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Foundations of Artificial 
Intelligence

Chapter 3 : Problem Solving and 
Search

Luc De Raedt
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Search

• Problem-solving agents

• Problem types

• Problem formulations

• Example problems

• Basic search algorithms

• Constraint satisfaction problems
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Problem solving agents

• Goal oriented agents

• Specify goal and problem

• Given
– Initial state

• Find
– Sequence of actions that lead to a goal state

4

Problem solving agents
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Problem formulation

• Goal
– States with desired properties

• State space
– Descriptions / Abstractions of environment states

• Actions
– Lead from one state to another

• Problem type
– Depends on knowledge about the states and actions

• Search costs
– Offli ne (of finding action sequence) 
versus 
– onli ne (during execution)

6

Examples
Route planning

• Goal
– Be in city x

• Problem
– States : cities

– Operators : 
• Drive between cities

• Find solution 
– Sequence of cities

7

Search concepts

• Initial state
– State from which agent believes to start

• State space S
– Set of all possible states

• Operator
– Definition of action : A : S -> S
– Alternative : successor function succ: S -> 2S

• Goal test
– Test whether state satisfies goal
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Search concepts

• Path
– Sequence of actions that lead from one state to another

• Path costs
– Costs function over paths
– Usually sum of costs of actions in path

• Solution
– Path from initial to goal state

• Search costs
– Time and memory cost to find solution

• Total cost
– Search + Path cost
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Examples
Vacuumcleaner

• 8 states
– 2 posit ions (left r ight)
– Dirt (yes no)

• Actions
– Left
– Right
– Suck

• Goal 
– No dir t 

• Costs 
– 1 per action
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Examples
8-puzzle

• States : Integer locations of tiles
• Operators : move blank left, right, up, down
• Goal test : = given goal state
• Path cost : 1 per move
• Optimal solution of n-Puzzle is NP-hard
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Examples
n-queens

• Constraint satisfaction problem
• States 

– Configuration of 0-n queens
– Queen [X,Y] coordinate

• Operators :
– Place a queen on the board

• Path cost : 0 (only solutions matter)
• Goal : n queens on board that do not attack each 

other
• Problem ?

12

Examples
n-queens (2)

• Observe :
– Queens must be in different collumns

• State 
– Sequence of 0-n numbers between [1 …n]
– [ x1, …,xn] : xi denotes row number of queen in collumn 

i; e.g. [ 1,3,5,7,2,4,6,8]
– Allow only states without attacking queens
– Only 2057 states possible !

• Operators :
– Determine row of next queen 
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Examples
n-queens (3)

• State 
– List of n numbers between [1 …n]

– [x1, …,xn] : xi denotes row number of queen i in 
collumn i

• Operators :
– Slide attacked queen within collumn i 
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Examples
Missionaries and cannibals

• Informal problem description
• At a river there are 3 missionaries and 3 cannibals
• They wish to cross the river using a boat that can 

hold at most 2 persons
• It should never be the case that at one of the two 

banks there are more cannibals than missionaries
• Goal : 

– Find an action sequence that safely brings all people 
from one bank to the other 

15

Examples
Missionaries and cannibals (2)

• How to formalize ?
• States : (x,y,z) x,y,z : number of M, C, and boats 

at initial bank
• Initial state : (3,3,1)
• Operators

– From each state : take 1 M, 1 C, 2 M, 2 C, 1 M and 1 C 
from one bank to the other

• Goal state : (0,0,0)
• Path cost : 1 for each crossing of the boat

16

Problem types

• Single state
– Complete knowledge about state and actions
– Agent knows present state 

• Multiple state
– Incomplete knowledge about state and actions
– Agent knows that present state belongs to a set of states

• Contingency problem
– Impossible to plan a complete sequence of actions because not al l 

information available

• Exploration problem
– State space and effects of actions unknown
– Experimentation required.
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Vacuum cleaning
single state

