proof in Appendix D.1 shows how to encode
order logic, relational databases, and conjunctive queries. To beRDF constraints in SPARQL and makes the connection between
self-contained, we summarize the most important concepts below. SPARQL and rst-order logic explicit. From a practical perspec-

Conjunctive Queries. A conjunctive query (CQ) is an expres- tive, the result shows that SPARQL is expressive enough to deal
sion of the formg : ans(X) ' (X;¥y), where' is a conjunction with rst-order constraints and quali es SPARQL for extensions to
of relational atomsx andy are tuples of variables and constants, encode user-de ned constraints, e.g. in the style of SREQE
and every variable ix also occurs il . The semantics off on ASSERTIONstatements. In the remainder of the paper, we switch
database instandeisde ned asq(l ) :=f ajl = 9y' (@y) 0. back to the original SPARQL fragment from De nitions 1 and 2.

Constraints. We specify constraints in form of rst-order sen-
tences over relational predicates. As special cases, we consider th<.5-1 SQO for SPARQL
well-known classes of tuple-generating dependencies (TGDs) and The key idea of semantic query optimization is, given a query
equality-generating dependencies (EGDs) [2], which cover most and a set of integrity constraints, to nd minimal (or more ef cient)
practical relations between data entities, such as functional and in-queries that are equivalent to the original query on each database
clusion dependencies. Abstracting from details, TGDs and EGDs instance that satis es the constraints. We de ne the problem for
have the forn8x(' (X) !9 y (X;y)) and8x( (X)! Xi =X;j), SPARQL as follows: given a SPARQL expression or qu@rand
respectively. Technical background can be found in Appendix A.3. a set of TGDs and EGDX over the RDF database, we want to

Chase. We assume familiarity with the basics of the chase al- enumerate (minimal) expressions or que@<hat are equivalent

pVars(JQKo). Then

be an RDF constraint. There is arsRA
DE'.C1

THEOREM 8. Let'
queryQ s.t. for every documem it holds thatiQko ,

gorithm (cf. [21, 2, 14]), a useful tool in semantic query optimiza-
tion [14, 8]. In the context of SQO, the chase takes agz@Qd a set

of TGDs and EGD< as input. It interprets the body of the query,
body (g), as database instance and successively xes constraint vi-
olations inbody (g). We denote the output obtained when chasjng
with = asg”. Itis known thabody (q*) j= = and thag” is equiva-

lent toq on every instanc® j= >. Note thatg™ may be unde ned,
since the chase may fail or not terminate (see Appendix A.3). Still,

to Q on every databade such thaD = . In that case, we say
thatQ andQ’are>-equivalent and denote this Iy = Q°.

The constraints that are given as input might have been speci ed
by the user, automatically extracted from the underlying database,
or — in our setting — may be implicitly given by the semantics of
RDFS when SPARQL is coupled with an RDFS inference system.
In fact, one aspect that served as a central motivation for the in-
vestigation of SQO for SPARQL is the close connection between

there has been work on chase termination conditions that guaranteeconstraints and the semantics of RDF and RDFS [29]. To be con-

its termination in many practical cases (e.g. [28, 7, 22]).

Our SQO scheme builds on the Chase & Backchase (C&B) al-
gorithm [8], which uses the chase as a subprocedure. Given@ CQ
and a set of TGDs and EGDSs as input, the C&B algorithm re-
turns the set of minimal rewritings (w.r.t. the number of atoms in
the body) ofq that are equivalent tq on every instanc® j= .

We denote its output as (q), if it is de ned (the result is unde-
ned if and only if the underlying chase result is unde ned).

Constraints for RDF. We interpret an RDF databag® as a
ternary relationT that stores all the RDF triples and express con-
straints for RDF as rst-order sentences over predidatd-or in-
stance, the TGDBx(T (x; rdf:itype C) ! 9 yT(x;p;y)) asserts

crete, RDF(S) comes with a set of reserved URIs with prede ned
semantics, such adf:typefor typing entities, ordfs:domainand
rdfs:rangefor xing the domain and range of properties (cf. [12]).
As an example, let us consider the xed RDF database

D := {(knows rdfs:domain Persor); (knows rdfs:range Person);
(PL knowsP2)}.

According to the semantics aéifs:domain(rdfs:rangg, each
URI or blank node that is used in the subject (object) position of

“The extension is necessary to obtain the result in Theorem 8, see
Remark 1 in Appendix D.1 for more background information.
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triples with predicaté&nowsis implicitly of type Person i.e. forD ExAmMPLE 12. Consider the SPARQL MD-only query

the semantics implies two fresh triples:= (PL; rdf:type Persor) Q := SELECTop1,2p2((?PL; knows 2p2) AND

andt, := (P2 rdf:type Persor). The SPARQL query language ig- (?p1; rdf:type; Person AND (?p2; rdf:type; Person) . Then
nores the semantics of this vocabulary and operates on the RDF

database “as is”, thus disregarding triples that are not explicitly ~€X(Q) = an{?pL?p2) — T(?pl knows?pa); T (?pL rdf:type Person);
contained in the database but only implicit by the RDF(S) seman- T(?p2 rdf:type Persor)

tics. Still, when SPARQL is coupled with an RDF(S) inferencing ~ andcg *(cq(Q)) = Q. As another example, we can observe
system, it implicitly operates on top of the implied database, which thatcq *(ang{?x)  T(“a” ; p; ?X)) is unde ned, because expres-
satis es all the constraints imposed by RDF(S) vocabulary. For sion ELECT«(("a" ; p; ?X)) has literala” in subject position.[ ]

instance, implied databases always satisfy the two constraints Although de ned forA™ queries, the translation scheme can eas-

' g = [plc;x;y (T (p; rdfs:domainc); T (x;p;y) — T(x; rdf:type c)), ily be applied toA expressions (i.e., AD-blocks in queries): ev-
[ple; x;y (T (p; rdfsirange ¢); T(x; p;y) — T(y; rdf:itype c)), eryQ 2 A is equivalent to thé™ query SELECTpvarsaaks, )(Q)-
Our rst result is that, when coupled with the C&B algorithm,
the forth-and-back translatiores) andcq * provide a sound ap-
roach to semantic query optimization fonA-only queries when-
ver the underlying chase algorithm terminates regularly:

.
which capture the semanticsoffs:domain(’ 4) andrdfs:range
(" r). Thus, whenever SPARQL is evaluated on top of an RDFS
inferencing engine, we can use these constraints (and others tha
are implicit by the semantics of RDF(S) [12, 11]) for SQO.
We note that constraint-based query optimization in the context LEMMA 9. LetQ be anA™ query, letD be an RDF database,
of RDFS inference has been discussed before in [11]. Our agproac and letZ be a set of EGDs and TGDs. ¢bs(cq(Q)) is de ned,
is much more general and supports constraints beyond those im-d 2 ¢cbs (cg(Q)), andcq *(q) is de ned, thercg *(q) = Q. [

plied by the semantics of RDFS, i.e. it also works on top of user- | emma 9 formalizes the key idea of our SQO scheme: given that
de ned or automatically extracted constraints. In [17], forinstance, the chase result farg(Q) with = is de ned for some Aip-only
we proposed to carry over constraints from relational databases,query Q, we can apply the C&B algorithm tog(Q) and trans-
such as primary and foreign keys, when translating relational data |ate the resulting minimal queries back into SPARQL, to obtain

into RDF. Also the latter may serve as input to our semantic op- SPARQL AnD-only queries that ar&-equivalent taQ.
timization scheme. As another difference to [11], our approach

addresses the speci cs of SPARQL, e.g. we also provide rules for
the semantic optimization of queries that involve operater.O
Outline. We now come to the discussion of our SQO scheme.
The basic idea of our approach is as follows. Given a SPARQL
query and a set of constraints, we rst translatepAonly sub-
queries of the input query into conjunctive queries. In a second
step, we use the C&B algorithm to minimize these CQs, translate Lemma 9 states only soundness of the SQO scheme fmr-A
the minimized CQs (i.e., the output of C&B) back into SPARQL, only queries. In fact, one can observe that under certain circum-
and substitute them for the initial subqueries. By default, the C&B stance the scheme proposed in Lemma 9 is not complete:
algorithm returnsx-equivalent queries that are minimal w.r.t. the . .
number of atoms in the body of the query. Yet, as described in [8], ExAMPLE 14. Consider the SPARQL queries
the C&B algorithm also can be coupled with a cost estimation func- Q1 := SELECTx((?X; &; “I" )),
tion and in that case would return queries that are minimal w.r.t. the Q2 := SELECTx((?X; &; “I" ) AND (?x; b; 0)),
cost function. In the absence of a cost measure, we focus on the ;45 -— g X v;z(T(cy;z) ! T(z;y:x))g. It holds that

minimality property in the following, but point out that the ap- Q: s Q» because the answer to bo@y and Q, is always
proach per se also supports more sophisticated cost measures.  q empty set on documents that satisfy the single constraint
The optimization scheme described above, which is restricted to in = enforces that all RDF documents satisfyighave no lit-
AnD-only queries or AD-only subqueries, will be described in  grg) in object position, because otherwise this literal would appear
more detail in Section 5.1.1. Complementarily, in Section 5.1.2 j, gpject position, which is invalid RDF. Contrarily, observe that

we discuss SPARQL-speci c rules that allow for the semantic opti- cq(Q1) 6 = cq(Q2). To see why, consider for example the rela-
mization of complex queries involving operatora FER and CPT. tional instance := T (a;a;“" ).’T(ul,, ‘a;a)g, wherel = 5

i ~ (cq(Q))(1) = f(a)g, but (cq(Q2))(1) = ;. Therefore, our
5.1.1 Optimizing AND-only Blocks scheme would not dete&t-equivalence betwee; andQ,. [

ExampLE 13. Consider quer®) from Example 12 and query
Q" := SELECT2p1,2p2((?p1; knows ?p2)). Further consider the
constraints 4, ' r from Section 5.1 and de n& = f' g4;' (0.
We havecg(Q°") 2 cbs(cq(Q)) and it follows from Lemma 9
thatcq 1(cq(Q°")) = Q%" s Q. An engine that builds upon an
RDFS inference engine thus may evalu@f®'in place ofQ. [

We start with translation functions that map SPARQlZonly

queries to Conjunctive queries and vice versa: Arguably, EXample 14 presents a COI’ISU‘UCted Scenario and it
seems reasonable to assume that such situations (which in some
DEFINITION 9. LetS  V andletQ 2 A™ be de ned as sense contradict to the type restrictions of RDF) barely occur in

practice. We next provide a precondition that guarantees complete-

Q = SELECTs((S1;P1; 01) AND 2 AND (Sn;Pn;On)). ness for virtually all practical scenarios. It relies on the observa-

We de ne the translatioeg(Q) := g, whereq is de ned as tion that, in the example abovéeq(Q1))* and (ca(Q2))* (i-e.,
the queries obtained when chasow{Q1) andcq(Q2) with Z, re-
g:=ans(s) T(s1;p1;01);:::;T(Sn;Pn;0On) spectively) do not re ect valid SPARQL queries. We can guarantee

— . . completeness if we explicitly exclude such cases:
and tuples contains exactly the variables frofh

Further, we de ne the back-translatiay *(q) as follows. It LEMMA 10. LetD be an RDF database and @tbe anA™
takes a CQ in the form af and returngQ if it is a valid SPARQL ~ query such thatq *((cq(Q))*) 2 A™. If cbx(cq(Q)) terminates
query, i.e. if(si;pi;0i) 2 UV UV LUV foralli 2 [n]; in then for allQ® 2 A™ such thatq *((cg(Q%)*) 2 A ™ thenQ® 2
caseQ is not a valid SPARQL quergq () is undened. 1 ¢q ‘(cb=(ca(Q))), Q° = QandQ’minimal. —1



5.1.2 SPARQL-specific Optimization
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APPENDIX
A. ADDITIONAL DEFINITIONS

We give some background de nitions that are not relevant for the
understanding of the paper itself, but are important for the under-
standing of the proofs in the remainder of the appendix and clarify
technical issues that were left out in the main section of the paper.

A.1 Semantics of Filter Conditions

DEFINITION 10 (HLTER SEMANTICS). Given a mapping ,
Iter conditions R, R1, Rz, variables?x, ?y, andc;d 2 LU, we
say that satisfiesR, written as = R, if and only if one of the
following conditions holds.

R is of the formbnd (?x) and?x 2 dom( ).

R is of the formc = d andc equals tad.

R is of the form?x = ¢, ?x 2 dom( ), and (?x) =c.
R is of the form?x = ?y, f?x;?yg dom( ), and it holds
that (?x) = (?y).

R is of the form: R and it is not the case thatj= R;.
R is of the formR; _ Rz and =Rjior =Ra.

R is of the formR;1» Rz and j=Rjiand j=R».

A.2 SPARQL Bag Semantics

Implementing the ideas sketched in Section 2, we formally de-
ne the bag semantics for SPARQL as follows. First, we overload
the algebraic operations from De nition 3:

DEFINITION 11 (SPARQL B\G ALGEBRA). LetR be a I-
ter condition,S  V a nite set of variables, ant := (Q;m),
My == (Qi;my), My := (Qr; m,) be mapping multi-sets We de-
ne the operations join (), dinion ( ), set minusig), left outer join
(), projection ('), and selection () over mapping multi-sets:

M, M, := (Q%m?, where

Q(;2=f |b vl 12Q1 r2Qr: rgand

M) = o2t @Ea2e 2Tl =g
(miC 1) me( )

forall 2M .

Mi[ M= (Q%m9, where
Q%:=f vj w2Qor v2Qrgand
mo ):=m( )+m.( forall 2M .

MinM, = (Q%m°), where

Q%:=f 2 Qjforall +2Q,: 6 rgand

mo ):=m( )if 2 Q°%andm® ) := 0 otherwise.
M MrZ:(M|r)[ (M|nMr)

s(M) := (Q%m9%, where

QOZZf 1]9 2. 1[ ZZQ"dom( 1) S
A dom( 2)\ S=;g and

P
mO( )= e 2f pE2Qjns (F nigh=f pgg m( +)forall 2M .
r(M) = (Q%m?, where
Q%:=f 2Qj ERgand
m% ):=m( )if 2 Q°%andm® ):= 0, otherwise.
We refer to the above algebra8BARQL bag algebra 1

The above de nition exactly corresponds to De nition 3 w.r.t. the
mappings that are contained in the result set (i.e., the de nition
of QY in each rule mirrors the de nition of SPARQL set algebra),
but additionally xes the multiplicities for generated set members

(cf. functionm?). It is easily veri ed that the above de nition al-
ways returns multi-sets valid according to De nition 5. Now we
are in the position to the de ne the bag semantics for SPARQL:

DEFINITION 12 (SPARQL B\G SEMANTICS). LetD be an
RDF database, be a triple patternQ1, Q> denote SPARQL ex-
pressionsR a lter condition, andS  V be a nite set of vari-
ables. We de ne the bag semantics recursively as follows.

JKS = (Q:=f jdom( )=vargt)and (t) 2 Dg;m),
wherem( ) :=1forall 2 Q,andm( ) := 0 otherwise.

JQ1 AND Q2K =JQ1K5 [CID2KS

JQ1 OPT Q2KS =JQ1KS  JQ2K5

JQ1 UNION QK5 :=JQ1K5 [ JQ2K}

JQ: FILTERRK, = r(JIQ:KS)

JSELECTs(Q)KS = s(JQ1K5)

JASK(Q1)KS =G =JQiKD) -

Note that this de nition is identical to De nition 4, except for
the case of triple pattern evaluation, where we represent the result
of evaluating a triple pattern as a multi-set. Hence, when evaluating
a SPARQL expression bottom-up using bag semantics, algebraic
operations will always be interpreted as multi-set operations.

