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ising
the

expected
utility
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O
verview

�

Introduction
to

U
tility

T
heory

�

S
electing

single
A

ctions

�

S
equentialD

ecision
P

roblem
s

�

M
arkov

D
ecision

P
rocesses

�

V
alue

iteration

2

U
tility

T
heory

T
he

(U
tility

function)
assigns

values
to

states.Ittherefore
form

alizes
the

agent’s
preferences

am
ong

states.

�� ��

U
tility

ofstate�

for
the

agent.

A
non-determ

inistic
action �

can
resultin

any
ofthe

states
R

esult�� �� .T
he

probability
thatthe

successor
state

R
esult�� ��

is
reached

w
hen�

is
executed

given
evidence�

is

�	� R
esult�� ��


D
o� �� � ��

E
xpected

U
tility

��� �
 ��
�
�� 	� R

esult�� ��


D
o� �� � ����

�� R
esult�� ���

T
he

principle
ofm

axim
isation

ofexpected
utility

M
E

U
states

thata
rational

agentselects
the

action
thatm

axim
izes��� �
 �� .

3

P
roblem

sw
ith

the
M

E
U

-principle

	� R
esult�� ��


D
o� �� � ��

requires
a

com
plete

causalm
odelofthe

w
orld.

�
should

be
m

odified
for

each
change

�
N

P
-com

plete
for

B
ayesian

nets.

�� R
esult�� ���

requires
one

to
search

or
plan

to
estim

ate
the

utility
ofa

state
(looking

ahead).
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A
xiom

s
ofU

tility
T

heory
(1)

Justification
ofthe

M
E

U
-principle.

S
cenario

=
Lottery�

�

possible
outcom

es
=

possible
w

ins

�

the
resultis

determ
ined

atrandom

������ �� =
S

tate�
E

xam
ple

:
Lottery�

w
ith

2
outcom

es�
and�

:
� �
� �� �� � �
�� ��

P
reference

am
ong

lotteries
:

�� �
��

A
gentprefers��

over��

����
��

A
gentis

indifferentbetw
een��

and��

�� ��
��

is
preferred

over
or

indifferentto��
5

A
xiom

s
ofU

tility
T

heory
(2)

G
iven

states �� �� !

�

O
rderability

� ��
�� "
� ��
�� "
� � �
��

A
n

agentm
ustknow

w
hathe

w
ants.

�

T
ransitivity

� ��
�� #
� �� !
� $
� �� !
�

N
otbeing

transitivity
causes

irrationalbehaviour.%& '
& (
& %

.A
genthas%

and
w

ould
pay

to
change

to(

.(

could
then

be
changed

to%

again.

)

A
gentlooses

m
oney.

6

A
xiom

s
ofU

tility
T

heory
(3)

�

C
ontinuity

��
�� !$
*�� �� �� � �
�� !
� �
�

W
ith

fixed
preferences

am
ong %

and '

,one
can

constructa
lottery

so
thatthe

agentis
indifferent.

�

S
ubstitutability

� �
�$
� �� �� � �
�� !
� �
� �� �� � �
�� !
�

S
im

ple
lotteries

can
be

replaced
by

m
ore

com
plicated

ones
w

ithoutchanging

indifference.

7

A
xiom

s
ofU

tility
T

heory
(4)

�

M
onotonicity

��
�$
� � +
, -
� �� �� � �
�� �� � ,� �� � �
,� ��

Ifthe
A

gentprefers %

,then
he

m
ustalso

prefer
the

lottery
w

ith
higher

probability

assigned
to%

.
�

D
ecom

posability
� �� �� � �
��� ,� �� � �
,� !
�� �

� �� ��� � �
�� ,� ��� � �
��� � �
,� � !
�

T
here

is
no

fun
in

gam
bling.
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U
tility

function
and

axiom
s

T
he

axiom
s

are
concerned

w
ith

preference
only.

H
ow

ever,they
im

ply
thatthere

exists
a

utility
function.