18

Vacuum cleaning
multiple state

19

Real life problems

• Route planning
– E.g. driving, flying, trains 
– Can become quite complicated (when costs are dynamically 

changing)

• Touring and traveling salesman problems
– NP-hard
– Find the shortest tour 

• VLSI layout design
– Cell layout and channel routing

• Robot navigation 
– A lot of degrees of freedom

• Assembly sequencing
– Determine the order in which to assemble parts of an object 20

Search in general

• Search tree : 
– Generate all successors starting from initial 

state
(3 ,3 ,1)

(2 ,3 ,0)

(3 ,3 ,1)

(3 ,2 ,0) (2 ,2 ,0) (1 ,3,0 ) (3 ,1 ,0)

(3 ,3 ,1)

(2 ,3,0) (3 ,2 ,0) (2 ,2 ,0) (1,3 ,0) (3,1 ,0)

(3 ,3 ,1)
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General Search Algorithm
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Implementing the search tree

Data structure Nodes

• State 

• Parent-node : predecessor

• Operator : operator leading to this node

• Depth : depth of the node

• Path-cost : path cost till this node

Manipulating Queue

• Make-Queue(Elements) 

• Empty?(Queue)

• Remove-front(Queue) : returns first element

• Queuing-Fn(Elements,Queue) : add new Elements to Queue

23

More precisely

24

Search strategies

Criteria
• Completeness :

– if a solution exists, will it always be found ?

• Time complexity : 
– how long does it take to find a solution ?

• Memory complexity : 
– how much memory is needed to find a solution ?

• Optimality : 
– is the best solution always found ?
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Search strategies

Blind = uninformed search: 
No information given about the length or 
the costs of a solution path

• Breadth-first, uniform cost search depth-
first

• Depth-limited search, iterative deepening
• Bi-directional search
Informed or heuristic search

26

Breadth-first

• Queue-Fn : enqueue at end (FIFO)

• Complete

• Optimal when cost actions positive and identical 
for all actions

27

Breadth-first

• Number of nodes visited (where b is max. branching factor 
and d is depth of solution)

• Example b = 10, 1000 nodes/s, 100 bytes/node

)(...1 32 dd bObbbb ≅+++++

28

Uniform-cost search

• Queue ordered according to cost g(n) of 
node n; 

• Select always minimum cost node

• Optimal when )())((: ngnsuccgn ≥∀
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Uniform-cost

30

Depth-first

• Queue-Fn : enqueue at front (LIFO)

• Might get lost in infinite path !

31

Depth-limited

• Search till level k only, e.g. path planning

• Avoids problem of depth-first, but may be 
incomplete !

32

Iterative deepening

• Combines depth- and breadth first

• Optimal and complete, memory efficient
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Iterative deepening

34

Iterative deepening

• Number of expansions (time)

• Example b=10, d=5

• Only 11% more
• Memory 

)(
...1

.12...)1(.1).1(
12

12
d

dd

dd

bO
bbbbstBreadthfir

bbbdbddIterative

+++++
+++−+++

−

−

111111100000100001000100101

123456100000200003000400506

=+++++
=+++++

stBreadthfir

Iterative

).( dbO

35

Bi-directional

• If both directions symmetric then 

• Instead of 

• Huge difference ! E.g. b=10, d=6, 2222 instead of 
1111111

).2( 2/dbO

)( dbO

36

Problems Bi-directional

• Operators cannot always be inverted
– Predecessors of a node need to be computed
– Can be difficult 

• What if many possible goal states ?
– If two goal states then work with multiple sets of states 
– E.g. Check-mate !

• Efficient method needed to test whether two 
searches have intersected (hashing)

• Which strategy to choose for both directions? 
Breadth-first ?
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Comparing search strategies

• Time complexity

• Memory complexity

• Optimality

• Completeness

• b : branching factor

• l : depth limit

• d : depth of solution

• m : maximal search depth

38

Cycles !