A.3 TGDs, EGDs, and Chase

We x three pairwise disjoint in nite sets: the set obnstant&,
the set oflabeled nullsAnun, and the set ofariablesV. Often
we will denote a sequence of variables, constants or labeled nulls
by a. A database schemR is a nite set of relational symbols
fR1;::;;Rng. To everyR 2 R we assign a natural number (R)
called itsarity. A database instanck is a nite set of R -atoms
that contains only elements frafR[ Anun in their positions. The
domain ofl , dom(l), is the set of elements appearing in

DEFINITION 13 (TUPLE-GENERATING DEPENDENCY).
A tuple-generating dependen€yGD) is a rst-order sentence

=8X((X)!9 Yy (X5Y)

such that (a) both and are conjunctions of atomic formulas
(possibly with parameters from), (b) is not empty, (c) is
possibly empty, (d) both and do not contain equality atoms and
(e) all variables fronx that occur in  must also occur in. We
denote bypos( ) the set of positions in. 1

DEFINITION 14  (EQUALITY-GENERATING DEPENDENCY).
An equality-generating dependency (EGD) is a rst-order sentence
=8x( X)) ! xi =xj),
wherex;; xj occur in and is a non-empty conjunction of

equality-freeR -atoms (possibly with parameters frafx). We de-
note the set of positions in by pos( ). 1

DEFINITION 15 (HOMOMORPHISM). A homomorphisnfrom
a set of atom#\; to a set of atom#\, is a mapping : A [
V ! A [ Anun such that the following conditions hold: (i)
if c 2 A, then (c) = cand (ii) if R(c1;::;¢cn) 2 Ax, then
R( (c1);5 (en)) 2 Aa. 1

We are now in the position to introduce the chase algorithm. Let
> be a set of TGDs and EGDs ahdan instance, represented as a
set of atoms. We saythata TGX' 2 X is applicable td if there



is @ homomorphism from body(8x' ) to| and cannot be ex-
tended to a homomorphisn? from head(8x' )tol. Insuch
a case the chase step P J is de ned as follows. We de ne
a homomorphism as follows: (a) agrees with on all univer-
sally quanti ed variables in , (b) for every existentially quanti ed
variabley in 8X' we choose a "fresh" labeled nal|, 2 Anui and
dene (y) :=ny. Wesetd tol [ (head(8X" )). We say that
an EGD8x' 2 X is applicable td if there is a homomorphism
frombody(8X' ) tol and it holds that (x;) & (Xj). In this case

the chase step FXPHCI 5 is de ned as follows. We set to
| exceptthat all occurrences ofx ) are substituted by (xi) =:
a,if (xj)is alabeled null,
| exceptthatall occurrences ofx;) are substituted by(x;) =:
a, if (x;)is alabeled null,
unde ned, if both (xj) and (xj) are constants. In this case
we say that the chase fails.

A chase sequends an exhaustive application of applicable con-
straints

RE=Y ,a: ,a;
|oq].0 0|;|_¢!1 1|2q12 2:::,

where we impose no strict order on what constraint must be applied
in case several constraints are applicable. If the chase sequence i

nite, say | » being its nal element, the chase terminates and its re-
sultl & is de ned asl ;. Although different orders of application of

applicable constraints may lead to different chase results, it is folk-
lore that two different chase orders always lead to homomorphi-

cally equivalent results, if these exist. Therefore, we wirftefor
the result of the chase on an instahaenderZ. It has been shown
in [21] that! = j= =. If a chase step cannot be performed (e.g.,

because a homomorphism would have to equate two constants) or The induction hypothesis is 2 JQKo ,

A.6 DISTINCT and REDUCED Queries

We provide a de nition of DSTINCT and REDUCED queries.

DEFINITION 18 (SELECT DISTINCT QERY). Let Q be
a SPARQL expression arf®l V. A SPARQLSELECTDISTINCT
queryis an expression of the formeSecT DISTINCTs(Q). We
extend the bag semantics from De nition 12 tal%&CT DISTINCT
queries as follows. LefQ™;m™) = JSELECTs(Q)K5. We de-
ne JSELECT DISTINCTs(Q)KS := (Q™; m), wherem is de ned
asm( ):=1ifm*( ) 21andm( ):= 0 otherwise. 1

DEFINITION 19 (SELECT REDUCED @ERY). Let Q be
a SPARQL expressionar®l V. A SPARQLSELECT REDUCED
queryis an expression of the formeSeCcT REDUCEDs (Q). We
extend the bag semantics from De nition 12 tal%CT REDUCED
queries. Let(Q";m™) = JSELECTs(Q)KS. The solution to
query ELECT REDUCEDs(Q) is the set of mapping sets of the
form (Q*;m) s.t. forall 2 M it holds that (i)m™( ) = 0!
m( )=0and(i)m*( )>0! m() 1"m() m*( ).

B. PROOFS OF COMPLEXITY RESULTS

B.1 Proof of Lemmal

We prove the lemma by induction on the structur&ofTo sim-
plify the notation, we shall write 2 JQKS if and only if 2 Q™
for JQKS = (Q™*;m™). This notation is justi ed by the property
thatm™( ) 1foreach 2 Q. Note that the SPARQL bag
algebra operators introduced in De nition 3 maintain this property,
i.e. whenever an algebraic operation generates a mappittgen
the multiplicity that is associated withis at least one.

2 JQKS. For

in case of an in nite chase sequence, the chase result is unde ned. the basic case, let us assume t@at= t is a triple pattern. Let

A.4 OPT-rank

Formally, therank of an expression is de ned as follows.

DEFINITION 16 (OPT-RANK). The nesting depth of ©r ex-
pressions in SPARQL expressi@n called QpT-rankrank (Q), is
de ned recursively on the structure &f as

rank(t) =0,

rank(Q1 FILTER R) :=rank(Q1),

rank(Qi1 AND Qz) :=maxrank(Q1),rank(Qz)),
rank(Q1 UNION Q2):=maxrank(Q1),rank(Q2)),
rank(Q1 OPTQz) :=maxrank(Qi),rank(Qz)) + 1,

wheremaxn1,n2) returns the maximum af; andns.

A.5 Function pVars(A)

We provide a formal de nition of functiopVars(A):

DEFINITION 17 (FUNCTION pVary. LetA be a SPARQL set
algebra expression. FunctigpVars(A) extracts the set of so-
calledpossible variablefrom a SPARQL algebra expression:

pVars(Jtko) :=vars(t)

pVars(A1 [CAb):=pVars(A1) [ pVars(Az)
pVars(A1[ Az):=pVars(A1)[ pVars(Az)
pVars(A1 nAy) :=pVars(A1)

pVars( s(A1)) :=pVars(A1)\ S

pVars( r(A1)) :=pVars(A1)

Q = JKo and(Q";m™) := XKS be the results obtained when
evaluatingQ onD using set and bag semantics, respectively. From
De nitions 3 and 11 it follows immediately th& = Q™ and thus

2 QK> , 2 JQKS, which completes the basic case. We
therefore may assume that the hypothesis holds for each expression.

Coming to the induction step, we distinguish ve cases. (1) Let
Q = P1ANDP2. ) : Let 2 JP; AND Pk = JPiks [
JP2Ko. Then, by de nition of operator_, there are 1 2 JP1Kp,

2 2 JP2Ko st 1 2and 1 [ 2 = . By application
of the induction hypothesis, we have that 2 JP:K5 and > 2
JP2KS, and consequently = 1 [ 2 2 JPiKS [CIP:KS =
JP1 AND P2KS. Direction “( ” is analogical. We omit the proof
for case (2)Q := P1 UNION P2, which is similar to case (1).
Next, (3) letQ := P1 OPTP2. We exemplarily discuss direction
“) 7, the opposite direction is similar. Let 2 JP; OPT P2y =
(P1ko CIB2K5) [ (JP1Ko nJIP2Ko). Then is generated (i) by
the subexpressiodP1ks [IP2Ko or (i) by JP1ko n JPo2Ks.
The argumentation for (i) is identical to case (1), i.e. we can show
that is then generated hjP; OPT P25 = (JP1KS CIR2KS) [
(JP1K5 n JP2KY), namely by the left side of the union. For case
(ii), we argue that 2 JP1K> NJP2Ko ! 2 JP1KS nJP2KS. So
let us assume that2 JP1Kko nJP2Ks. Then 2 JP1Ko and there
is no compatible mapping® in JP2Ko. We have 2 JP1KS
by induction hypothesis. Assume for the sake of contradiction that
there is a compatible mapping in JPoK5. Then, again by in-
duction hypothesis, we have that2 JP.K>, which contradicts to
the assumption that there is no compatible mappingitoJP2Ks .
This completes case (3). Finally, cases@)= SELECTs(P) and
(5) Q := P FILTER R are easily obtained by application of the
induction hypothesis 1



B.2 Proof of Theorem 2 For instance, iVc, = Vi, = fxg, the second and the third part
Theorem 2(1):We provide a PTME-algorithm that solves the ~ ©Of the union would generate the triplés; vari; x) and(a; x; x),

EVALUATION problem for fragmenEU. It is de ned recursively ~ respectively, wher is a fresh URI for the boolean variable

on the structure of the input expressiBnand returngrueif 2 Foreachclaus€i :==vi_ _ vj_ Vj+1_ _! Vk, Where
JP Ko, falseotherwise. We distinguish three cases. (& If=t is Vi,:i1,Vj are positive andj+1, 111, Vi are negated variables, we
a triple pattern, we returiiueif and only if 2 Jtks. (b) If P := de ne a separate SPARQL expression

P1 UNION P2 we (recursively) check if 2 JP1Ko 2 JP2Ko
holds. (c) IfP := Py FILTER R for some lter conditionR, we
returntrue if and only if 2 JP1kp » R j= . Itis easy to see
that the above algorithm runs in polynomial time. Its correctness
follows from the de nition of the algebraic operatdrsand .
Theorem 2(2)To prove that the FALUATION problem for frag-
mentAU is NP-complete we need to show membership and hard-
ness. The hardness part was sketched in Section 3.1, so we re-
strict on proving membership here. LBtbe a SPARQL expres-
sion composed of operatorsnd, UNION, and triple patterns)
a document, and a mapping. We provide an NP-algorithm that

returnstrue if 2 JP Ky, andfalseotherwise. Our algorithm is It is straightf dt i that i tis able iff th .
de ned on the structure d?: (a) if P :=t is a triple pattern then is straightforward to verify that is safis able iff there is a

returntrueif 2 JtKo, falseotherwise; (b) ifP := P1 UNION Py, mapping 2 JPyKo. Even. more, each mapping 2 ‘.]P‘“K?
return the truth value of 2 JP;1Ko 2 JPko; nally, (c) if reprt_asents a set of truth assignments, where each assignmient
P := P, AND P5, then guessadecampositiorp [ 2andre- obtained as follows: for eachy 2 Vy we set (vi) == (?Vi)

turn the truth value of 1 2 JP1K5* 2 2 JP2Ko. The correctness !I\/?Velszfj dom(. )'. or de ne ?ither ”h(\t/i)t;\: 0 or H(Vrin% :t: 1t?f
of the algorithm follows from the de nition of the algebraic oper- * ™! thom(' ); ;"32 vers?r{ to(; each tru a?lgntmt::h a satls-
ators [Cahd[ . Clearly, this algorithm can be implemented by a es ereis wko that de nes  according to the construc-

- ; - ; ) tion rule for |, above. Note that the de nition of,, accounts for
non-deterministic Turing Machine that runs in polynomial tirhe.1 H - H
9 poly the fact that som&V; may be unbound in; then, the value of the

B.3 Proof of Theorem 3 variable is not relevant to obtain a satisfying truth assignment and
we can randomly choose a value fgrin truth assignment,.
GivenPy, we can encode the quanti er-sequence using a series
of nested ®T statements as shown in [24]. To make the proof
self-contained, we shortly summarize this construction. We use

Pc, := ¢ (Cr((ayvarg; ?vary)
OPT ((a;v1; ?vari) AND (a; true; ?V1)))

OPT ((a; vj; ?vari) AND (a;true; ?V;)))
OPT ((a; vj+1; ?vari) AND (a; false; ?Vj+1)))

OPT ((a; vk; ?vari) AND (a; false; ?Vk))),

wherevy, :::, vk stand for the URIs that are associated with the
respective variables accordingla We then encode formula as
Py :=Pc, AND ::: AND P¢, .

We reduce QBF, a prototypical P&cE-complete problem, to
EVALUATION for classAO . The hardness part of the proof is in
parts inspired by the proof of Theorem 1(3) stated before, which
has been formally proven in [24]: there, QBF was encoded us-
ing operators AD, OPT, and WNION. Here, we encode the prob-
lem using only A\D and CPT, which turns out to be considerably
harder. Membership in FBCE, and hence completeness, then fol-
lows from the P8ACE membership of classOU AO (cf. The-
orem 1(3)). Formally, QBF is de ned as follows.

use fresh variable®\o; : : :?Am, ?Bo; : : :?Bm, and operators KD,
OPT to encode the quanti er sequen8&19y :::8Xm9ym. For
eachi 2 [m] we de neP; andQ; as

Pi :=((a;tv; ?X 1) AND ::: AND (a;tv; ?X;i) AND

QBF: given a quanti ed boolean formula _ (a;tv; 2Y1) AND ::: AND (a;tv; ?Yi 1) AND
"= 8x19y18x29y2 11 8Xxm9%ym asinput, where is a (a; false; ?A; 1) AND (a; true; ?A;)),

guanti er-free formula in conjunctive normal form (CNF): Qi:=((a;tv; 2X 1) AND ::: AND (a;tv; ?X;) AND
is the formula valid? (a;tv; ?Y1) AND ::: AND (a;tv; ?Yi) AND

(a;false;?Bi 1) AND (a; true; ?Bj)).
Let us start the discussion with a quanti ed boolean formula
Using these expressions, we encode the quanti ed boolean for-

"= 8X19y18X29y2 11 i 8Xm9Ym mula' as
and assume that the inner formulaof the quanti ed formula is Py:= (a; true; ?Bo) OPT (P1 OPT (Q1
in conjunctive normal form, i.e. :=C1~ ~ Cp where theC; OPT (P2 OPT (Q2
(i 2 [n]) are disjunctions of literals By V,, we denote the set of cee
(boolean) variables in and byVc, the set of variables in clause OPT (Pm OPT (Qm AND Py)):::)))).

Ci. For our encoding, we use the polynomial-size database
It can be shown that := f?Bo 7! 1g 2 JP¢Ko if and only if
D :=f (a; falsg 0); (a; true; 1); (a;tv; 0); (a; tv; 1)g [ ' is valid, which completes the reduction. We do not restate this
f(avari;v)jv2 Ve g [T (av;v)jVv2 Vg, technical part of the proof here, but refer the interested reader to

] ) the proof of Theorem 3 in [24] for detail§. ]
where the second and the third part of the union should be under-

stood as a syntactic replacementdfy variable names iNc, and B.4 Proof of Theorem 4
Vy, respectively (and the variable names are understood as URIs). Adapting the idea from the proof of Theorem 3, we present a
SNote that, like the proof in [24], we assume that the inner formula réduction from QBF to the ¥aLUATION problem for SPARQL

of the quanti ed formula is in CNF. Itis known that also this variant ~ queries, where the challenge is to encode the quanti ed boolean
of the QBF problem is PSACE-complete. formula using only operator ©x. Rather than starting from scratch,

A literal is a boolean variable or a negated boolean variable. our strategy is to take the proof of Theorem 3 as a starting point and




to replace all AD expressions by ©r-only constructions. As we
will see later, most of the AD operators in the encoding can sim-
ply be replaced by ©1 without changing the semantics. However,
for the innermost AID expressions in the encoding Bf, it turns

out that the situation is not that easy. We therefore start with a
lemma that will later help us to solve this situation elegantly.

LEMMA 13. Let

2) be SPARQL expressions,

S denote the set of all variables@, Q1, Q2,:::, Qn,

D := f(a;false 0); (a;true; 1); (a; tv; 0); (a;tv; 1)g [ D be
an RDF database such thhirr(Do) \f true falseg = ;,

1 variables distinct from the
variables inS.

Further, we de ne the expressions

Q%=((::: ((Q OPTV2) OPTV3):::) OPT Vn),
Q%=((::: ((Q1 OPT (Q2 OPT V2))
OPT (Q3 OPT V3))
)
OPT (Qn OPT V,)), where
Vi = (a;true; ?V;) andV; = (a;false; ?Vi).

The following claims hold.