1.
U

tility
principle

Ifthe
preferences

by
the

agentsatisfy
the

axiom
s,then

there
exists

a
function� .� /0

such
that

�� �� 1
�� �� -
��
�

�� �� �
�� �� -
� �
�

2.
M

axim
um

expected
utility

principle

��� � �� ��� 222�� 3� �3�� �
4� � � �
�� ���

H
ow

to
design

utility
functions

thatlead
to

the
desired

behaviour
ofthe

agent?
9

P
ossibleU

tility
F

unctions

T
he

utility
ofm

oney
:

+U

+$

+U

+$

−
150,000

800,000

(a)
(b)

o

o

o

o
o

o
o

o
o

o
o

o
o

o
o

S
caling

and
norm

alisation

�

bestprice��657� �
�

�

w
orstcase�� 58� �

9

Interm
ediate

values
are

obtained
by

varying
the

probability:

in
a

standard
lottery

and

com
parison

w
ith

the
resulting

state;

,untilthe
agentis

indifferentbetw
een;

and
the

lottery.
10

S
equentialD

ecision
P

roblem
s

1
2

3

1 2 3

− 1

+ 14

S
T

A
R

T

T
he

agentshould
getinto

state��<� =�

(R
ew

ard> �

)
and

avoid
state��<� ?�

(R
ew

ard/P
unishm

ent ��

).A
ctions

:north,south,w
est,east.

determ
inistic

variant:allactions
alw

ays
lead

to
the

nextbox
in

the
choosen

direction.H
itting

the
w

allhas
no

effect.

stochastisc
variant:intended

effecthas
probability

of0.8,w
ith

probability
0.2

the
agentm

oves
atrightangles.

E
xam

ple:

@AA BC DEF

D
oA northCA BC BEEHG

I JKL
@AA DC BEF

D
oA northCA BC BEEHG

@AA BC BEF

D
oA northCA BC BEE G

I JB

11

M
ark

ov
D

ecision
P

roblem
s(M

D
P

)

G
iven

:

�

S
etofstates

in
an

accessible
stochastic

environm
ent

�

S
etofgoalstates

�
S

etofactions

�
Transitionsm

odelMON�P

�
U

tility
function

Transitionsm
odel:M N�P

is
the

probability
thatstateQ

is
reached

w
hen

action

R

is
executed

in
stateS .

P
olic

y:
F

unction
from

states
to

action.S
pecifies

the
action

to
execute

in
any

given
state.

F
ind:

O
ptim

alP
olicy,i.e.policy

thatm
axim

izes
the

expected
utility.
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M
D

P
-based

A
gent

function
S

IM
P

LE-P
O

LIC
Y-A

G
E

N
T(percept)returns

an
action

static:
M

,a
transitionm

odel
U

,a
utility

function
on

environm
enthistories

P
,a

policy,initially
unknow

n

if
P

is
unknow

n
then

PT
the

optim
alpolicy

given
U

,M
return

P
[percept]

E
xam

ple
:

U
tility

ofan
action

sequence
=

V
alue

ofthe
finalstate �

N
um

ber
ofactionsU 25

W
ith

6
actions

to
finalstate> �

:� �
V�W �

9 2XY

13

V
alue

iteration
(1)

A
n

algorithm
to

com
pute

an
optim

alpolicy.

Idea:com
pute

the
utility

ofeach
state.T

his
can

then
be

used
to

determ
ine

the
optim

alaction
for

each
state.

A
n

action
sequence

generates
a

tree
ofpossible

successor
states

( H
istories).

A
utility

function�Z

on
histories

is
separable

iff
there

is
a

function[

so
that

�Z��6\]� \�� 222� \3��
�
[� \]� �Z��6\�� 222� \3���

T
he

sim
plestform

em
ploys

additive
utility

functions
(R

ew
ards)

�Z��6\]� \�� 222� \3��
�
0� \]� > �Z��6\�� 222� \3���

In
the

exam
ple,0���<� =�� �

> �

,0���<� ?�� � �
�

,0�6^_`
ab� � �
��W .