• Paths may contain cycles
• Also, many ways to reach same state.
• Need for cycle avoidance mechanism

– Never generate child that is identical to parent
• Cycles still possible 

– Never generate child that is identical to ancestor
• Same nodes may stil l be generated twice 
• No cyclic paths wil l be generated

– Never generate same node twice (requires hashing 
mechanism) 

• Memory ineff icient

39 40

Constraint Satisfaction
Problems

• A constraint satisfaction problem (CSP) 
consists of:
– a constraint C over variables x1,..., xn

– a domain D which maps each variable xi to a 
set of possible valuesD(xi)

• It is understood as the constraint

C x D x xn D xn∧ ∈ ∧ ∧ ∈1 1( ) ( )
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Finite Constraint Domains

• The domains are finite !
• An important classof constraint domains
• Useto model constraint problems involving 

choice: e.g. scheduling, routing and timetabling
• The greatest industrial impact of constraint 

programming has been on these problems
• Slides on constraint programming adapted from 

Marr iott and Stuckey, Constraint Programming, 
MIT Press, 1998.

42

Map Colouring

A classic CSP is the problem of coloring a map so that
no adjacent regions have the same color

WA

NT

SA

Q

NSW

V

T

Can the map of Australia be 
colored with 3 colors?

WA NT WA SA NT SA

NT Q SA Q SA NSW

SA V Q NSW NSW V

≠ ∧ ≠ ∧ ≠ ∧
≠ ∧ ≠ ∧ ≠ ∧

≠ ∧ ≠ ∧ ≠

D WA D NT D SA D Q

D NSW D V D T

red yellow blue

( ) ( ) ( ) ( )

( ) ( ) ( )

{ , , }

= = = =
= = =

43

4-Queens

Place4 queenson a 4 x 4 chessboard so that none can 
take another.

������������ ������������ ������������ ������������

�

	




�

Four variables Q1, Q2, 
Q3, Q4 representing the 
row of the queen in each 
column. Domain of each
variable is { 1,2,3,4}

One solution! -->
44

4-Queens

The constraints:

Q Q Q Q Q Q

Q Q Q Q Q Q

Q Q Q Q Q Q

Q Q Q Q Q Q

Q Q Q Q Q Q

Q Q Q Q Q Q

1 2 1 3 1 4

2 3 2 4 3 4

1 2 1 1 3 2 1 4 3

2 3 1 2 4 2 3 4 1

1 2 1 1 3 2 1 4 3

2 3 1 2 4 2 3 4 1

≠ ∧ ≠ ∧ ≠ ∧
≠ ∧ ≠ ∧ ≠ ∧
≠ + ∧ ≠ + ∧ ≠ + ∧
≠ + ∧ ≠ + ∧ ≠ + ∧
≠ − ∧ ≠ − ∧ ≠ − ∧
≠ − ∧ ≠ − ∧ ≠ −

Not on the same row

Not diagonally up

Not diagonally down
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Smugglers Knapsack

Smuggler with knapsack with capacity 9, who 
needs to choose itemsto smuggle to make 
profit at least 30

object profit size

whiskey

perfume

cigarretes

15 4

10 3

7 2

4 3 2 9 15 10 7 30W P C W P C+ + ≤ ∧ + + ≥

What should be the domains of thevariables? 46

CSPs as search problem

• Goal :
– Find assignment satisfying constraints

• Operator :
– Assign value to variable

• States :
– (Partial) assignments of values to variables

• Initial state :
– Empty variable assignment

47

Simple Backtracking Solver

• General search scheme works
– Depth of solution is limited by number of variables
– Therefore often depth first used

• Improvement of naive depth-first possible 
– Primitiveconstraint isof the form x=y (or x =/=y) with 

both x and y constants 
– If there existsa primitive constraint that is violated in 

candidate then do not add candidate to Queue
– Implemented usingpartial_satisfiable (next slide)
– In combination with a depth-first scheme, this 

implements backtracking
48

Partial Satisfiable

• Check whether a constraint C is unsatisfiable in a 
(partial) variable assignment M because of a prim. 
constraint with no vars