(1) Q% =f 2 JQK>g
(2) JIQ°OPT (Q1 AND Q2 AND ::: AND Qn)ko =
JQPOPT ((::: ((Q®OPTV2) OPTV3):::) OPTV Ko

Informally speaking, claim (2) of the lemma provides a mecha-
nism to rewrite an AID expression that is encapsulated in the right
side of an @T expression by means of anP@ expression. It is
important to realize that there is a restriction imposed on the left
side expressio®°®, i.e. Q°is obtained fromQ by extending each

claim (1). Before proving the lemma, let us illustrate the construc-
tion by means of a small example:

EXAMPLE 16. Consider the database

D :=f(a;false 0); (a; true; 1); (a; tv; 0); (a; tv; 1)g

and the expressions

Q :=(a;tv;?a) ,soJQKky =ff ?2a7! 0g;f?a7! 1gg,
Qi:=(a;tv; ?b) ,s0JQikpo="ff ?b7! Og;f?b7! 1gg,
Q2:= (a;true; ?b), soJQko= ff ?b 7! 1gg.

Concerning claim (1) of Lemma 13, we observe that

JQ%= JQ OPT Vol
=JQ OPT (a; true; ?V2)ko
=ff?a7! 0;?V, 7! 1g;f?a 7! 1,?2V> 7! 199,

s0JQ% differs fromJQKs only in that each mapping contains
an additional bindin@V. 7! 1. As for claim (2) of the lemma, we
observe that the left expression

JQ° OPT (Q1 AND Q2)Ko
=JQ% ff ?b7! 1gg
=ff 2a7! 0;?07! 1,7V, 7! 1g;f?a 7! 1;?b 7! 1;?V, 7! 1gg

is equal to the right side expression

JQ° OPT ((Q1 OPT (Q2 OPT V2)) OPT V2)Ko

=JQ% ((Qik> (2K  Mako))  IVako)
Q%  ((Qiko DT LN T 1gg)  Mako)
2 1Q%  (ff 2071 0g:f?2b7! 1;7V> 7! 1gg  JVako)
D 0% ff 7207 0;2V2 7! 0g:f?b 7! 132V, 7! 1gg
(4a)

ff 2a7! 0;?2V, 7! 1g;f?a 7! 1,72V, 7! 1gg
ff 207! 0;?V> 7! 0g;f?b7! 1;?V> 7! 199

ff 2a7! 0;?b7! 1;?V, 71 1g;f?a 7! 1;?b7! 1;?V2 7! 1g0.

(4D

The right side expression simulates the innevDAexpression
from the left side using a series ofP@ expressions. The idea of
the construction is as follows. In step (1) we extend each map-
ping in JQ2Ko by an additional bindingV» 7! 1. Now recall that
Q1 Qo= (Q1 ) [ (Q1nQ2). When computing the left
outer join betweenlQ1Ko and the mapping set from step (1) in
step (2), the bindin@V» 7! 1 will be carried over to mappings that
result from the [Cpart of the left outer join (cf. mapping?b 7!
1;?V, 7! 1g), but does not appear in mappings that are generated
from then part of the left outer join (cf. mappinig?b 7! 0g). Next,
in step (3) we extend all mappings from the prior set for wiieh
is not bound by a bindin@V> 7! 0. This extension affects only the
mapping obtained from the part, while the mapping from thé&_—1
part is left unchanged. In the nal steps (4a) and (4b), the bindings
2V, 7! lineach 2 JQ% serve as lters, which reject all map-
pings that come from tha part. Thus, only those mappings that
have been created by tHepart are retained. Hence, we simulated
the behavior of the AD expression (the syntactic counterparts of
operator[)using CPT operators. 1

Proof of Lemma 13

Lemma 13(1)First, we observe that &WV; are unbound in each

2 JQKo, because by assumption th; are fresh variables that
do not appear i. Next, given thatlom(D %) does not contain the
URI true it follows that no triple inD° matches the triple pattern
Vi = (a;true; ?Vi), so we have thalViks = ff ?V; 7! 1gg.
Hence, what expressio@® does is to successively extend each
mapping 2 JQKo by the (compatible) mappings?V> 7! 1g,

101, f2Vn 7! 19, so the claim holds.

Lemma 13(2)We study the evaluation of the right side expres-
sion and argue that it yields exactly the same result as the left side
expression. Rather than working out all details, we give the in-
tuition of the equivalence. We start the discussion with the right
side subexpressio@® First observe that the result of evaluating
Qi OPTV; corresponds to the result i, except that each result
mapping is extended by bindiry; 7! 1. We use the abbreviation
Q)" := Qi OPTV;, which allows us to compactly deno@’by
(G:: ((Q1 OPTQY?) OPTQY?) OPT :::) OPTQY" ). By appli-
cation of semantics and algebraic laws, such as distributiviti_of
over[ (cf. Figure 2) we bringlQ%ks into the form

JQ%%o
= J((::: ((Q1 OPTQ}?) OPTQY?) OPT :::) OPTQY" Ko
= JQ1 AND QY2 AND QY2 AND ::: AND QY Ko [ Pp,
where we call the left subexpression of the unjoim part and
Pp at the right side is an algebra expression (over databaséth
the following property: for each mapping2 Pp there is at least
one?V (2 i n) s.t. ?Vi 62dom( ). We observe that, in
contrast, for each mappingthat is generated by the join part, we
have thadom( )



1, for 2 i n. Hence, these mappings are identi ed by the
property (?V2) = (?V3) = (?Vn) = 1. Going one step
further, we next consider the larger right side subexpression

P%:=((:: ((Q™OPTV2) OPTV3) OPT :::) OPTV ).

It is easily veri ed that, when evaluating expressiBfi, we ob-
tain exactly the mappings frodQ%%ks, but each mapping 2
JQ%K is extended byV; 7! 0 for all variables?V; 62dom( ).

As argued before, all mappings in the join part@f’are com-
plete in the sense that &V; are bound tdl, so these mappings
are not modi ed. The remaining mappings (i.e. those originating
from Pp) will be extended by binding8Vi 7! 0 for at least one
?Vi. The resulting situation can be summarized as follows: rst, for

for those 2 JP% that evolve from the join part afQ%%s we
havethat (?V2) = = (?Va) = 1; third, forthose 2 JP %
that evolve from the subexpressiBg (i.e., not from the join part)

Going one step further, we nally consider the whole right side
expression, namelyQ°® OpTP%5. From claim (1) of the lemma
we know that each mapping iHQ%> maps all?V; to 1. Hence,
when computingQ° OPTP%5 = JQ%>  JP %, the bindings

mappings iNIQ°%K5 are pairwise incompatible with those mapping
from JP %o that bind one or moré@V; to 0. As discussed before,
the condition that at least o?%/; maps td0 holds for exactly those
mappings that originate frofp, so all mappings originating from
Po do not contribute to the result 30° OpT P %K. Hence,

JQPOPTPH =3Q% PU%
=JQ%  JQi1 AND QY2 AND QY AND ::: AND QY" Ko
= JQ°OPT (Q1 AND QY2 AND Q¥* AND ::: AND QY )Ko.

Even more, we know from claim (1) of the lemma that 2l;
are bound td for each 2 JQ%. It follows that we can replace

}’i := Qi OPTV; by Q; in P° without changing the semantics
of expressionQ® OPT P %Ko

JQ°0oPTP %
= JQ°OPT (Q1 AND Q32 AND Q¥® AND ::: AND Q" Ko
= JQ°OPT (Q1 AND Q2 AND Q3 AND ::: AND Qn)Ko

The nal step in our transformation corresponds exactly to the
left side expression of the original claim (2). Thus, we have shown
that the equivalence holdE1

Proof of Theorem 4
Having established Lemma 13 we are ready to proveseg
completeness for fragme@t. As before in the proof of Theorem 3,

it suf ces to show hardness. Following the idea discussed before,

we show that each WD expression in the proof of Theorem 3 can
be replaced by a construction using onlyexpressions. Let us
again start with a quanti ed boolean formula

"= 8X19y18X%29y2 111 8Xm9yYm

where is a quanti er-free formula in conjunctive normal form,
i.e. isaconjunction of clauses := C;* " Cp where the

Ci (i 2 [n]), are disjunctions of literals. As before, by, we
denote the set of variables inside by V¢, the variables in clause
Ci (either in positive of negative form), and we de ne the database

D :=f(a;tv; 0); (a;tv; 1); (a; false 0); (a; true; 1)g [
f(a;vari;v)jv2 Ve, g [ T (a5v;v) jv 2 Vyo.

The rst modi cation of the proof for classAO concerns the
encoding of clauseS; :==vi_  _ Vj_:! Vj+1i_ _:! Vk.In
the prior encoding we used bothnd and GPT operators to encode
such clauses. Itis easy to see that we can simply replace eanh A
operator there by ©r without changing semantics. The reason is
simply that, for all subexpressiofs OPT P- in the prior encoding
of Pc, , it holds thatvars(P1) \ vars(P2) = ; andJP2ko & ;.

To be more precise, eachw expression in the encodiRr; of a
clauseCi is of the form(a; vj; ?vari) AND (a; false=true; ?V;), so

the right side triple pattern generates one result mapphvg 7!
0=1g, which is compatible with the single mappihg@var; 7! vjg
obtained when evaluating the left pattern. Clearly, in this case the
left join is identical to the join. When replacing allN® operators

by OPT, we obtain arD-encodingP " for clause<;:

P = (i1 (11 ((a vari; 2vari)
OPT ((a;va; ?vari) OPT (a; true; ?V1)))

OPT ((a; vj; ?vari) OPT (a; true; ?Vj)))
OPT ((a; vj+1; ?vari) OPT (a; false; ?Vj+1)))

OPT ((a; vk; ?vari) OPT (a;false; ?Vk))).

This encoding gives us a preliminary encoth\ﬂ]for formula
(as areplacement féty, from the proof for Theorem 3), de ned as
Py = PZTAND ::: AND PET; we will tackle the replacement
of the remaining AID expressions inﬁhﬁ later. Let us next consider
theP; andQ; used for simulating the quanti er alternation. With a
similar argumentation as before, we can replace each occurrence of
operator AN\D by OpT without changing the semantics. This modi-
cation results in the equivalent @r-only encoding®°° (for P;)
andQ¥*T (for Q;), i 2 [m], de ned as

POPT:=((a;tv; ?X 1) OPT ::: OPT (a;tv; ?X;) OPT
(a;tv; ?Y1) OPT ::: OPT(a;tv; ?Y; 1) OPT
(a;false; ?Ai 1) OPT (a; true; ?A)),

QP :=((a;tv; ?X 1) OPT ::: OPT (a;tv; ?X;) OPT
(a;tv; ?2Y1) OPT ::: OPT (a;tv; ?Yi) OPT
(a;false; ?Bi 1) OPT (a; true; ?Bj)).

Let us shortly summarize what we have achieved so far. Given
all modi cations before, our preliminary encodir@ for' is

P§:= (a;true; ?Bo) OPT (P°" OPT (QP™"

OpPT(PY™, OPT (QY™,
OPTP )):::)); where

P :=PST OPT(Q%™ AND P%)
= P OPT(Q%T AND PEPTAND ::: AND PE™).

ExpressiorP is the only subexpression 8, that still contains
AND operators (wher®3y™, P, 111, PE"" are CpT-only expres-
sions). We now exploit the rewriting from Lemma 13 and replace
P by theO expressior® °°" de ned as

[=] opPT =

QOPT((::: ((Q®OPTV,) OPTV3) OPT :::) OPTV n+1)),
where

Q%= ((::: (PS™ OPTV2) OPTV3):::) OPT Vi),
Q%= ((::: ((QY™ OPT (PEF™ OPT V1))
OPT (Pé’;T OPT V3))

OPT (P OPT Vn+1)));
Vi = (ajtrue; ?V;i); Vi = (a;false; ?2Vi),



Let P&"" denote the expression obtained fré§ by replacing
the subexpressioR by P°"". First observe thaPy"" is anO
expression. From Lemma 13(2) it follows thi® °""K> equals
to JQ° OPT (Q" AND PE™"::: AND P&)Ko, where the eval-
uation result)lQ%s is obtained fromIP S7"ks by extending each

2 PSP with bindings?Ve 7! 1,111, ?Vnha 7! 1, according

f(vi)
f( 17

=?2Vi=1
2)="f( )" f( 2)
f( 1 2)x=fC 1) _f( 2)
fC 1) cf( 1)

In the expressioPy, the AND-block generates all possible val-
uations for the variables in, while the RLTER-expression retains

to Lemma 13(1). Consequently, the result obtained when evaluat- exactly those valuations that satisfy formulalt is straightforward

ing P °"Tis identical taJP K5 except for the additional bindings for
(the fresh) variable®Vs, :::, ?Vn+1. Itis straightforward to verify

to verify that is satis able iff there is a mapping 2 JPyKo.
Even more, for each 2 JPyKo the truth assignment,, de ned

that these bindings do not harm the overall construction, i.e. we can gg u(v) == (?V) for all variablesv 2 V,, satis es the formula

show thaff ?Bo 7! 1g 2 JP§" Ko iff ' is valid. C1

B.5 Proof of Theorem 5

We start with a more general form of the QBF problem, which
will be required later in the main proof of Theorem 5. The new
version of QBF differs from the QBF versions used in the proofs
of Theorems 3 and 4 (cf. Section 3.2) in that we relax the condition
that the inner, quanti er-free part of the formula is in CNF. We call
this generalized version QBF* and de ne it as follows.

QBF*: given a quanti ed boolean formula
"= 8X19y18x29y2 111 8Xm9yYm , asinput, where is a
quanti er-free formula: is valid?

LEMMA 14. There is a polynomial-time reduction from QBF*
to the SPARQL EALUATION problem for clas#\F O .2 1

Proof of Lemma 14

The correctness of this lemma follows from the observations that
(i) QBF* is known to be P8acecomplete (like QBF), (ii) the
subfragmenAO  AFO is PSAcE-hard and (iii) the superfrag-
mentE  AFO is contained in PBACE. Thus,AFO also is
P Srace-complete, which implies the existence of a reduction.

We are, however, interested in some speci ¢ properties of the re-
duction, so we will shortly sketch the construction. We restrict our-
selves on showing how to encode the inner, quanti er-free boolean
formula’ (which is not necessarily in CNF) using operatonstA
and ALTER. The second part of the reduction, namely the encoding

of the quanti er sequence, is the same as in the proof of Theorem 3.

Let us start with a quanti ed boolean formula of the form

= 8X19y18x29y2 i 8Xm9Ym

and, vice versa, for each truth assignmettat satis es there
is a mapping 2 JPyKo that de nes . The rest of the proof (i.e.,
the encoding of the surrounding quanti er sequence) is the same
as in the proof of Theorem 3. Ultimately, this gives us a SPARQL
expressiorP¢ (which containdy, above as a subexpression) such
that the formula is valid if and only the mapping :=fBo 7! 1g
is contained iNP¢Ks. 1

The next lemma follows essentially from the previous one:
LEMMA 15. Let
D :=f(a;false 0); (a; true; 1); (a; tv; 0); (a; tv; 1)g

be an RDF database ahd:= 8x19y1 :::8Xm9%yYm (m 1)
be a quanti ed boolean formula, whereis quanti er-free. There
is an encodingnc (' ) such that

l.enc(")2E om,

2. " isvalidiff f?Bo 7! 1g 2 Jenc(' )ko, and

3. ' isinvalid iff for each 2 Jenc(’ )Ko it holds that

f?2Bo 7! 1;?A1 7! 1g. 1

We omit the technical proof and state a last result before turning

towards the proof of Lemma 5:

LEMMA 16. LetP; andP, be SPARQL expressions for which
the evaluation problem is iy, i 1, and letR be a RLTER
condition. The following claims hold.