14

V
alue

iteration
(2)

T
he

utility
ofa

stateS

is
determ

ined
by

the
expected

utility
ofthe

optim
al

policy
under

the
given

transition
m

odelM

:

�� S� �
����c� S�� ^dSef6g�
 M�

�
4
	��c� S�� ^dSef6g�
 M�ih�Z��c� S�� ^dSef6g��

B
ecause

ofthe
additivity

ofthe
utility

function,one
can

obtain

� ^dSefkj� S� �
Rbl m
RnN

4P M N�P �� Q�

�� S� �
0� S� > o
p qN

4P M N�P �� Q�

�

B
asisfor

dynam
ic

program
m

ing
15

V
alue

iteration
(3)

Ifthe
utility

ofthe
finalstates

is
know

n,then
anr -step

decision
problem

can
be

reduced
to

thatofcom
puting

the
utility

offinalstates
of� r �

�� -step
decision

problem
s.

�
Iterative

and
efficientprocedure

P
rob

lem
:

Typicalproblem
s

contain
cycles,so

thatH
istories

m
ay

be
infinite

long.

S
olution:

A
pplication

of

�st �� S�6u
0� S� > mRnN

4P M N�P �s� Q�

w
here�s� S�

is
the

utility
oftheS -th

state
after_

iterations

O
bservation:

C
onvergence

w
hen_

/v

.

16



V
alue

iteration
(4)

function
V

A
LU

E
-IT

E
R

AT
IO

N
(M

,R
)

returns
a

utility
function

inputs:
M

,a
transitionm

odel
R

,a
rew

ard
function

on
states

localvariables:
U

,utility
function,initially

identicalto
R

U w

,utility
function,initially

identicalto
R

repeat
Ux

U w

for
each

stateido
U w

[i]x

R
[i]

+
m

axay

j
M

aij U
[j]

end
until

C
LO

S
E-E

N
O

U
G

H(U
,U w

)
return

U
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A
pplication

ofvalue
iteration

C
onvergence

behaviour

-1

-0.5 0

0.5 1

0
5

10
15

20
25

30

Utility estimates

N
um

ber of iterations

(4,3)
(3,3)
(2,3)

(1,1)
(3,1)

(4,1)

(4,2)
0

0.2

0.4

0.6

0.8 1

0
5

10
15

20

RMS error

N
um

ber of iterations

0

0.2

0.4

0.6

0.8 1

0
5

10
15

20

Policy lossz

N
um

ber of iterations

U
tility

of
states

and
resulting

policy
after

conver-
gence.

1
2

3

1 2 3

− 1

+ 14

0.611

0.812

0.655

0.762

0.912

0.705

0.660

0.868

 0.388

1
2

3

1 2 3

− 1

+ 14

18-1
S

um
m

ary

�

R
ationalagents

can
be

developed
by

com
bining

probability
theory

and
utility

theory.

�

A
gents,w

hose
preferences

satisfy
the

axiom
s

ofutility
theory

have
U

tility
function

.

�

S
equentialproblem

s
in

uncertain
environm

ents
(M

D
P

’s)
can

be
solved

by
com

puting
a

polic
y.

�

V
alue

iteration
is

one
w

ay
ofcom

puting
optim

alpolicies.
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F
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ofA
I

R
einforcem

entLearning

P
assive

and
A

ctive
Learning

Luc
D

e
R

aedt
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O
verview

�

N
aive

U
pdating

�

A
daptive

D
ynam

ic
P

rogram
m

iering

�

Tem
poralD

ifference

�

E
xploration

�

Q
Learning

�

Inputgeneralisation

�

S
om

e
applications

20

R
einforcem

entLearning

T
he

agenthas
no

m
odelofits

environm
ent M{N�P

and
no

utility
function�� S�

for
statesS .
T

he
agentis

given
rew

ards
and

punishm
ents

for
sequences

ofactions.Itis
notinform

ed
ofthe

“right”
or

better
actions. �

rew
ard/reinforcem

ent

E
xam

ple:W
inning

or
losing

in
gam

es

passive
learning:

T
he

agentobserves
the

w
orld

and
attem

pts
to

learn
the

utilities
ofstates.

active
learning:

T
he

agentperform
s

explorative
actions

in
order

to
learn

about
its

environm
ent.To

this
aim

,item
ploys

the
already

learned
know

ledge.