• partial_satisfiable(C,M)
– Let C‘ beC with all variables replaced by their 

corresponding value in M
– for each primitive constraint c in C‘

• if vars(c) is empty
– if satisfiable(c) = false return false

– return true
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Backtracking Solver
X Y Y Z D X D Y D Z< ∧ < = = =( ) ( ) ( ) { , }12

X Y Y Z< ∧ <

Choose var X 
domain {1,2}

X = 1

1 < ∧ <Y Y Z

Choose var Y 
domain {1,2}

Y = 1

1 1 1< ∧ < Z

partial_satisfiable false

Y = 2

1 2 2< ∧ < Z

Choose var Z 
domain {1,2}

Z = 1

1 2 2 1< ∧ <
No variables, 
and false

Z = 2

1 2 2 2< ∧ <

No variables, 
and false

Variable X 
domain {1,2}

X = 2

2 < ∧ <Y Y Z
Choose var Y 
domain {1,2}

2 1 1< ∧ < Z 2 2 2< ∧ < Z
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Node and Arc Consistency

• basic idea: 
– find an equivalent CSP to theoriginal one with smaller 

domainsof vars

• key: 
– examine1 prim.constraint c at a time

• node consistency: 
– (vars(c)={x} ) remove any values from domain of x that 

falsify c

• arc consistency: 
– (vars(c)={x,y} ) remove any values from D(x) for which 

there isno value in D(y) that satisfiesc and vice versa

51

Node consistency

• Primitive constraint c is node consistent
with domain D if |vars(c)| =/=1 or
– if vars(c) = { x} then for each d in  D(x)

– x assigned d isa solution of c

• A CSP is node consistent if each prim. 
constraint in it is node consistent

52

Node Consistency Examples

ExampleCSP is not node consistent (seeZ)

X Y Y Z Z

D X D Y D Z

< ∧ < ∧ ≤
= = =

2

12 3 4( ) ( ) ( ) { , , , }

ThisCSP is node consistent 

X Y Y Z Z

D X D Y D Z

< ∧ < ∧ ≤
= = =

2

12 34 12( ) ( ) { , , , } , ( ) { , }

The map coloring and 4-queens CSPs are node 
consistent. Why?
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Achieving Node Consistency

• node_consistent(C,D)
– C : constraint
– D : cartesian product of domains D(x) for variables x

– for each prim. constraint c in C
• D := node_consistent_primitive(c, D)

– return D
• node_consistent_primitive(c, D)

– if |vars(c)| =1 then
• let {x} = vars(c)

– return D
D x d D x x d c( ): { ( )|{ } }= ∈ �  is a solution of 

54

Arc Consistency

• A primiti ve constraint c is arc consistent
with domain D if |vars{c}| =/= 2 or
– vars(c) = { x,y} and for each d in D(x) there 

existse in D(y) such that 

– and similarly for y

• A CSP is arc consistent if each prim. 
constraint in it is arc consistent 

{ , }x d y e c
 
    is a solution of  

55

Arc Consistency Examples

ThisCSP is node consistent but not arc consistent 
X Y Y Z Z

D X D Y D Z

< ∧ < ∧ ≤
= = =

2

12 34 12( ) ( ) { , , , } , ( ) { , }

For example the value4 for X and X < Y.