1. The B/ALUATION problem forP; UNION P3 is in =P,
2. The B/ALUATION problem forP; AND P, isin =¥ .

3. The B/ALUATION problem forP; FILTERR isin =P . 1

Proof of Lemma 16

Lemma 16(1): According to the semantics we have that2
JP1 UNION P2Ko if and only if 2 JP1ko or 2 JP2Ks. By
assumption, both conditions can be checked individually By a

where is a quanti er-free boolean formula. We assume w.l.o.g. aglgorithm, and so can both checks in sequence.

sume that formula is constructed using boolean connectites
ables in formula . We x the database
D :=f(a;false 0); (a; true; 1); (a; tv; 0); (a; tv; 1)g
and encode the formula as
Py := ((&;tv; V1) AND ::: AND (&;tv; ?Vn)) FILTERT( ),
where?Vy, :::, ?Vn represent the boolean variables : ::, v
and functionf ( ) generates a SPARQL condition that precisely

mirrors the boolean formula. Formally, functionf ( ) is de ned
recursively on the structure of as follows.

8The same result was proven in [26]. This lemma, however, was
developed independently from [26]. We informally published it
already one year earlier, in a same-named technical report.

Lemma 16(2)itis easy to see that 2 JP1 AND P2Kp iff  can
be decomposed into two mappings 2suchthat = [ 2
and 1 2 JP1Kp and , 2 JP;Ks. By assumption, both testing

12 JP1Ks and 2 2 JPaKs isin =F. Sincei 1, we have
that=F =% = NP. Hence, we can guess a decomposition
1[ 2 and check the two conditions one after the other. Itis
easy to see that the whole procedure iZfh.

Lemma 16(3):The condition 2 JPi1 FILTER RKs holds iff

2 JP1K> (which can be tested i} by assumption) andR
satis es  (which can be tested in polynomial time). We have that
>P NP PTiMEfori 1,sothe procedureisinf . [1

Proof of Theorem 5

We are now ready to tackle Theorem 5. The completeness proof
divides into two parts, namely hardness and membership. We start
with the hardness part, which is a reduction from QBE& variant
of the QBF problem used in previous proofs where the number
of quanti er alternations is xed. We formally de ne QBE
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QBF,: given a quanti ed boolean formula
"= 9X18x29%3 111 QX asinput, where isa
quanti er-free formulaQ := 9 if n is odd, and
Q :=8if nis even: is the formula valid?

It is known that QBF;, is =F -complete fom 1.

(Hardness)Recall that our goal is to show that fragmeht,
is =P ,.,-hard. To prove this claim, we present a reduction from
QBF, . to the B/ALUATION problem for clas€ n, i.e. we en-
code a quanti ed boolean formula with+1 quanti er alternations
by anE expression with ®T-rank n. We distinguish two cases.
(1) LetQ := 9, so the quanti ed boolean formula is of the form

= 9y08Xx19y1 :::8Xm9Ym

Formula' has2m + 1 quanti er alternations, so we need to
nd an E »m encoding for this expressions. We rewriténto an
equivalent formula =" 1 _ "' 2, where

"1 :=8x19y1::
' ::8X19y1

:8Xm9ym( ” yo), and
:8Xm9Ym( ": Yo).

According to Lemma 15 there is a xed documdntandE >m
encodingsenc(* 1) andenc(’ 2) (for ' 1 and' », respectively)
s.t.Jenc(’ 1)Ko (Jenc(' 2)Kp) contains the mapping := f ?Bo 7!
1giff ' 1 (" 2)isvalid. Itis easy to see that the expressan(' ) :=
enc(’ 1) UNION enc(' 2) then contains if and only if* 1 or' »
is valid, i.e. iff' ="' 1 _ "' »isvalid. Given that botlenc(' 1)
andenc(’ 2) areE »m expressions, it follows thagnc(' ) =
enc(' 1) UNION enc(’ 2) isinE 2m, which completes part (1).

(2) LetQ := 8, so the quanti ed boolean formula is of the form

= 9%X08Y09X18X1 ::: 9Xm8Ym

' has2m + 2 quanti er alternations, so we need to nd a reduc-
tion to theE ,m+1 fragment. We eliminate the out&rquanti er
by rewriting' as' :='1_"' 2, where

"1 :=8y09x18y1 ::
' 2 :=8yo9x18y1 ::

:9Xm8ym( " Yyo), and
:9Xm8ym( " Yo).

Abstracting from the details of the inner formula, both and
' o are of the form

' 0:=8yo9x18y1::: 9Xm8ym

where Cis a quanti er-free boolean formula. We proceed as
follows: we show how to (*) encode® by anE m+1 expression
enc(' °) that, when evaluated on a xed documéntyields a xed
mapping iff ' %isvalid. Thisis suf cient, because then expression
enc(’ 1) UNION enc(’ 2) is anE >m+1 encoding that contains
iff the original formula’ :="' 1 ' »isvalid. We rst rewrite' %

0:=8yo9X18y1 : :: 9Xm8Ym °
=9 yo8X19y1 8Xm9Ym 0
=:(C9_"9),where
' 9:=8x19y1:::8Xm9ym(:  °” yo), and
' 9:=8%19y1:::8Xm9yYm(  °": yo).

According to Lemma 15, each? can be encoded by &8 om
expressionsnc(* ) such that, on the xed databaBegiven there,
(1) :=f?Bo 7! 1g2 J %o iff ' Yis valid and (2) if' ?is not
valid, then all mappinggenc(' 9)Ko bind both variable?A; and
?Bo to 1. It follows that (1) 2 enc(' ) UNION enc(' 3) iff
* 9 *%and (2 all mappings 2 enc(' 9) UNion enc(* 9) bind
both ?A; and?Bo to 1 iff : (" 9 _ ' 9). Now consider the ex-
pressionQ := ((a; false; ?A1) OpT (enc(' ) UNioN enc(’ 9)).
From claims (1') and (2') it follows that ° := f?A;1 7! 0g 2
JQKs iff : (9 _ ' 9). Nowrecallthat °=: (2 _ ' 9) holds,
hence °2 JQK iff ' %is valid. We know that botlenc(* 9) and
enc(' 3) areE ,m expressions, s®© 2 E ama+1. This implies that
claim (*) holds and completes the hardness part of the proof.

(Membership)Ve next prove membership Bf , expressions in
>P .1 by induction on the ®T-rank. Let us assume that for each
E . expressionr{ 2 No) EVALUATION is in =%, ;. As stated in
Theorem 1(2), EALUATION is =F = NP-complete for ®T-free
expressions (i.eE o), so the hypothesis holds for the basic case.
In the induction step we increase the ©rank fromn ton + 1 and
show that, for the resulting n+1 expression, the YALUATION
problem can be solved &P, ,. We consider an expressighwith
rank (Q) := n + 1 and distinguish four cases.

(1) Assume thaQ := P1 OPTP,. By assumptionQ 2 E n+1
and from the de nition of the ®T-rank (cf. De nition 16) it fol-
lows that bothP; andP- are inE . Hence, by induction hypoth-
esis, botiP; andP, can be evaluated i&F..;. By semantics, we
have thatlP; OPTP2Ks = JP1 AND P2Ko [ (JP1Ko n JP2Kp),
so 2 JP; OPTP2Ks iff it is generated by (i)JJP1 AND P2Ko
or (i) JP1Ko n JP2Ks>. According to Lemma 16(2), condition (i)
can be checked iZ%., ;. The more interesting part is to check if
(i) holds. Applying the semantics of operatoy this check can
be formulated a€ := C; * C,, whereC; ;== 2 JP1Ko and
Co:=:9 %2 JPaks : and  ©are compatible. By induc-
tion hypothesispl can be checked L5, .. We now argue that

:C2=9 %2 JP2Ks ;. and Care compatible can be evaluated
in =P, ,: we can guess a mappind (because&f., NP) and
then check if 2 JP.Ko (which, by application of the induction
hypothesis, can be done by, ; -algorithm), and test if and °
are compatible (in polynomial time). Checking the inverse prob-
lem, i.e. if C» holds, is then possible io=5,; = M%,;. Sum-
marizing cases (i) and (ii) we observe thatXi}.; and (ii) M5, ,
are both contained iR ,. Therefore, the two checks in sequence
can be executed iBF, ,, i.e. the whole algorithm is i&Zh, . This
completes case (1) of the induction.



(2) Assume tha® := P1 AND P». Figure 3(a) shows the struc-  A™. The subsequent proof was inspired by the reduction @fr3S
ture of a sample AD expression, where the symbols represent  to the evaluation problem for conjunctive queries in [10]. It nicely

non-COPT operators (i.e. AD, UNION, or FLTER), andt stands illustrates the relation betweenn®-only queries and conjunctive
for triple patterns. Expressio@ has an arbitrary number of i@ queries. We start with a formal de nition of the 38 problem:
subexpressions (which might, of course, contamTr@Gubexpres-
sions themselves). Each of these subexpressions hasabk 3SAT: given a boolean formula ;== C;»  ~ Cpin

n + 1. Using the same argumentation as in case (1), the eval-| conjunctive normal form as input, where each claGsés a
uation problem for all of them is ifEf.,. Further, each leaf disjunction of exactly three literals: is the formulasatis able?
node of the tree carries a triple pattern, which can be evaluated
inPTIME =P ,. Figure 3(b) illustrates the tree that is obtained Let :=Ci~ A~ Cp be aboolean formula in CNF, where

when replacing all ®T-expressions and triple patterns by the com-
plexity of their EVALUATION problem. This simpli ed tree is now
OpT-free, i.e. carries only operatorsnvd, UNION, and RLTER.
We then proceed as follows. We apply Lemma 16(1)-(3) repeat-  p := f(0; 0;0); (0; 0; 1); (0; 1; 0); (0; 1; 1); (1; 0; 0);
edly, folding the remaining AD, UNION, and RLTER subexpres- (1;0;1); (1;1;0); (1; 1; 1); (0; c; 1); (1; c; 0)g,

sions bottom up. The lemma guarantees that these folding oper-

ations do not increase the complexity class, so it follows that the  where we assume th@t1 2 U are URIs. Further leVy, =
EVALUATION problem falls inZf, for the whole expression. fX1;:::xmg denote the set of variables occurring in formula
We de ne the AND-only expression

eachC; is of the formC; := li1 _ li2 _ liz and thel;j are literals.
For our encoding we use the xed database

Finally, it is easily veri ed that the two remaining cases, namely
(3) Q := P1 UNION P2 and (4)Q := P1 FILTER R follow by

analogical arguments as used in case (21 PP=(L11il12iL13) AND 33 AND (LingjLn2il ns)

AND (?X1;¢;?2X 1) AND ::: AND (?X m;C;?X m)

B.6 Proof of Theorem 6 AND (0; c;?A),
Before proving the theorem, we show the following: whereL j; :=?X if lij = Xk, andL ; =Xk if lij =1 Xk
LEMMA 17. LetC be a complexity class arfé a class of ex- Finally, de ne P := SELECTA(P?). It is easily veri ed that

pressions. If FALUATION is C-complete foFF and C NP then :=f?A 7! 1g 2 JPKo if and only if formula  is satis able.

EVALUATION is C-complete foF ™. L1 Theorem 6(4):We prove membership in RWE for fragment

FU™, which implies PTME-membership foF ™ andU™. LetD
be an RDF database, be a mapping, an@® := SELECTs(Q?)
be anFU™ expression. We show that there is alRE-algorithm
that checks if 2 JQKo. Letts, :::, th be all triple patterns
occurring inQ. Our strategy is as follows: we process triple pattern
by triple pattern and check for eacA 2 Jt; K> if the following two
conditions hold: (1) all lter conditions that are de ned on toptef
in Q%satisfy ®and (2) s(f %) = f g. We returntrue if there
is a mapping that satis es both conditiotialseotherwise.
The idea behind this algorithm is that condition (1) implies that
92 JQ%>, while (2) asserts that the top-level projection gener-
ates mapping from °. It is easy to show that 2 JQKo if and
only if there is somé 2 [n] such thatltjk> contains a mapping
% that satis es both conditions, and clearly our algorithm (which
checks all candidates) would nd such a mapping, if it exists. The
number of triple patterns is linear to the size of the query, the num-

Proof of Lemma 17

Let F be a fragment for which the\BLUATION problem is C-
complete, where C is a complexity class such that QNP. We
show that, for a quer® 2 F™, documentD, and mapping ,
testing if 2 JQKo is contained in C (C-hardness follows trivially
from C-completeness of fragmeRt). By de nition, each query
in F™ is of the formQ := SELECTs(QY), whereS V is a
nite set of variables andQ® 2 F. According to the semantics of
SELECT, we have that 2 JQK iff there is a mapping ° in
JQ%s suchthat s(f %) =f g. We observe that the domain of
candidate mappings’is bounded by the set of variables@f and
dom(D). Hence, we can rst guess a mapping (recall that
we are at least in NP) and subsequently checkiff °g) = f
(in polynomial time) and ° 2 JQ% (using a C-algorithm, by
assumption). This completes the probf]

Proof of Theorem 6 ber of mappings in eachiij ko is linear to the size dD (where each
Theorem 6(2)Follows from Lemma 17 and Corollary 2. mapping is of bounded size); further, conditions (1) and (2) can be
Theorem 6(2)Follows from Lemma 17 and Theorem 5. checked in PTME, so the algorithm is in PiME. [

Theorem 6(3):NP-completeness for fragmeAt) ™ follows di-
rectly from Lemma 17 and Theorem 2 and NP-completeness for C, PROOFS OF ALGEBRAIC RESULTS
AFU ™ follows from Lemma 17 and Theorem 1. Therefore, it re-
mains to show that fragmenés™ andAF ™ are NP-complete. C.1 Proof of Lemma 2

First, we show that ZaLUATION for AF ™-queries is contained
in NP (membership foA™ queries then follows). By de nition,
each query iPAF ™ is of the formQ := SELECTs(Q®), where
S Vs a nite set of variables an)® is anAF expression.
We x a documentD and a mapping . To prove membership,

We prove the lemma by induction on the structureé&oéxpres-
sions, thereby exploiting the structural constraints imposed by Def-
inition 8. The basic case i€ := JtK>. By semantics (see Def-
inition 4), all mappings in the result then bind exactly the same
we follow the approach taken in proof of Lemma 17 and eliminate set of.variables, ?“d gonsequently the v.alues of gach two distinct
the SLECT-clause. More precisely, we guess a mappiflg rnappmg; must differ in at least one variable, wh_lch makgs .them

st s(f %) = and check if 92 JQ%o (cf. the proof of incompatible. We assume that eve®y2 A has the incompatibil-
Lemma 17). The size of the mapping to be guessed is bounded,ity Property and distinguish six cases.
and it is easy to see that the resulting algorithm is in NP. (1) Consider an expressiof := A; [M,. By De nition 8,

To prove hardness for both classes we reducer3$& prototyp- bothA1, A, are & expressions and by induction hypothesis both
ical NP-complete problem, to thevELUATION problem for class have the incompatibility property. We observe that each mapping



2 A& is of the form 1[ 2with 12 A, 22 A,
and 1 2 (by semantics of L) We x and show that each
mapping ° 2 A& that is distinct from is incompatible. Any dis-
tinct mapping © 2 & is of the form $[ S with 9 2 Ay,

9 2 A,, and it holds that  is different from 1 or that $ is
different from » (because is distinct from 9. Let us assume

w.l.o.g. that % is different from 1. We know tha’rf\l 2 R, soit
holds that 1 is incompatible with 2. It follows that = [ »

is incompatible with ° = 9 9, since 1 and ¢ disagree in
the value of at least one variable. (2) L8t:= A1 n A, where

A1 2 &, so each two distinct mappings A, are pairwise in-
compatible by induction hypothesis. By semanticsnpf& is a
subset off\1, so the incompatibility property trivially holds for
& (3) Let® := Ay A, where bothh; andA, are & ex-
pressions. We rewrite the left outer join according to its seman-
tics: & = A, A, = (A, CA,) [ (AL nA,). Following

the argumentation in cases (1) and (2), the incompatibility prop-
erty holds for both subexpressiofs—= A; AL, and&, :=

A1 nA,, soit sufces to show that the mappings M—are pair-
wise incompatible to those i&,. First note that&,, is a subset of
A1. Further, by semantics each mappin® & —is of the form

1[ 2, where 12 Al, 2 2 Az, and 1 2. Ap-
plying the induction hypothesis, we conclude that each mapping
in A; and hence each mapping 2 A&, is (3a) either incompat-

ible with 1 or (3b) identical to 1. (3a) If $ is incompatible

with 1, then it follows that $ is incompatible with 1 [ > =
and we are done. (3b) Let; = 2. By assumption, mapping
2 (which is generated bi\z) is compatible with ; = 9. We
conclude thatf\l n f\z does not generateg, which is a contra-
diction (i.e., assumption (3b) was invalid). (4) L&t:= R(f\l),
wheref; 2 R. By semantics of , & is a subset of\4, so the
property trivially follows by application of the induction hypothe-
sis (5) Let® := (A1), whereh; 2 & and by De nition 8 it
holds that (585 pVars(A;) or (5b)S  cVars(A1). (5a) If
S pVars(,f\l) then, according to Proposition 2, the projection
maintains all variables that might occur in result mapping# &
equivalent toh 1. The claim then follows by induction hypothesis.
Concerning case (588  cVars(A.) it follows from Proposi-
tion 1 that each result mapping produced by expres&idimds all
variablesinS  cVars (f\ 1), and consequently all result mappings

so0 each pair of distinct mappings & is incompatible. It follows
that 1 = » and, consequently,1 [ 2 = 1, which is gener-
ated by&, and hence by the right side expressi¢n: Consider a
mapping 2 &. Choose for both the left and right expression
in & Al By assumption, [ is contained in the left side
expression of the equation, which completes the proof.