21

W
hat

are
w

e
learning

?

function
P

A
S

S
IV

E-R
L-A

G
E

N
T(e)

returns
an

action
static:

U
,a

table
ofutility

estim
ates

N
,a

table
offrequenciesfor

states
M

,a
table

oftransitionprobabilitiesfrom
stateto

state
percepts,a

perceptsequence(initially
em

pty)

add
e

to
percepts

increm
entN

[S
TA

T
E[e]]

U|

U
P

D
A

T
E(U

,e,percepts,M
,N

)
if

T
E

R
M

IN
A

L?[e]
then

percepts|

the
em

ptysequence
return

the
action

O
bserve

3
different“U

pdate”-functions
for

passive
agents

:

1.
naive

updating
(w

ithouta
m

odel)

2.
adaptive

dynam
ic

program
m

ing
(w

ith
a

m
odel)

3.
tem

poraldifference
(w

ithoutm
odel)

H
ow

to
learn

a
m

odel?

H
ow

to
actively

learn
?

22

3
differentlearning

situations
:

1.
passive

learning
in

a
know

n
environm

ent

2.
passive

learning
in

an
unknow

n
environm

ent

3.
active

learning
in

an
unknow

n
environm

ent

23



P
assive

learning
in

a
know

n
environm

ent
�

T
he

agentknow
s

the
transition

m
odelM�P .

S
tate

transitions/A
ctions

are
generated

w
hich

are
perceived

by
the

agent
=

the
agentdeterm

ines
the

value
ofa

given
policy.

(a)

1
2

3

1 2 3

− 1

+ 14

S
T

A
R

T

−1 +1

.5

.33

.5

.33
.5 .33

.5

1.0
.33 .33

.33

(b)

1.0
.5

.5

.5

.5

.5

.5

.5.5

.33

.33 .33

1
2

3

1 2 3

− 1

+ 14

(c)

−0.0380

−0.0380

 0.0886
 0.2152

−0.1646

−0.2911

−0.4430

−0.5443
−0.7722

one
possible

trainingsequence
: }} ~� �} ~�� } ~�� � ~��� ~� ��

�� }

G
oalis

to
learn�� S�

for
each

non-term
inalstateS

�� S�

=
rew

ard-to-G
o

for
additive

function
S

um
ofthe

rew
ards

fromS

to
term

inalstate
24

N
aive

U
pdating

(N
U

)

A
ssum

ption:observed
R

ew
ard-to-G

o
determ

ines
actualR

ew
ard-to-G

o

function
LM

S
-U

P
D

A
T

E(U
,e,percepts,M

,N
)returns

an
updatedU

if
T

E
R

M
IN

A
L?[e]

then
rew

ard-to-go�

0
for

each
e

i in
percepts

(startingatend)do
rew

ard-to-go�

rew
ard-to-go

+
R

E
W

A
R

D
[e

i ]
U

[S
TA

T
E[e

i ]]�

R
U

N
N

IN
G

-A
V

E
R

A
G

E(U
[S

TA
T

E[e
i ]],rew

ard-to-go,N
[S

TA
T

E[e
i ]])

end

�

Learning
the

utility
function

from
exam

ples
(state,R

ew
ard-to-G

o)

�

R
einforcem

entLearning
reduced

to
inductive

learning

P
roblem

:

N
U

ignores
the

probabilities
w

ith
w

hich
the

state
transitions

occur.

25

Learning
curve

for
N

U

T
he

probabilities
ofthe

state
transitions

are
ignored.T

he
learning

curve
converges

very
slow

ly
(m

ore
then

1000
epochs

required).

-1

-0.5 0

0.5 1

0
200

400
600

800
1000

Utility estimates�

N
um

ber of epochs

(4,3)

(3,3)
(2,3)

(1,1)
(3,1)

(4,1)
(4,2)
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T
he

realutility
ofa

state
is

=
w

eighted
utility

ofsuccessor
states

+
ow

n
utility

27



R
einforcem

entlearning
using

A
daptive

D
ynam

ic
P

rogram
m

ing

�� S�
�
0� S� >4P M�P �� Q�

N
ote:actions

are
notim

portantto
a

passive
agent!