The following equivalent CSP is arc consistent

X Y Y Z Z

D X D Y D Z

< ∧ < ∧ ≤
= = = ∅

2

( ) ( ) ( )

The map coloring and 4-queens CSPs are also arc 
consistent. 56

Achieving Arc Consistency

• arc_consistent_primitive(c, D)
– if |vars(c)| = 2 then

– return D

• removes values which are not arc consistent with c

D x d D x e D y

x d y e c

( ): { ( )| ( ),

{ , } }

= ∈ ∈exists 

 is a soln of � �

D y e D y d D x

x d y e c

( ): { ( )| ( ),

{ , } }

= ∈ ∈exists 

 is a soln of � �
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Achieving Arc Consistency

• arc_consistent(C,D)
– repeat

• W := D
• for each prim. constraint c in C

–D := arc_consistent_primitive(c,D)
– until W = D
– return D

• A very naive version (there are much better)

58

Using Node and Arc Cons.

• We can build constraint solvers using the 
consistency methods

• Two important kinds of domain
– false domain: somevariable has empty domain

– valuation domain: each variable has a 
singleton domain

• extend satisfiable to CSP with val. domain

59

Node and Arc Cons. Solver

• D := node_consistent(C,D)

• D := arc_consistent(C,D)

• if D isa false domain
– return false

• if D isa valuation domain
– return satisfiable(C,D)

• return unknown

60

Node and Arc Solver Example
Colouring Australia: with constraints

WA NT WA SA NT SA

NT Q SA Q SA NSW

SA V Q NSW NSW V

≠ ≠ ≠
≠ ≠ ≠
≠ ≠ ≠

WA red NT yellow= ∧ =

WA   NT    SA     Q   NSW  V      T

Node 
consistency



16

61

Node and Arc Solver Example
Colouring Australia: with constraints

WA NT WA SA NT SA

NT Q SA Q SA NSW

SA V Q NSW NSW V

≠ ≠ ≠
≠ ≠ ≠
≠ ≠ ≠

WA red NT yellow= ∧ =

WA   NT    SA     Q   NSW  V      T

Arc 
consistency

62

Node and Arc Solver Example
Colouring Australia: with constraints

WA NT WA SA NT SA

NT Q SA Q SA NSW

SA V Q NSW NSW V

≠ ≠ ≠
≠ ≠ ≠
≠ ≠ ≠

WA red NT yellow= ∧ =

WA   NT    SA     Q   NSW  V      T

Arc 
consistency

63

Node and Arc Solver Example
Colouring Australia: with constraints

WA NT WA SA NT SA

NT Q SA Q SA NSW

SA V Q NSW NSW V

≠ ≠ ≠
≠ ≠ ≠
≠ ≠ ≠

WA red NT yellow= ∧ =

WA   NT    SA     Q   NSW  V      T

Arc 
consistency

Answer:

unknown

64

Backtracking Cons. Solver

• We can combine consistency with the 
backtracking  solver

• Apply nodeand arc consistency before 
starting the backtracking solver and after 
each variable is given a value
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Back. Cons Solver Example

There isno 
possible 
value for

var iable Q3!

������������ ������������ ������������ ������������

�

�

�

�

No value 
can be

assigned to
Q3 in this

case!

Therefore,
we need to

choose 
another value

for Q2.

66

Back. Cons Solver Example
������������ ������������ ������������ ������������

�

�

�

�

We cannot 
find any 

possible value
for Q4 in
this case!

Backtracking…

Find another 
value for Q3?

No!

backtracking,

Find another
valueof Q2?

No!

backtracking,

Find another
valueof Q1?

Yes, Q1 = 2

67

Back. Cons Solver Example
������������ ������������ ������������ ������������

�

�

�

�

68

Back. Cons Solver Example
������������ ������������ ������������ ������������

�

�

�

�
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Node and Arc Solver Example
Colouring Australia: with constraints

WA red NT yellow= ∧ =

WA   NT    SA     Q   NSW  V      T

Backtracking 
enumeration

Select avariable with domain of more than 1,  T

Add constraint T red= Apply consistency

Answer: true 70

Summary

• Various strategies for Uninformed Search

• Iterative deepening often works well !

• Infinite graphs – Cycles 

• Constraint satisfaction problems
– Arc and node consistency