(1dem). Let® 2 &. We rewrite the left side expression
schematically:

g K=K LA (Ank) [semantics]

= (& CA[; [(Inv)]
=K [semantics]
=R [(Adem)]

(Uldem) Follows trivially from the De nition of operaton. 1

Rules in Group Il

EquivalenceqUAss) (JAss) (UComm) (JComm) (JUDistL),
and(LUDistR)have been shown in [24] in Proposition 1 (the results
there are stated at syntactic level and easily carry over to SPARQL
algebra).(JUDistR)follows from (JComm)and(JUDistL).

(MUDistR). We show that both directions of the equation hold.
) : Consideramapping 2 (A1] A2)nAs. Hence, is contained
in A1 or in A, and there is no compatible mappingAa. If 2
A1 then the right side subexpressién n Az generates , in the
other caséA, n Az generates doeg. : Consider a mapping in
(Al nA3) [ (Az I"IA3). Then 2 (Al nA3) or 2 (Az [ A3).

In the rst case, is contained inA; and there is no compatible
mapping inAz. Clearly, is then also contained iA1 [ Az and
(A1 A2)nAs. The second case is symmetrical1

Rules in Group 1l

We introduce some notation. Given a mappinand variable set
S V,wedene js as the mapping obtained by projecting for
the variablesS in , e.g.f?x 7! 1,2y 7! 2g; oxg = f?2x 7! 1g.
Further, given two mappings:, 2 and a variabl@x we say that

1 and » agree on?x iff either it holds that?x 2 dom( 1)\
dom( 2)" 1(?xX) = 2(?x)or?x 62dom( 1)[ dom( »).

(PBasel) Follows from the de nition of the projection operator
and the observation thatvars(A) extracts all variables that are
potentially bound in any result mapping, as stated in Proposition 2.

bind exactly the same set of variables. Recalling that we assume

set semantics, we conclude that two distinct mappings differ in
the value of at least one variable, which makes them incompatible.
(6) Let® := A;[ A, whereh 1, A, are& expressions and it holds
that pvars(R1) = cvars(h;) = pvars(hz) = cVars(Ay).
From Propositions 1 and 2 it follows that each two mappings gen-
erated byl 1 [ A bind exactly the same set of variables. Following

(PBasell) For each set of variables it holds thatS = (S\
S)[ (SnS), sowe can rewrite the left side of the equation
aS (s\ pvars (A))[ (SnpVars (A))(A). This shows that, compared to
the right side expression of the equation, the left side projection
differs in that it additionally considers variables$mn pVars(A).
However, as stated in Proposition 2, for each mappititat is gen-
erated byA we have thatom( ) pVars(A), soS npVars(A)

the argumentation in case (5b), two distinct mapping then disagreecontains only variables that are unbound in each result mapping

in at least one variable and thus are incompatiblel
C.2 Proofs Equivalences Figure 2
Rules in Group |

(Uldem) Follows trivially from the De nition of operatof .

(Jldem). Let & be an®& expression. We show that both direc-
tions of the equivalence holyl. : Consider a mapping 2 & Al
Then 1i[ 2where 1; 22 Rand ; 2. From Lemma 2
we know that eacl& expression has the incompatibility property,

and thus can be dropped without changing the semantics.

(PFPush) Follows from the semantics of operatoand opera-
tor in De nition 4. The crucial observation is that ltering leaves
mappings unchanged, and — if we do not project away variables that
are required to evaluate the lter (which is implicit by the equation)
— then preprojection does not change the semantics.

(PMerge) Follows trivially from the de nition of operator .

(PUPush) Follows easily from the de nition of the projection
and the union operator. We omit the details.



(PJPush) ) : We show(Claim1)that, for each mapping that follows that there is a mapping 2 A, such that » Sand »
is generated by the left side subexpressfon [—Ay, there is a agrees with 3 on all variables irs%:= pVars(A1)\ pVars(Az).
mapping ° generated by the right side subexpressian(A1) 1 Taking both observations together, we conclude that  », be-
st{A2) such that for al’x 2 S either (?x) = 9%?x) holds cause all shared variables in-betweenand » are contained in
or ?x is unbound in both and °. It is easy to see that, if this  pVars(A1)\ pVars(A:) and each of these variables either maps
claim holds, then the right side generates all mappings that are gen-to the same value in1 ( 2) and ¢ ( 9) or is unbound in both.
erated by the left side: the mapping that is generated by the left This is a contradiction to the initial claim that is incompatible
side expression of the equation is obtained fromhen projecting with each mapping i\ 2, so assumption (b) was invalid.
for variables inS, and this mapping is also generated by the right ~ ( : Assumethat®2 s( s{A1)n sm(A2)). We show that °
side expression when projecting f8rin  °. So let us consider a is also generated by the left side of the equivalence. By semantics,

mapping 2 A:; [CA,. By semantics of[_ 1 is of the form Yis obtained from a mapping? 2 s{A1) that is incompatible
= 1[ 2,where 12 A1, 22 Az, and 1 2 holds. We with each mapping in sm(A2) by projecting on the variableS,

observe that, on the right sideg{A1) then generate a mapping ie. °= ‘{,S First observe that the left S|de subexpressian
9 1, obtained from 1 2 A1 by projecting on the variables®. generates a mapping ¢ that agrees with 9 on all variables

similarly, s(A2) generates a mappind 2, obtained from in S°. From the observation thaf] is |ncompat|ble with each map-

2> by projecting on the variableS®. Then 2 (' 9) agrees with ping in sm(A2) we conclude that also, ¢ is incompatible

1 ( 2) on variables inS (where “agrees” means that they either with each mapping irA, (which contains only mappings of the
map the variable to the same value or the variable is unbound inform » g forsome 92 sm(Az)). Hence, also the left side
both mappings), becau§® S holds and therefore no variables expressiomM; n A, generates ;. From 1 ¢ and the obser-

in S are projected away when computingc(A1) and sc{A>2). vation that 1 and ¢ agree on all variables i8° we conclude that

It is easy to see that; 21 2 9, so the right side ex- 1 and also agree on the variables$  S° Consequently,
pression si(A1) C_kc(A2) generates®:= 9[ 9. From the 1js = 1J5 = %and we conclude that the left side expression
observation that 1 ( 2) agrees with mapping$ ( 3) on all vari- generates mappind’. This completes the proof.

ables inS it follows that °agrees with on all variables irs and . . .

we conclude tha(Claim1)holds. ( : We show(Claim2)that, for (PLPush) The following rewriting proves the claim, where we

0. 00._—_

each mapping ° that is generated by the right side subexpression US€ the shortcusS™:= S[ (pVars(A1)\ pVars(Az)) andS™:=
s{A1) [C_k(A>) there is a mapping 2 A; [AL such that pVars(Ai)\ pvars(Az).

forall ?x 2 S either (?x) = 9%?x) or ?x is unbound in both

and ° Analogously to the other direction, it then follows immedi- :S(g&quﬁZ)Az) (A1 \A2)) [semantics]
ately that all mappings generated by the right side also are gener- = (A1 1 Ay) C (A1 \A2) [(PUPush)

ated by the left side of the equatlon So let us con5|der a mapplng s( stfA1) 1 grfAz)) 1

02 sc(Al) gE(Az) Then %isofthe form °:= ¢[ 9, s( stA1) \ smlA2)) [(PJPushXPMPush}
where 22 s(A1), 32 s(Az),and ? 9 holds. Assume = s( sfA1) 1 scfA2)) 1
that 2 is obtained from mapping; 2 A by projecting ors® and _ S((( SESﬁAAl))\l Stﬁg‘/i)))) 1 [0
similarly assume that3 is obtained from 2 2 A, by projecting on B (Ssrﬁil) N AD) 2 [(PUPUsh)
SP We distinguish two cases: (a) if, and » are compatible, then = s( sttA1) X grfA2)) [semantics]

;= 1[ 2isthe desired mapping thatagreeswith= 9] 3
on variables irS, because 1 ¢and - 9 holds. Other-
wise, (b) if 1 and - are incompatible this means there is a vari- ~ Most interesting is step, where we replac&® by S® This
able?x 2 dom( 1)\ dom( 2)suchthat 1(?x) & 2(?x). From rewriting step is justi ed by the equivalence
Proposition 2 we know th&x 2 pVars(A1)\ pVars(Az), which
implies that?x 2 S°  pVars(A1)\ pVars(Az). Hence?x is s( st(A1)n sm(Az)) s( st(A1) n sc(A2)).
boundin $andin 3 and it follows that $(?x) & 3(?x), which
contradicts the assumption tha} 9 (i.e., assumption (b) was The idea behind the latter rule is the following. First note that
invalid). This completes the proof. S°can be written a8° = S®[ (S n (pVars(A1) [ pVars(Az)),

which shows thas® andS®differ only by variables contained @&

but not inpVars(A1)\ pVars(Az). These variables are harmless
because they cannot induce incompatibility betweemthand the
As-part on either side of the equivalence, as they occur at most in
one of both mapping sets. We omit the technical det&ils]

(PMPush) ) : Let 2 s(A1nAy). By semantics, is
obtained from some mapping. 2 A; that is incompatible with
each mapping irA2, by projecting on the variableS, i.e. =

1js. We show that is also generated by the right side expression
s( st{A1) n smfA2)). First observe thatsc{A1) generates a
mapping ° 1 that agrees with 1 on all variables ir§ and also

on all variables ipVars(A1)\ pVars(Az), becausé\; generates Group IV

1andS?:= S[ (pvars(Au)\ pvars(Az)). We distinguish two (FDecompl) Follows from Lemma 1(1) in [24].
cases. (a) Assume tha is incompatible with each mapping gen- _
erated by sm(Az). Then also sc(A1) n sm(A») generates 2. (FDecompll) Follows from Lemma 1(2) in [24].

Going one step further, we observe that the whole expression at the

right side (i.e., including the outermost projection 8)rgenerates (FReord) Follows from(FDecompljand the commutativity of

the mapping 2is. We know that § agrees with ; on all vari- (FBndl). Follows from Proposition 1.
ablesinS, so jjs = 1js = . Hence, the right side generates -
(b) Assume there is a mapping 2 sm(A>) that is compatible (FBndll). Follows from Proposition 2.

with ¢, i.e.forall?x 2 dom( D\ dom( 9): 9(?x) = %(?x).
From before we know that; ¢ and that ; agrees with § on
all variables inpVars(A1) \ pVars(Az). From 92 sm(A») it (FBndIV). Follows from Proposition

(FBndlll). Follows from Proposition 1.



Group V
(FUPush) Follows from Proposition 1(5) in [24].

(FMPush) ) : Let 2 r(A1nA2). By semantics, 2 Aq,
there is no » 2 A, compatible with 1, and j= R. From these
preconditions it follows immediately that 2 r(A1) NA2. ( :
Let 2 gr(A1)nAz Then 2 Ai, = R, and thereisno
compatible mapping if\,. Clearly, then also 2 A1 n A, and

2 R(Al nAz).

(FJPush) ) : Let 2 Rgr(A; [CAbL). By semantics, = R
and we know that is of the form 1[ 2,where 12 A,

2 2 Az, and 1 2. Further, by assumption each variable
?x 2 vars(R) is (i) contained incVars (A1) or (ii) not contained
in pVars(A2) (or both). It suf ces to show thatClaiml) ; =R
holds, because this implies that the right side generatd<t us,
for the sake of contradiction, assume that6f R. Now consider
the semantics of Iter expressions in De nition 10. and recall that

1 . Given that = R, itis clear that 1 does not satisfy
R if and only if there is one or mor@x 2 vars(R) such that
?x 2 dom( ), ?x 62dom( 1) and?x causes the lIter to evaluate
to false. We now exploit the constraints (i) and (ii) that are imposed
on the variables ivars(R): if variable ?x satis es constraint (i),
then it follows from Proposition 1 th&x 2 dom( 1), which is
a contradiction; otherwise, #x satis es constraint (ii) we know
from Proposition 2 tha?x 62dom( ). Given that?x 2 dom( ),
this implies tha’x must be contained idom( 1), which is again
a contradiction. We conclude that = R, hence(Claim1)holds.
( :Let 2 Rr(A1) CAb,so isoftheform 1[ 2, where

12 A1, 22 Ay, and 1 = R. Further, by assumption each
variable?x 2 vars(R) is (i) contained incVars(A1) or (ii) not
contained impVars(A2) (or both). It suf ces to show thgClaim?2)

= R holds, because this implies that the left side generates
Let us, for the sake of contradiction, assume th& R. Consider
the semantics of Iter expressions in De nition 10 and recall that

1. Given that ; = R, we can easily derive that does not

satisfyR if and only if there is one or morex 2 vars(R) such that
?x 2 dom( ), ?x 62dom( 1) and?x causes the lIter to evaluate
to false. The rest is analogous to the proof of direcjion

(FLPush) We rewrite the expression:

R(A1 MA2)
rR((A11 Az) [{A1\A2)) [semantics]
R(A11 A2) CR(A1\AY) [(FUPush]

( r(A1) 1 A2) COR(A1) \A2) [(FIPush)(FMPush]
R(A1) XAz [semantics]

The rewriting proves the equivalende 1

Group VI

(MReord) We x a mapping and show that it is contained in
the left side expression if and only if it is contained in the right
side expression. First observe that ifs not contained i\ 1, then
it is neither contained in the right side nor in the left side of the
expressions (both are subset#\af). So let us assume that2 A;.

We distinguish three cases. Case (1): consider a mappRid\ 1
and assume there is a compatible mappinén Then is not
contained inA1 n A, and also not ifA1 n Az) n Az, which by

de nition is a subset of the former. Now consider the right-hand
side of the equation and let us assume that A1 nA; (otherwise
we are done). Then, as there is a compatible mappingitoA ,,

the expression 2 (A1 nAs) n Az will not contain . Case (2):
The case of 2 Aj being compatible with any mapping from
A3z is symmetrical to (2). Case (3): Let 2 A, be a mapping

that is not compatible with any mapping A andAs. Then both
(A1 nA3) nAson the left side angA1 n As) n Az on the right
side contain . In all cases, is contained in the right side exactly
if it is contained in the left side.

(MMUCorr). We show both directions of the equivalenge.:
Let 2 (A1nA2)nAsz. Then 2 A; and there is neither a
compatible mapping 2 2 A, nor a compatible mappings 2
As. Then bothA, and A3z contain only incompatible mappings,
and clearlyA, [ A3 contains only incompatible mappings. Hence,
the right sideA1 n (A2 [ A3z) produces . ( : Let 2 Ain
(A2 [ As3). Then 2 A; and there is no compatible mapping in
Az [ Az, which means that there is neither a compatible mapping
in Az norinAgs. It follows thatA; n A, contains (as there is no
compatible mapping i\, and 2 A;). From the fact that there
is no compatible mapping iAs, we deduce 2 (A1 nAz)nAs.

(MJ). See Lemma 3(2) in [24].