�� ��

R
ew

ard
for

reaching
state�

has
to

be
learned,i.e.observed

once
for

each
state

!

���

probabilities
ofstate

transitions

supposed
to

be
know

n
!

A
D

P
solves

setofequations
!

A
D

P
sets

a
standard

for
com

parison
(w

ith
other

reinforcem
entlearning

techniques).
N

otapplicable
to

large
state

spaces:for
B

ackgam
m

on �9 W]

equations
w

ith

�9 W]

variables.

28

Tem
poralD

ifferenceLearning

�� S� u
�� S� > �

� 0� S� > �� Q� �
�� S��

W
hen

a
state

transition
fromS

toQ

is
observed,the

value
ofS

is
updated

using
the

value
ofQ

w
ith

learning
rate�

.

function
T

D
-U

P
D

A
T

E(U
,e,percepts,M

,N
)returns

the
utility

table
U

if
T

E
R

M
IN

A
L?[e]

then
U

[S
TA

T
E[e]]�

R
U

N
N

IN
G

-A
V

E
R

A
G

E(U
[S

TA
T

E[e]],R
E

W
A

R
D

[e],N
[S

TA
T

E[e]])
elseif

percepts
containsm

ore
than

one
elem

entthen
e ��

the
penultim

ateelem
entofpercepts

i,
j�

S
TA

T
E[e �

],
S

TA
T

E[e]
U

[i]�

U
[i]

+ �

(N
[i])(R

E
W

A
R

D
[e �

]
+

U
[j]

-
U

[i])
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-1

-0.5 0

0.5 1

0
200

400
600

800
1000

Utility estimates

N
um

ber of epochs

(4,3)

(3,3)
(2,3)

(1,1)
(3,1)

(4,1)

(4,2)
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P
assive

Learning
in

an
unknow

n
environm

ent

S
o

far,w
e

have
assum

ed
thatthe

agentknow
s M�P

�

N
U

and
T

D
em

ploy
only

inform
ation

aboutsuccessors
/finalstates,not

aboutm
odel.

�
can

be
applied

unchanged

�
A

D
P

em
ploys

a
m

odel
�

has
to

learn
a

m
odelofthe

environm
ent

Learning
ofM�P

�

by
directly

observing
state

transitions

�

each
perceptis

an
input/outputpair

ofthe
transition

function.

A
llinductive

learners
for

stochastic
functions

are
adequate.E

asy:how
frequently

does
a

state
transition

occur
?

31



-1

-0.5 0

0.5 1

0
100

200
300

400
500

Utility estimates

N
um

ber of epochs

(4,3)

(3,3)
(2,3)

(1,1)

(3,1)

(4,1)
(4,2)
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A
ctive

Learning
in

an
unknow

n
environm

ent

T
he

transition
m

odelhas
to

take
into

accountallpossible
actions

ofthe
agent,

w
e

have
to

use M N�P .
T

he
originalequation

ofthe
value

iteration
algorithm

has
to

be
em

ployed:

�� S� �
0� S� > mRnN

4P M N�P �
�� Q�

T
he

agentapplies
its

P
erform

ance
E

lem
ent,to

selectthe
actions.
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P
erform

ance
E

lem
ent

function
A

C
T

IV
E-A

D
P

-A
G

E
N

T(e)
returns

an
action

static:
U

,a
table

ofutility
estim

ates
M

,a
table

oftransitionprobabilitiesfrom
stateto

statefor
eachaction

R
,a

table
ofrew

ardsfor
states

percepts,a
perceptsequence(initially

em
pty)

last-action,the
actionjustexecuted

add
e

to
percepts

R
[S

TA
T

E[e]]�

R
E

W
A

R
D

[e]
M�

U
P

D
A

T
E-A

C
T

IV
E-M

O
D

E
L(M

,percepts,last-action)
U�

V
A

LU
E

-IT
E

R
AT

IO
N

(U
,M

,R
)

if
T

E
R

M
IN

A
L?[e]

then
percepts�

the
em

ptysequence
last-action�

P
E

R
F

O
R

M
A

N
C

E-E
LE

M
E

N
T(e)

return
last-action
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E
xploration

(1)

Is
there

an
optim

allearning
strategy

?