(£3). LetA;, A, be & -expressions. The following sequence of
rewriting steps proves the equivalence.

A]_]X]Az

=(A11 Ay Cthi\Ay) [by semantics]
=(A11 (A1 1 Ay) Chi\ (A1 1 A)) [(Ndem),(JAss)(MJ)]
= (A1 (A1 Ay)) [by semantics]

(FLBndl).LetA1, Az beA expressions anek 2 cVars(Az)n
pVars(A1) be a variable, which implies th&k 2 cVars(A:1 [
Az) and?x 62pVars(A1 nAz). We transform the left side expres-
sion into the right side expression:

- bnd (2x) (A1 X A2)

= bnd (A1l A2) CA1\AR)) [semantics]
= bndx)(A11 A2) T pngx)(A1\NA2)  [(FUPush]
= I png (2x) (A1 N A2) [(FBndIlN)]
= L pnd(x)(A1\NA2) [semantics]
= A1\A2 [(FBndIV)

(FLBndIl). By assumptior?x 2 cVars(Az)npVars(A1), which
implies that?x 62pVars(A1 nAz) and?x 2 cVars(A1 [CAb).
The following step-by-step rewriting proves the equivalence.

bnd (2x) (A1 X A2)

= bnd(2((A11 Az) C(A1\AR)) [semantics]
= bnd (2 (A1 1 A2) Tng (2 (A1 \A2) [(FUPush]
= pnd(ex (A1l Ap) [IN [(FBndIl)]

= pnd((A1 1l Az) [semantics]
=A1l1A> [(FBndl) 2

C.3 Proof of Lemma 3

Proof of Lemma 3(1)Trivial (by counterexample).

Proof of Lemma 3(2)We provide counterexamples that rule out
distributivity of operators andn over[ , all of which are de-
signed for the xed databade := f (0;c;1)g:

EquivalenceA1 n(A2[ Asz) (Ai1nA2)[ (A1nA3)does
not hold, as witnessed by expressidghs := J(0; c;?a)kp,
Az :=J(?a;c; 1)Ko, andAz := J(0; c; ?b)Ko.
EquivalenceAl (Az[ A3) (Al A2)[ (Al A3)
does not hold, as witnessed by expressidns= J(0; c; ?a)ko,
Az :=J(?a;c; 1)Ko, andAs := J(0; c; ?h)Ko.

Proof of Lemma 3(3)We provide counterexamples for all op-
erator constellations that are listed in the lemma. As before, the
counterexamples are designed for the datalbase= f (0; c;1)g.

We start with invalid distributivity rules over operat@r_1



Equivalencéd1[ (A2 CAE) (Ai[ A2) C(A1[ As)does
not hold, as witnessed by expressidghs := J(?a;c; 1)Ko,
Az :=J(?b; c;1)Ko, andAsz := J(0; c; ?h)Ko.

Equivalence(A1 CAR)[ Az (A1[ A3) (A2 [ As)
does not hold (symmetrical to the previous one).

EquivalencéA1n(A; CAE) (A1nAz) [(A1nA3)does
not hold, as witnessed by expressidghs := J(?a;c; 1)Ko,
Az :=J(?b; c;1)Ko, andAsz := J(0; c; ?h)Ko.

Equivalenc A1 [CAb)nAs (Ai1nAsz) C(A2nA3)does
not hold, as witnessed by expressighs := J(0; c;?a)ko,
Az :=J(0;c;?b)ko, andAs == J(?a; c; 1)Ko

Equivalenced; (A2 CAR) (A1 Az) [(A1 A3)

does not hold, as withessed by expressidns= J(?a; c; 1)Ko,

Az = J(?b; c;1)Ko, andAs := J(0; c; ?a)Ko.
EquivalencdA1 [CAb) Az (A1 A3) [C(Ax Aj)

does not hold, as withessed by expressidns= J(0; c; ?a)kp,

A2 :=J(0;c;?b)Ko, andA3 := J(?a;c; 1)Ko.

Next, we provide counterexamples for distributivity rules aver

EquivalencA1 [ (A2nA3z)  (Ai[ A2)n(A1[ Asz)does
not hold, as witnessed by expressighs := J(?a;c; 1)Ko,
Az :=J(0;c;?a)kp, andAs := J(?a; c; 1)Ko

EquivalencgA1 nA2)[ Az (A1 A3)n(A2[ Az)does
not hold (symmetrical to the previous one).

EquivalenceA; (A2 nA3z) (A1 CAb) n(A1 [CAk)

does not hold, as withessed by expressidns= J(?a; c; 1)Ko,

Az :=J(?b;c;1)Ko, andA3 := J(0;c; ?a)Ko.

Equivalencg(A1 nAz) Ak (A1 CAk)n (A [CAk)
does not hold (symmetrical to the previous one).

EquivalenceAl (Az n A3) (Al Az) n (Al A3)

does not hold, as withessed by expressidns= J(?a; c; 1)Ko,

Az = J(?b; c; 1)Ko, andA3 := J(?b; ¢c;1)Ko.

EquivalenceA1 nAz) As (A1 A3)n(Az  Aj)

does not hold, as withessed by expressidns= J(?a; c; 1)Ko,

Az :=J(?b; c;1)Ko, andA3 := J(0; c; ?h)Ko.

Finally, we provide counterexamples for invalid rules over

EquivalenceA: [ (Az  As) (A1[ Az2) (Ai] As)

does not hold, as witnessed by expressidns= J(?a; c; 1)Ko,

Az :=J(c;c; 0k, andAz := J(?b; c;1)Ko.

Equivalence(A1  A2)[ Az (A1[ A3) (Az[ As)
does not hold (symmetrical to the previous one).

Equivalenceds (A, Az) (A; [Ab) (A, [AE)

does not hold, as witnessed by expressidns= J(?a; c; 1)Ko,

Az :=J(?b;c; 1)Ko, andAs := J(0; c; ?a)ko.

Equivalencg A1 Ap) Ak (A1 CAk) (A2 [CAR)
does not hold (symmetrical to the previous one).

EquivalencéA1n(A2  Az)  (AinAz) (AinAsz)does
not hold, as witnessed by expressighs = J(?a;c; 1)Ko,
Az = J(?b; c; 1)Ko, andA3J(0; c; ?a)Ko.

EquivalencA1  Az)nAz  (A1nAz) (AznAsz)does
not hold, as witnessed by expressidghs := J(?a;c; 1)Ko,
Az :=J(?b; c;1)Ko, andAs := J(0; c; ?h)Ko.

The list of counterexamples is exhaustive1

C.4 Proof of Lemma 4

(FEliml). We rst introduce three functioneem,x : M 7! M
adthy7ic :M7'M | andsubst;l :M7!'M , which manipulate
mappings as described in the fx()llowing listing:

rempx () removes?x from  (if it is bound), i.e. outputs map-
ping °such thadom( © :=dom( )nf?xgand %?a) :=
(?a) for all 7a 2 dom( 9.
add7x7| ¢( ) binds variable?x to cin , i.e. outputs mapping
0= [f ’)x 7! cg (we will apply thls function only if?x 62
dom( ), so ’is de ned).
substyy( ) = remyx(addhy7 ueaxy () replaces variabléx

by 7y |n (we will apply this function only if?x 2 dom( )
and?y 62dom( )).

We x documentD. To prove that(FEliml) holds, we show
that, for every expressioA built using operatord_ 1, and triple
patternsitks (i.e., expressions as de ned in rulEElimI)) the fol-
lowing ve claims hold (abusing notation, we write 2 A if s
contained in the result of evaluating expresstoan documenb ).

(C1) If 2 A,dom( ) f ?x;?yg, and (?x) = (?y)
thenremox( ) 2 A

(C2) If 2 A and?x 62dom( Ythen 2 AZYL.

(C3) If 2 Aand?x 2 dom( ), and?y 62dom( )
thensubst, ( ) 2 AZL.

(C4) If 2 AZ and?y 6Xom( )then 2 A.

(C5) If 2 AZ and?y 2 dom( )
then 2A oraddy7 p2y)( ) 2A orsubsex () 2A.
?y

Before proving that these conditions hold for every expression
A build using only operatord 1, and triple patternstks, we
argue that the above ve claims implFEliml). ) : Let 2

snf 2xg( 2x=2y(A)). From the semantlcs of operatorsand
it follows that is obtained from some® st. ©2 A,
%% 2 dom( 9, U2X) = %), and sproxg(f %9) =
f g. Given all these prerequisﬂes condition (C1) implies that
00.— remox( % is generated b 2. Observe that mapping™
agrees W|th on all variables buPx. Hence, spf oxg (f G =
Snf 2xg (f %) = f g, which shows that is generated by the
right side expressiongns oxg (A ’7x) ( : Consider a mapping 2
Snf 2xg (A 7X) Then there is some mappindg 2 A2 V such that
and  gpf oxg (f %) =f g. By assumptlon we have that
?x 2 cVars(A) and it is easily veri ed that this implie®y 2
cVars(A °y) Hence, variable?y is bound in ° (according to
Proposition 1). Condition (C5) now implies that (if 2 A, or
(i) @dthxr ureayy (9 2 A, or (i) subst% ( 9 2 A holds. Con-

cerning case (i), rst observe th&x 62dom( 0) since all oc-
currences of?x have been replaced BBy in A2, On the other
hand, we observe th&x 2 cVars(A) ! ?x 2 dom( 9, so

we have a contradiction (i.e., assumption (i) was invalid). With
similar argumentation, we obtain a contradiction for case (iii), be-
cause?y 2 cVars(A) ! 2y 2 dom( % forall 2 A, but
obviously?y 62dom(subst%( 9). Therefore, given that condi-

tion (C5) is valid by assumption, we conclude that case (f).=
addhyr uigzyy (9 2 A must hold. Observe thaf{?x) = (?y)
by construction and that®differs from ° only by an additional
binding for variable?x. Hence, ®°passes lter »x=2y in the left
expression and fromss axg (f °Y) = snroxg(f °0) =f gwe
deduce that the expressioRys »xg ( 2x=2y(A)) generates .

Having shown that the ve claims imply the equivalence, we
now prove them by structural inductions (over expressions built



using operatorsl,[1 and triple patterns of the fornkks). We
leave the basic cask := Jtks as an exercise to the reader and
assume that the induction hypothesis holds. In the induction step,
we distinguish two cases. (1) Lét := A; [A,. Consider a
mapping 2 A. Then is of the form 1[ 2 where

1 2 Apand 2 2 A, are compatible mappings. Observe that
AZ =A1 2 CARZ. (1.1) To see why condition (C1) holds rst
note that by induction hypothesis conditions (C1)-(C5) hold¥er
A,. Further assume thdom( ) f ?x;?yg,and (?x) = (?y)
(otherwise we are done). It is straightforward to verify that con-
ditions (C1), (C2), and (C3) imply thaxl% I:glz% generates
remox( ): the claim follows when distinguishing several cases,
covering the possible domains of and 2, and applying the in-
duction hypothesis; we omit the details. (1.2) To prove condi-
tion (C2) let us assume th&x 62dom( ). This implies that
?x 62dom( 1) and?x 62dom( ), so 1 and » are also gener-
ated byAl_Z—g’( andAz% (by induction hypothesis and claim (C2)).
Hence, is generated bA 2 = A12. [CALZY. (1.3) The proof
that condition (C3) holds follows by application of the induction
hypothesis and conditions (C2), (C3). (1.4) Claim (C4) can be
shown by application of the induction hypothesis in combination
with condition (C4). (1.5) Claim (C5) can be shown by applica-
tion of the induction hypothesis and conditions (C4), (C5). (2) Let
A = A1 [ Az and consequentip ZX = A1 X [ A2, (2.1)
Assume that 2 A,dom( ) f ?x;?yg, and (?x) = (?y).
Then is generated byA; or by A,. Let us w.l.o.g. assume that

is generated byA;. By induction hypothesigiem-x( ) is gen-
erated byAl_%, and consequently also #y:. The proofs for the
remaining conditions (C2)-(C5) proceed analogously.

(FElimIl). Similar in idea to(FElimlI). 1
C.5 Proof of Theorem 7

We denote the corresponding equivalences for bag algebra with
superscript+, e.g. write(Inv™) for rule (Inv) under bag semantics.
Before presenting the proofs, we introduce some additional prelim-
inaries. First we de ne a function that allows us to map expressions
from one algebra into same-structured expressions of the other al-
gebra.

DEFINITION 20 (FUNCTION S2b). LetA1;A, 2 A besetal-
gebra expression§ V a set of variables, and a lter condi-
tion. We de ne the bijective functios2b : A 7! A™ recursively
on the structure oA -expression:

s2b(Jtko) = JKS

s2b(A1 [CAb) :=s2b(A1) [CsAb(Az)
s2b(A1[ Az) :=s2b(A1) [ s2b(A2)
s2b(A1nAz) :=s2b(A1) ns2b(A2)

s2b(A1 Az):=s2b(A1) s2b(A>)
s2b( s(A1)) = s(s2b(A1))
s2b( r(A1)) = r(s2b(A1)) 1

We shall use the inverse of the function, denoteslas 1(A+),
to transform a bag algebra expressfofi 2 A ™ into its set algebra
counterpart. Intuitively, the function re ects the close connection
between the set and bag semantics from De nitions 4 and 12, which
differ only in the translation for triple patterns. In particular, it
is easily veri ed that, for each SPARQL expression or quéry
it holds thatJQKS = s2b(JQKo) andJQKo = s2b * (JQKY)
holds (when interpreting the results of functidio and JKS as

LeEMMA 18. The following claims hold.

1. LetA 2 A andD be an RDF document. Le&® denote
the mapping set obtained when evaluatihgon D and let
(Q™; m™) denote the mapping multi-set obtained when eval-
uatings2b(A) onD. Then 2 Q, 20",

. LetA™ 2 A™ andD be an RDF document. LR ;m™)
denote the mapping multi-set obtained when evaluatifg
onD and letQ denote the mapping set obtained when evalu-
atings2b *(A*)onD.Then 2 Q*, 2Q. 1

Further, we will use some standard rewriting rules for sums.

PROPOSITION3 (SUM REWRITING RULES). Letay, by, de-
note expressions that depend on some be an expression that
does not depend ox, andCx be a condition that depends an
The following rewritings aPre valid.

(S1) ox &= x2 X &

P

P
(SZ) p?f x2IXjC, rmn  yof y'?—'YjCy [g]ax b)/

2 (xEF B2 OV )G, e, @ By

P P P
(S3) oxax+be= xaxt o b L1

We refer to these equivalences(84) (S2) and(S3)

Lemma 18 shows that the result of evaluating set and bag algebra
expressions differs at most in the associated cardinality, so (given
that the rules we are going to prove hold for SPARQL set algebra) it
always suf ces to show that, for a xed mappingthat is contained
in (by assumption both) the left and right side of the equivalence,
the associated left and right side cardinalities for the mapping co-
incide. We x documenD . Further, given a SPARQL bag algebra
expressior\;” with some index, we denote by Qi; m;i) the map-
ping multi-set obtained when evaluatidg” onD.

Group |

It has been shown in Example 10 th&tldem)does not carry
over from set to bag semantics. To show thfitlem) carries over
to SPARQL bag algebra we have to show that CA+ A+ for
every expressiofﬁ 2 B+ Itis easily veri ed that the set and bag
semantics always coincide flr+ expressions and that the equiva-
lence holds under set semantics. Clearly, it holdsAnat AT 2
A+, so the SPARQL bag algebra equivaler(@ddem+) holds.
The argumentation faiLTdem+) is the same. Finally, equivalence
(Inv™) follows easily from Lemma 18 and the observation that the

equivalence holds under set semantics (the extracted mapping set
is empty, so there cannot be any differences in the multiplicify)1

Group Il

(UAss"). LetAT;AZ A3 2 AT PUtA| = (AT AZ)[ Az,
AY = AT [ (AJ [ A3). Consider a mapping that is con-
tained both in the result of evaluatihg™ andA; onD. We ap-
ply the semantics of operatprfor multi-set expressions (cf. Def-
inition 11) and rewrite the multiplicity that is associated with
for A step-by-stepmi( ) = (M1( ) + ma( ) +ma( ) =
ma( )+ (mz( ) +ms( ) =mc( ).

(JAsS). Let AT;AZ;AT 2 A™. We de ne the shortcuts
1 2 3
Ay = (A] [CA7) A3, A7 = A] [C(A; [CAp),

SPARQL algebra expressions rather than sets of mappings). GivenA] = A7 AL, andA; z5= A, [AL. Consider a map-
this connection, we can easily transfer Lemma 1, which relates the ping  that is contained in both the result of evaluatig andA; .
two semantics, into the context of SPARQL set and bag algebra:  We rewrite the left side multiplicityn;( ):



mi( )= (M1 rz583)2f () t)2 Q1 i Q)i Lt =g

p(Mm1z( 1 c2h Cms( 3))
PR rz5#3)2f (M itd)2 (Q1 121 Q3)) uF‘.ﬁ.ug‘;ug(

(H1,12)2f (UEED2 (@1 Q)infTi= ra
(ma( 1) Cohz( 2)) Cohg( 3))

(sHP
= Pk rz#9)2 (2 (@1 71 Q)i bl 2hg (

(H1,12)2f (UEED2 (@1 Q)in =
(ma( 1) Cohz( 2) Cos( 3))

(M1 cz:m3), (a2 D2 (DSR2

(@1 12193) (@ Qinf b= niit2nl gl
pmi( 1) Cmz( 2) Coha( 3))

(M1.2.13)2f (MERERD2 (@1 @ Qa)ipfTuiThi=g
pna( 1) Cmo( 2) Cmg( 3))

((h1 12 e (M2, e ))2 (R ED, (M2

(@1 Qran (@ QainfFrbhgr niini2nl gl
ma( 1) Cma( 2) Cohg( 3))
(s2)P
= Pl P (WA ? @1 0 cdinf P am

(H2,13)2f (LERD2 Q2 Qa)jpithi=e za
(ma( 1) Cohz( 2) Cms( 3))

Gt bo (2B (SRS DR (@1 Q2 radind Pt hg (
m1( 1) LT a2t fmH2 (@0 0Tl =1 aa
p (m2( 2) Cms( 3))

(M1, M2 c2f (MEREED? (Q1 Q2 cin i1
Em)l( 1) (Mo =26 2 =)
.

(82)

snP

(UComm"). LetA7 ;A7 2 A™. PutAl := A7 [ A; and
A7 :=A; [ A]. Consider a mapping that is contained in both
the result of evaluating,” andA;". We rewritem;( ) stepwise:
mi()=ma( )+mz()=mz()+mi()=mc().

(JComnt). LetA[ ;A 2 A™'. PutA, = A7 L[Aj7,
Ay = AJ [CA;. Consider a mapping that is contained in
both the result of evaluating;” andA7 . Applying the semantics
of operator Cwe rewrite the left side multiplicity:

P
MiC) = w2t ERD2 @1 0)infThi=hg
pma( 1) Cha( 2))
T (2.2t (UERD2 (@ eniniTh[Zug
(m2( 2) Cora( 1))
me( )

(JUDIstR") and(JUDistL™") follow by rewritings that are similar
in style to those presented in previous proofs.

(MUDIstR"). LetAT;AZ;A; 2 A™. We de ne expressions
Ay = (AT AINAL LAY = (ATNAD)[ (AZnAZ) AL, =
AT [ AZ, AT s :=A7 nAJ, andA; , = A; nAj. Consider a
mapping that is contained in the result of evaluatiag andA; .
Itis easily veried thatm;( ) =my2( )=ms( )+ m2( ) =

Myna( ) +Mana( ) =me( ).

LUDIstR"). LetAT;AZ;AT 2 A™*. Then
2 3

(A] CAL) XAZ
=((Ay [AR) 1 A7) C{AT [AL)\A7)
=((AL 1 A7) CA; 1 A7)
(A7 \A37) C(AZ \A3)
=((A] 1 A7) CAAT\A)) 1
(A7 1 A7) CAZ\AY)
=(A] MA3) A, HA3)

[(JUDIstR*™), (MUDistR*)]

[(UAss"), (UComm")]
[semantics]2

Group I

(PBasel’). LetA™ 2 A" andS V. Consider a mapping
contained in the result of evaluatidg” :=
andA} = A™. We rewritem;( ) stepwise:

my( )=
OP

pVars (A*)[ S(A+)

M 2f leZ'anpVars (A L)—tij ”+I-__g‘):f Hgg m( +)
e 2f ugm( +): m( ): mr( )!

where step( ) follows from the observation that equivalence

pvars (aps(f +9) = f gholds if and only if . = holds
(this claim follows easily from Proposition 2 and the de nition of
operator ) and the factthat 2 Q, = Q by assumption.

(PBasell"). LetA*™ 2 A™ andS V. Consider a mapping
that is contained in the result of evaluatiAgf := s(A™) and
AT = s pvars (ar)(A™T). We apply the semantics from De ni-

tion 11 and rewrite the (right side) multiplicitn( ):

me( )=
OP

W2t 20y, s 4 Culdh=rngg MC +)
We 2f p20jns (F plg)=f pag m( +)
= m( ),

where stef{ ) follows from the semantics and Proposition 2.
(PFPush"). Similar in idea taPMPush").

(PMerge"). LetA™ 2 A* andS;;S; V. WedeneA|” =
51( S, (A+)), A: = S\ Sy (A+), andA,'{z = s (A+). Ac-
cording to Lemma 18, it suf ces to show that for each mapping
that is contained i2; andQ, it holds thatm;( ) = m.( ). We

rewrite the multiplicitym( ) schematically:

M )= 52 w2 gins, ¢ ple=rpgg Mn2( +)

T pe2f n20 i (Fufg)=f ugg

Cot e 2 i, ( s m( 9)
K2t pt 2 Qjng, (F us 9)=f ps o9 +

(s2)P

= D2 (uEED2(@ 2.) .
s, ( LED=f pg~ mis, (s 9)=f plgg M )

(e D2t ()2 (@ 2.9)] .

1o (s (7 00)=1 " i (1147 0)= nEggm( 3)

pif pr2qj .
151 (s, (117 9= gy m( %)

pf pr2qj

0
TS, ns, (17 9)=fuggM( 3)
= me( ),

where stef( 1) follows from the observation that mapping-
is uniquely determined by, and( 2) follows directly from the
semantics of operator.

(PUPush"). LetA];A; 2 A" andS V. Consider a map-
ping thatis contained in the result of evaluatifg := s(A7 [
Ay)andAl == s(AD)[ s(A). PutAf, == A7 [ A},
AY = s(A), andA;, := s(AZ). We apply the semantics
from De nition 11 and rewrite the multiplicityn( ) step-by-step:

P
mi( )= p s 2f nE201 rins (f ulg)=f ugg M1l 2( +)
= he 2t W20 oitts ( nEg)=f pgg (M1 +) + mM2( +))
(§3)( P
= b w2t nf20; rins ¢ uldh=rpgg M1 +D*
O o w20y ins (fF LEH=f pgg m2( +))
Q)
= (p w2t p2agjns ¢ ubdh=rpgg M1 +D*
(' p2r w2 0sins ( uEgh=r pgg M2( +))
= mu( )+ muz( )
= m

r( )



P
(H1.12)2f (USED2 01 Qojpf il =, g
. " m [oh
(PJPusH). The rule follows from the following proposition. (s2)P (ma( 1) Cavz( 2)
- (M1 2 )2f (SR DI2 Q1 (@1 Q2))
p Tt off pEgh=f pg uF’ugg—uﬁf‘(ml( 1) Cma( 2))
(s (e, 2))2f (SERDI2 01 (@1 Q2))
I p s off nFhfed=" g W Zprg(ma( 1) Cia( 2)
(H1.12)2f (UED2 Q1 Q)
b g off piuted=f ugg(ml( 1) [z 2))

where stef{ ) follows by semantics of operatfr.

PROPOSITION 4. LetA7;A; 2 A* andS® V with S°
pVars(A)\ pVars(A3). Then the following equivalence holds. =

sAT 1 A7) = s(A7) 1 sfA;)  (FIPush?)
To see why Proposition 4 impliggJPush) consider the origi-

nal equivalence, wher8® := S| (pVars(A7)\ pVars(A3)).

Observe that, by constructioB?  pVars(A7)\ pVars(AJ).

We rewrite the left side ofFJPush)into the right side: =

(H1.H2)2f (UERD2 Q1 Q2)j

p s off gl mg off pigd=f ugg(ml( 1) [ohz( 2)
(H1.12)2f (MERD2(Q 1 Q 2)if el piekf gy
(ma( 1) Cona( 2))

(AT 1A;) = me( ),
s( st(A} 1 A3)

s sHAT) 1 stA)

[(PMerge)]
[(FIPush2)]

where( ) follows fromS®  pVars(A1)\ pVars(Az).

(PMPush"). LetAT;A; 2 A" andS V be a set of vari-

Given this rewriting, it remains to show th@JPushZ2") is valid. 2 = 0.
o . . _ ables. Recall that by de nitio8" := S[ (pVargA1)\ pVargAz))
We split this proof into two parts. First, we show that the map andS® := pVargA1)\ pvarqA,). PULAY == s(AT nA2),

ping sets coincide. To this end, we show tfRIPushZ") holds + + + + . a+ + e+ 2
for SPARQL set algebra (the result carries over to bag algebra byAr '_+ S(fL(A 1) N s™A2)), Ay, : AL NAz, Am 1=
Lemma 18). LeA;; A, 2 A andS®  pVars(A1)\ pVars(Az). sAT), Az = smAZ), ALl = Agp DAL, and x doc-

) : Consider a mapping generated by the left side expression umentD and a mapping that is contained both i@, and Q.

s{A1 [AL). Then is obtained from some mappind Applying the semantics from De nition 11, we rewrite the (right
st sif %) = f g. Further, %is of the form 2 $ where side) multiplicitym,( ) schematically:

2 and 9 are compatible mappings that are generateé byand me( ) =

) ; . . . _om
Az, respectively. We observe that the right side subexpressions e 2 2R 1\ ins @ ulg)=fpgg Mrtnm2( +)

st{A1) and sc(A>) then generate mappingg® $and % WP g o ma( .
9 that agree with $ and 3 on all variables inS°, respectively _ P 2 W20 iy zims @ =g Ml +)
(where “agree” means that each such variable is either bound to PHe 2 120 1\ 207 (9)=f g
the same value in the two mapplngs or unbound i |n both mappings). pERf ps 2 Qg off 1 9)=f 1+ gg my( %)
Clearly, 2 9~ % 9~ 0 91 0 s0 the right 2P

G D20 (WRE)2Q 4\ o i
pts (=1 gt g o 7 )=r uigyM( %)
e et (uShE)2Q 1\ o Qi
1S (s o T D=1 g i o 17 @)=l o mi( )

side expression generates the mappiffy= [ 00 It is easily
veri edthat (i)dom( % SPand that (ii) ooagrees with %on all
variables or8®. This implies that ®°=  and we conclude thatis =

generated by the right side expression: Consider a mapping®

that is generated by the right side expressign{A1) [_&(A>).
Then Cisoftheform °= 9[ 9 ,where 3  $are generated
by the subexpressionssc(A1) and sc(Az), respectlvely Con-
sequentlyA: andA; generate mappmgsl Yand » S
such that ; and » agree with $ and 9 on all variables inS°,
respectively. We distinguish two cases. First, (i) ifand , are
compatible then := 1[ - agrees with °on all variables in

(2)

s uhet (uShs)2Q 1\ Qi

0
s (f 1T 9)=F ng® g off T 9)=F plgg M1 +)

(3)

- s uhof (uShE)20 1\ 2 Qi

0
1ts (1 17 9)=F ng® g off 1y 9)=r nlggM1( +)

0
RERf ps 2 Qg \oims (F 1T 9)=f ngg mi( )

SO and therefore sc(f g) = °, so the left side expression gen- (P o
erates % Second, (i) if 1 and » are not compatible then there HIRF T 2 Qp\ojTs (fF 1T 9)=f pgg Min2( =)

is?x 2 dom( 1)\ dom( 2) suchthat 1(?x) & 2(?x). From = m(),

preconditionS®  pVars(A:) \ pVars(A,) and Proposition 2 .

it follows that?x 2 S° We know that § and $ agree with ; where step (1) follows from the observation that inno (- +) =

and » on all variables inS°% It follows that $(?x) & 3(?x), Mn1( ) forall . 2 Qnipno, rewriting step (2) holds because

which contradicts the assumption tha 9. This completes S S°, step () follows from the observation that only those
the second direction. mappings from2; contribute to the result that are also contained in

Q1n2, step (4) holds because every mapping 2 Q1,2 uniquely
Having shown that the mapping sets coincide under bag seman-determines a mapping, 2 Q1nn2 through condition sc(f .. g) =
tics, it remains to show that the left- and right side multiplicities ., and step (s) follows from the observation thahi( 4) =
agree for each result mapping. We therefore switch to SPARQL m,,( ;) forall 4 2 Q.

bag algebra again. Lét; ;A; 2 A" andS® V such thas® .
(PLPush"). Similar to the proof of PLPush)for SPARQL set

pVars(A1) \ pVars(Az) holds. We deneA;” := sr(A] [ :
AD) AT = sHAT) C3HA}), A = AT CAE, A}, = algebra.(o_bserve that all rules that are used in the latter proof are
sHAT), AL, = s(AY), andA}, oy i= A, CAT,. Con- also valid in the context of SPARQL bag algebra). 1
sider a mapping contained in the result of evaluatig™ andA; . Group IV
Applying the semantics from De nition 11 we rewrita;( ): p
As an example that shows th@Decompll)does not carry over
to bag algebra, consider the expressfon= J(c; c;?x)Ko, lter

R := (¢ ?x =a)_ (: ?x = b) and documend := f (c; c; ©)g.

P
™M)= 52 w20 g off pEh=r ngg M1 120 +)
T w2t pf20) iwg off nEg)=f ngg



(FDecompl"). LetA*™ 2 A™ andR be a lIter condition. Lemma 6(3)Follows from the semantics of#x queries and the

PUtAj" i= R r,(AT), AY = Rr( R, (A7), andA}, = semantics of the ©r operator (cf. De nition 4 and 3). In partic-
r, (A™). Consider a mapping that is contained in the result of  ular, the correctness follows from the semantics of operatte
evaluatingA;” andA;, which implies that 2 Q and j= Ry, algebraic counterpart of operatopPQ it is straightforward to show
FR2, = Ri1"R2. Applying the semantics from De nition 11 that () JQ1ko = ;! JQi1ko  JQ2K = ; and (ii) if there is

we can easily derive that;( ) =m( ) = mo2( ) =m( ). some 2 JQ:K> then there alsois somé 2 JQ1K>  JQ2Ko.

Lemma 6(4)Follows from the semantics of 2x, the semantics
of operator AND, and Proposition 2. Observe tipafars (JQ1 kp)\
pVars(JQ2Ko) = ; together with Proposition 2 implies that for
(FBndI™) - (FBndIV*). Follow from the semantics of in. 1 each pair of mappingé 1; 2) 2 JQ:ko  JQzKo it holds that
dom( 1) pVars(JQ1Ko), dom( 2) pVars(JQz2K>), and

(FReord"). Follows from equivalenc¢FDecompl’) and the
commutativity of the boolean operatdr

Group V thereforedom( 1)\ dom( 2) =;. [

(FUPush"). Follows from the semantics ofand] . C.7 Proof of Lemma?7

(FMPush"). LetA; ;A 2 A* andR be a lter condition. Put Lemma 7(1):Follows from the de nition of £LECT DISTINCT
A,* = r(ATNAJ), AL = r(AT)NAT, Al+n2 = Al nAJ, queries (cf. Appendix A.6) and Lemma 1, which shows that bag
andAY, := wr(A}). Consider a mapping that is contained in and set semantics coincide w.r.t. mapping sets.

Lemma 7(2):Follows from the de nition of the 8LECT Dis-
TINCT and SELECT REDUCED query forms, i.e. it is easily shown
that the de nition of functionm in the SELECT DISTINCT query
form satis es the two conditions (i) and (ii) that are enforced for
functionm in the de nition of SELECT REDUCED queries.

the result of evaluating\,” and A/ . This implies that = R,

2 Qin2, 2 Qi,and 2 Qgi. Combining the semantics
from De nition 3 with the above observations we obtam( ) =
Min2( ) =ma( ) =mor( ) =me( ).