M
axim

izing
exploration

selecting
actions

atrandom
in

the
hope

oflearning
as

m
uch

as
possible

aboutthe
environm

ent �

does
notoptim

ize
utility,does

not
actgoaloriented.

M
axim

izing
exploitation

m
axim

izes
utility

on
the

basis
ofthe

present
estim

ates
ofthe

utility
function.

)

the
agentdoes

notim
prove

itselfm
uch

after
finding

firstsolutions. )

A
gents

do
not

find
optim

alsolutions

)

statisticaldecision
problem

:the�

B
anditproblem

)

sim
ple

solution
to

assign
(state,action)

pairs
a

higher
utility
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E
xploration

(2)

���� ��

expected
rew

ard-to-go

�� �� ��

num
ber

oftim
es

thataction
a

w
as

applied
in

state
i

for
value

iteration,w
e

obtain

�O�� �� �
�� �� � ���� ¡ ¢� � ��� �O�� £� � �� �� ��¤

 � ¥� ��

is
the

exploration
function

and
determ

ines
the

proportion
betw

een
exploration

and
exploitation

(increases
w

ith¥

and
decreases

in�
).
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Q
Learning

so
far,learning

ofutility
function�� S�

now
:learning

the
utility

ofexecuting
an

actionR

in
a

stateS ,i.e.learning
the

Q
-function¦� R� S�

�� S� �mRnN
¦� R� S�

�

Q
values

are
used

directly
for

decision
m

aking

�

are
learned

directly
from

rew
ards

¦� R� S� �
0� S� >4P M N�P mRnN §
¦� Ri¨�Q�

Q
Learning

w
ith

T
D

approach
:

¦� R� S� u
¦� R� S� > �
© 0� S� > mRnN §
¦� Rª¨�Q� �
¦� R� S�«

�

no
explicitm

odel M N�P

needed
!!!
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D
iscussion

W
hatis

better
?

�

A
m

odeland
a

utility
function

for
learning

?

�

T
he

value
ofan

action
w

ithouta
m

odel?

H
ow

can
agentsbestbe

represented?

know
ledge

based
approach

:

T
he

explicitrepresentatin
ofthe

agentand
its

environm
entin

a
m

odelis
advantageous

w
hen

situations
becom

e
com

plex.

counter
argum

ent:

T
he

existence
ofsuccesfullearning

algorithm
s

thatdo
notrequire

a
m

odel
proves

thatknow
ledge

based
m

ethods
are

notneeded.

�

D
iscussion

is
stillopen
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G
eneralisation

(1)

T
he

states
space

ofchess
and

backgam
m

on
have

ca. �9 ��]

resp. �9 W]

states.
Itis

im
possible

to
visitallofthese

states
w

hile
learning

(as
required

by
the

previous
m

ethods).

W
e

need
an

im
plicitrepresentation

ofthe
utility

function.F
or

instance,in
chess,w

e
can

describe
positions

using
attributes. �

ca. �9

attributes
instead

of�9 ��]
states

G
eneralisation

ofvisited
statesto

non-visited
ones! �

often
em

ploy
neuralnets
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S
uccesfulapplications

�

in
G

am
es:C

heckers,T
D

-gam
m

on,C
hess.

�

C
ontrol

E
.g.elevators,cart-and-pole

x

θ
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S
um

m
ary(1)

W
e

distinguish
active

from
passive

Learning.

1.
w

ith
a

w
orld

m
odel:U

tility
function

over
states

is
learned

2.
w

ihtouta
m

odel:A
ction

value
function

is
learned

T
he

utility
ofa

state
is

the
sum

ofthe
rew

ards
thatthe

agents
expects

betw
een

the
presentstate

and
the

finalone.
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S
um

m
ary(2)

3
approaches

to
learning

the
utility

function

1.
N

aive
U

pdating

2.
A

daptive
D

ynam
ic

P
rogram

m
ing

3.
Tem

poralD
ifference.

Q
Learning

Learning
ofA

ction
V

alue
function
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