(FJPush). LetA7;A; 2 A™ andR be a Iter condition such Lemma 7(3)Follows from claims (1) and (2) of the lemmal__1
that for all?x 2 vars(R):?x 2 cVars(A1)_?x 62pVars(Az).
PULA! = r(A] CAY), AY = r(A7) LAY, Afp = C.8 Proof of Lemma 8
AT AL, andA;, = r(A]). Consider a mapping that is Follows from the observation that f@ 2 AFO ™ we always
contained in the result of evaluatidg™ andA; . Clearly it holds have that each mapping 2 JQK has multiplicity one associ-
that =Rand 2 QirzaCombining these observations with the ated (i.e. the semantics coincide) and the fact that the projection on
semantics from De nition 3 we obtain variablesS  pVars(JQKo) does not modify the evaluation re-
sult. Please note that the rst observation has already been made in
mi( )f p1rzl) the technical report of [1], claiming that fé&O expressions the
(Hah2)2f (UERD2 01 QojnfTh =g multiplicity associated with each result mapping equals to
P(ml( 1) [ohz( 2))
Q
T (k)2 (MERH20 1 QojufTig =g D. PROOFS OF SEMANTIC RESULTS

(moa( 1) Cmz( 2))
= me( ),

D.1 Proof of Theorem 8

where (*) follows from the observation that the precondition for

all 2x 2 vars(R):?x 2 cVars(A1)_?x 62pVars(Az) implies REmMARK 1. Recall from Section 5 that in the following proof

thatforall 1 2 Q1; 22 Qos.t. 1[ 2= themappingsiand we consider a fragment of SPARQL extended by empty graph pat-
agree on variables ivars(R), i.e. eact?x 2 vars(R) is either terns {} (with semanticsfg Ko := f;g ) and by an algebraic Mius

bound to the same value i and or unbound in both. Hence,  operator (with semantic¥); MINUS Q2Ks 1= JQ1Ko N JQ2Ko).

for every it holdsthat 1 = R, which justi es the rewriting. To see why empty graph patterns are necessary to obtain the power

to encode rst-order sentences observe that — in SPARQL without
empty patterns — it is impossible to write arsA query that re-

turnstrue on the empty document. To give a concrete example, in
the latter fragment (i.e., the one comprising expression according

(FLPush")). Similar to the proof o{FLPush)for SPARQL set
algebra (observe that all rules that are used in the latter proof are
also valid in the context of SPARQL bag algebra)1

Group VI to De nition 1) the rst-order constraint := :9 T(c;c; ) can-
p not be encoded asgX query that returngrue on every document
(MReord"), (MMUCorr™), (MJ*). The three equivalences fol- D = ', because in particuldd := ; j=" . Contrarily, observe
low easily from the semantics of operatofrom De nition 11. that in SPARQL extended by empty graph patterns (and operator
MINUS) we can easily encode as Ask(fg MINUS (c; c; 9).°
(I_J *+). Similar to the proof of(ILJ ) for SPARQL set algebra Concerning the extension by a syntactieNs operator it was
(observe that all rules that are used in the latter proof are also valid argued in [1] that this operator can always be simulated usirg O
in the context of SPARQL bag algebra). TIONAL and RALTER, by help of so-called copy patterns. Unfor-

tunately, the encoding presented there relies on the presence of
variables in the right side expression of thaNus, i.e. fails for
expression likeQ:1 MINUS (c;c;©). One workaround to x the
construction seems to be the encodin@afMINUS Q2 as

(FLBNndI"), (FLBndII™). Similar to the proof of FLBndl) and
(FLBndIl) for SPARQL set algebra (all rules that are used in the
latter proof are also valid in the context of SPARQL bag algetra)l

C.6 Proof of Lemma 6

Lemma 6(1)Follows from the semantics of gk and Lemma 1

Lemma 6(2):Follows from the semantics of ¥k queries and  °We wish to thank Claudio Gutierrez for helpful discussions on the
the semantics of the WloN operator (cf. De nition 3 and 4). expressiveness of SPARQL and for pointing us to this encoding.

(Q1 OPT (Q2 AND (?x; ?y; ?2))) FILTER (: bnd (?x)),




where?x; ?y; ?z 62pVars(JQ2Ko). In fact, this works when- The remainder of the proof follows a naive evaluation of rst-
ever we forbid empty graph patterns@z. Yet in the general case  order formulas on nite structures. With the help of the active
(i.e. if empty graph patterns occur @), the encoding fails; un- domain subexpressiortd, we generate all possible bindings for
fortunately, such situation may occur in the encoding in the subse- the free variables in a subformula. Note that there is no need to
quent proof of Theorem 8. To see why the above encoding gen- project away the dummy variabl@a;;j: we use fresh, distinct vari-

erally fails in the presence of empty patterns, choQse:= fg, ables for every subformula, so they never affect compatibility
Q2 = fg, andD := ;. ThenJQi MINUS QK> = ;, but between two mappings (and hence do not in uence the evaluation
J(Q1 OPT (Q2 AND (?x; ?y; ?2))) FILTER (: bnd (?x))Ko =10 . process); in the end, we are only interested in the boolean value, so

To conclude the discussion, itis an open question if operater M these bindings do not harm the construction. The subexpressions
NUs can be encoded by the remaining operators in the presence ofQy are only the rst step. We sainc(t) := t if t is a constant
empty graph patterns and in response we decided to add the M andenc(t) := v(t) if t is a variable and follow the de nition of a
NUS operator to our fragment. We emphasize, though, that this formula's semantics by generating all possible bindings for the free
gives us exactly the same fragment that was used in [1] to prove variables by induction on the formula's structure. The encoding
that SPARQL has the same expressiveness as relational al§ebra. thus follows the possible structure ‘'ofgiven in (1)-(5) before:

In the subsequent proof of Theorem 8 we assume that the reader (1) For =t =t; wedene
is familiar with rst-order logic. We show that for each RDF con- enc( ) := Qy FILTER (enc(t1) = enc(tz)).
straint, i.e. each rst-order sentenceover the ternary predicate, (2) For :=T(t1;t2;t3) we de ne
there is a SPARQL quer®4 such thattAsk(Q¢)ko , D =" enc( ) := Qg AND (enc(t1);enc(t2); enc(ts)).
More precise_ly, we encode a rst-order sentehcthat_ is built us- (@) For :=: jwedeneenc( ):=Qy MiNusenc( 1)
ing (1) equality formulas of the forry = t», (2) relational atoms (@) For :=( 1~ ») wedene

of the formT (t1; t2; t3), (3) the negation operator, (4) the con-

enc ‘=enc AND enc .
junction operator*, and (5) formulas of the form® x . We en- ) 2 (2)

code' asaSPARQL quer@e s.t.JQeko = ; exactlyiflp 6 ', (5) For :=:9 x 1wedeneenc( ):=Qy MiNUsenc( 1).

wherel o:=(fs;p;0j(s; p;0) 2 Dg; fT(s;p; 0)j(s; p; 0) 2 DY), We now sketch the idea behind the encoding. It satis es the fol-

ie.Ip is a structure_ that has as its domain the_values fiom lowing two properties: ) ) foreach interpretatidd | = (Io; )

f'and contains a relatlonal_fadt(s;p;o) for each trlple(s;p;o) such thatl j= ' there exists a mapping 2 Jenc(’ )k such

in D. It should be mentioned that, _ > can be written as that fox1 70 (X1)ii::7%n 7' (xn)g and () foreach

N G 2) and egch qu.antl er formula can be brought into mapping 2 Jenc(' )Ko it holds that every interpretatiom, )

thg form (5), i.e.8x is equivalent to:9 x: a_md 9x can be with (xi) := (?xi)forl i nsatises' . Both directions

ert_ten as: (:9 x ), So cases (1)-(5_;) are suf cient (we chose the together imply the initial claim, sinde> 6 ' , Jenc( Ko = ;.

variant:9 x because its encoding is simpler than &g. ). The two directions can be proven by induction on the structure
Before presenting the encoding, we introduce some notation and ot formulas. Concerning the two basic cases (1) and (2) observe

de nitions. Let var'( ) = X170 Xng (.jE”Ote a.II. ‘_’?’”ables ap-  that, in their encoding, the active domain expressions generate the

pearing in formuld and de ne a seS = f?x1;:1:1;?2Xng Of  ypjverse of all solutions, which is then restricted either by appli-

corresponding SPARQL variables. We introduce a total function .ation of the Iter (for case (1) := t1 = t2) or by joining

vivar() 7! Sthattranslates each varlapleooccurrlng imto its the active domain expression with the respective triple pattern (for

corresponding SPARQL variable, i¥(xi) :=?x; for1 i —n. case (2) := T(ti;t2;t3)). In the induction step there are three

Further assume th&  Visanin f“te set of variables disjoint  a5es that remain to be shown. First, the idea of the encoding for
from S. For each subexpressionof ' we de ne an in nite par- = : . is that we subtract from the universe of all solutions

tition Sy,  S° such that, for each pair of distinct subexpressions exactly the solutions of 1, encoded benc( 1). Second, a con-

1 & of’ itholdsthatS,, \ Sy, =;. Basedonthese par- jnction = .~ , is straightforwardly mapped to a join op-
titions, we de ne for each subexpressionof ' its active domain eration between the encodings of and . Third, the encoding
expressiorQy, as follows. Letfree( ) = fvi;iiijvikg S be for := :9 x' is similar to the encoding for the negation; ob-

the free variables in subexpressionThen we de neQy as serve, however, that in this case 62free( ), so the active do-

main expression does not contain variabteanymore, which can
((v(v1),?a11, ?az2 ) UNION (?a13, v(V1), ?a14 ) UNION (?ass , a1 , V(V1))) P y

AND be understood as an implicit projectidn._1
((V(Vz), ?ao , ?azz) UNION (?a23 ,\A(’\\‘/;), ?324) UNION (?azs , ?az , V(Vz))) D2 Proof Of Lemma 9
AND LetQ2 cq *(chx(ca(@))\A ™. Thencg(Q®) 2 cbx(ca(Q))-

This directly implies thatg(Q% s cq(Q) and it follows (from
the correctness of the translation) it = Q. 1

where?a; ?a11;:::; ?a1e6; ;1 ?ak1; 1) ?ake are pairwise dis-
tinct variables taken fronsy,. Note that the active domain ex- D'3 I_:’I’OOf of Lemma 10 ) ]
Direction) follows from Lemma 9, so it suf ces to prove direc-

pressions for two distinct subexpressions share at most variables . 0 .
from S, because?a and all ?a;; are chosen from the partition 10N ( . So letus assume th@? = Q andQ”is minimal. First

that belongs to the respective subexpressions. Further, note thaPPServe that bothq *((cq(Q))*) andcq *((ca(Q))*) areA™-

Qo := fg becausé is a sentence and therefdree(' ) = ;. To expressions. I't folllows trgaiq(QO) > cq(Q). From this obsgr- .
give an intuition, eacl®,, represents all combinations of binding vation, the minimality ofQ", and the corgectnesi of the translation it
the free variables:::::: vk in  (more precisely, the correspond- ~ follows thatcg(Q”) 2 cbx(ca(Q)) andQ® 2 cq *(cbs(ca(Q))). L

((v(vk), ?ak1, ?ak2) UNION (?ax3s, V(Vk ), ?aka) UNION (?axs, ?aks, V(Vk)))

where?a and the?ai; are globally unique dummy variables thatare  1°An interpretation is a pair of a structure and functiothat maps
not of further importance (but were required for the construction). variables to elements of the structure's domain.



D.4 Proof of Lemma 11

Rule (FSI):) : Assume thaQ> s Q2 FILTER (?x =?y) and
consider a mapping 2 JSELECTs(Q2)K>. Then is obtained
from some | 2 JQ:K> by projecting on the variableS. By pre-
condition | is also contained idQ, FILTER (?x =?y)Ko, so we
know that?x; ?y 2 dom( ) and (?x) = (?y). Itis eas-
ily veri ed that in this case there is a mapping 2 Qz% that
agrees with | on all variableslom (' {)n?y and is unbound fo?y
(cf. the proof of rule(FEliml) from Lemma 4). Given thaly 62S
and the observation that is obtained from | by projecting on
S, we conclude that is also obtained from » when projecting
on S. Consequently, is generated by the right side expression
SELECTS(QZ%(). ( :Assumetha@Q. s Q2 FILTER (?X =?y)
and consider a mapping 2 JSELECTs (Q2 %)I@. Then is ob-
tained from some 2 JQZ%‘KD by projecting on the variables
S. It can be shown that then the mapping ;== [f ?y 7!

r(?x)g is contained iNQ2 Ko (cf. the proof of rulg(FElim) from
Lemma 4). Given thafy 62S and the observation thatis ob-
tained from by projecting onS, we conclude that is also ob-
tained from ;| when projecting folS. Consequently, the left side
expressiolSELECTs (Q2)Ko generates .

Rule (FSll):Follows trivially by the observation that, by assump-
tion, each 2 JQ:Ko satis es the Iter condition?x =?y.

Rule (FSIII):First note that preconditior 2 pVars(JQ2Ko)
andQ2 2 A imply that?x 2 cVars(JQ2K>). From Proposition 1
we obtain thaPx 2 dom( ;) foreach » 2 JQ:K> and it easily
follows from De nition 6 that?x 2 dom( ) foreach mapping 2
JQ1 AND Q2K>. Now consider the expression

JQ1 OPT Q2K = (JQ1Kp [CID2Kp) [ (JQ1Ko NJIQ2KD)

and putQ —F~ JQi1Kko [CIDQ2Ko = JQ1 AND Q2Kp, Qp =
JQ1KoNnJQ2Ks. From the above considerations we know tha®
dom( p)foreach —23 Q—We now argue tha®, = ;, which
implies that the equivalence holds, because the@ dom( ) for
every 2 JQi OPTQ2Ko and no mapping satis es the lter con-
dition : bnd(?x). To show thaQ,, = ; let us for the sake of con-
tradiction assume there i, 2 Q. This implies that , 2 JQ1Ko
and there is no compatible mapping n in JQ2K>. Now by
assumption , 2 JSELECTpvars 3Q; K )(Q1 AND Q2)Ko. Hence,
there must be 1 2 JQ1Kp, 2 2 JQ2Kp such that 3 > and

1[0 2 n. Consequently, it trivially holds that» n
which contradicts to the initial assumption that there is no compat-
ible mapping 2 n i JQ2Kp. [

D.5 Proof of Lemma 12

Rule (OSl):We transformQ := JQ1 OPT Q2Ko systematically.
LetD be an RDF database dx.satis es all constraints ix. Then

Qg = [@Q1 OPTQ2[-
=(Q159 1 Q20g) Q18 \ Q209)
= [Q1 AND Q208 [(pvars 1@,k )([Q1 AND Q215) \ [Q21[5)

Itis easy to verify that each mappingd@®1 AND Q2Ko is com-
patible with at least one mapping @2, and the same holds for
pvars (JQ1 K )9Q1 AND Q2Ko. Hence, the right side union subex-
pression can be dropped and we obf@in = Q1 AND Q2.

Rule (OSll):Let D be an RDF database 4. j= >. We trans-
form expressiorQ := JQ1 OPT (Q2 AND Q3)Ko schematically:

Qg = Q1 OPT(Q2 AND Q3)) [d
= [Q1 AND Q2 AND Q3lg [(IQ1[g \ [Q2 AND Q3lg)

[Q1 AND Q3[g [{IQ1 AND Q20 \ [Q2 AND Q3[g)
@

)[Q1 AND Q3[3 [{IQ; AND Q2[5 \ [Q3[g)
(Qi18 1 QzF) (IQ:ZF \ [Qz[7)
Q1 OPTQ31d,

INITa N

where step (*) follows from the observation that the equation

[Q1 AND Q2[5 \ [Q2 AND Q3lg = [Q1 AND Q2[5 \ [Qsld

holds; the formal proof of this equation is straightforward.



