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History and Organization

Organizational Matters

e PD Dr. Jan-Georg Smaus

e This three-week course Pearls of Computer-Supported
Modeling and Reasoning is integrated in the Corso
integrato di Metodi Formali e di Verifica by Daniele
Magazzeni and Monica Nesi.

e Language: English (¢

e Oral exam at the end~

omande anche in italiano!).
?

e See webpage for further organizational info.
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http://www.informatik.uni-freiburg.de/~smaus/
http://informatica.di.univaq.it/infoataq.php?corso=107&pid=86&lid=it

History and Organization

Organizational Matters (2)

e [imetable:

Day March . .. Times Aula
Monday | 15th, 22nd, 29th | 16.30 - 18.30 | 1.7
Tuesday | 16th, 23rd, 30th | 11.30 - 13.30 | 2.5
‘uesday | 16th, 23rd, 30th | 14.30 - 18.30 | 1.27

e Bus problems: let's go from 16:30 to 18:00 without break;
otherwise, let's start each hour at x:30 sharp and have a

break after 45 minutes. | am available for questions until
18:30.
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History and Organization 5

History of this Course

This course covers around 25% of the course
Computer-Supported Modeling and Reasoning. Jan-Georg
Smaus gave this course at the University of Freiburg in each
winter semester from WS03/04.

In previous years, this course was given by Prof. Dr. David
Basin and Prof. Dr. Burkhart Wolft.

As of 2003, David Basin moved to ETH Zurich.

Jan-Georg Smaus is now in the group of Prof. Dr. Bernhard
Nebel.
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http://www.inf.ethz.ch/people/detail?id=19
http://www.inf.ethz.ch/people/detail?id=19
http://www.lri.fr/~wolff/
http://www.ethz.ch/
http://www.informatik.uni-freiburg.de/~gkiabt/
http://www.informatik.uni-freiburg.de/~gkiabt/

History and Organization

The Slides

The slides are available at http://www.informatik.uni-
freiburg.de/"ki/teaching /ws0910/csmr/aquila.html.

You might take notes of things written on the blackboard.
If you note mistakes or have suggestions, please tell me!
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The Slides (2)

he slides are actually an online course. They are also

available as lecture notes that can be printed out, and as
screen notes.

For easy reference, the slides/notes contain the material of

the full course as appendix, marked by pink background
color. Do not get lost there!

The documents are huge! The lecture notes are designed for
being printed at a rate of four pages per sheet side. So
please be mindful of resources when you print. In particular,
do not print the pink pages.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Exercises

We will mix lectures and exercises as seems fit. Since we
have no computer pool here at I'"Aquila, please bring your
laptops.

&
nn
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General Introduction

10

What this Course is about

Making logic come to life by making it run
on a computer, using the tool Isabelle.
Applications in

e Mathematics

e program and hardware verification
(For the impacient: some Isabelle/HOL

applications)

Smaus: CSMR; Il Semestre A.A.2009/2010


http://isabelle.in.tum.de/

General Introduction 11

What this Course is Useful for
After attending this course, you might . . .

e pursue an academic career focused on the topic of this
course or some other topic in formal methods;

e apply formal methods in a company like Intel or Gemplus;

e work in a different area in academia or industry; even then,
understanding mathematical and logical reasoning
improves understanding of how to build correct systems
and do more rigorous proofs.
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http://www.intel.com/
http://www.gemplus.com/

General Introduction

12

Overview: Three Parts

1. Logics (propositional, first-order, higher-order)

Smaus: CSMR; Il Semestre A.A.2009/2010
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General Introduction

12

Overview: Three Parts
1. Logics (propositional, first-order, higher-order)

2. Modeling mathematics and computer science
(programming languages) in higher-order logic
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General Introduction 12

Overview: Three Parts
1. Logics (propositional, first-order, higher-order)
2. Modeling mathematics and computer science
(programming languages) in higher-order logic
3. Case studies in formalizing a theory (functional and
imperative programming).
4
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Propositional Logic: Language 14

Propositional Logic: Language

Let a set V' of (propositional) variables be given. Lp, the
language of propositional logic, is defined by the following
grammar (X € V):

Piu= X |L| (PAP)| (PVP) | (P—P)]| ((-P)

The elements of Lp are called (propositional) formulas.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Natural Deduction 15

Deductive System: Natural Deduction

Developed by Gentzen [Gen35] and Prawitz [Pra65].
Designed to support ‘natural’ logical arguments:
e we make (temporary) assumptions;

e we derive new formulas by applying rules;

e there is also a mechanism for “getting rid of” assumptions.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Natural Deduction

16

Natural Deduction (2)

Derivations are trees

A—-(B—-C) A
B—C —E g
C

where the leaves are called assumptions.

—-E

Smaus: CSMR; Il Semestre A.A.2009/2010
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Deductive System: Natural Deduction

16

Natural Deduction (2)

Derivations are trees

A—-(B—-C) A
—-E
B—C B
C
where the leaves are called assumptions.

A proof is a derivation where we “got rid" of all
assumptions.

—-E

Smaus: CSMR; Il Semestre A.A.2009/2010
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Deductive System: Rules of Propositional Logic 17

Deductive System: Rules of Propositional
Logic

We have rules for conjunction, implication, disjunction,
falsity and negation.

Rules of two kinds: introduce connectives
4 B A-1
ANB'

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Rules of Propositional Logic 17

Deductive System: Rules of Propositional
Logic

We have rules for conjunction, implication, disjunction,
falsity and negation.

Rules of two kinds: introduce and eliminate connectives

A B/\I A/\B/\EL A/\B/\
AANB' A B

-ER

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Rules of Propositional Logic 18

Overview of Rules

A B ANDB ANDB
A/\B/\-/ P N-EL B N-ER
[A] [B]
A B AVB C C
A\/B\/-/L A\/B\/-/R C V-E
[A]
B

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Rules of Propositional Logic

19

Example Derivation with Conjunction
The rules:

A B

AABAJ

ANDB
A

A -EL

ANDB
A

B -ER

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

19

Example Derivation with Conjunction

The rules:
A B

AABAJ

ANB AN(BAC)

A -EL A

ANDB
A

B -ER

N-EL

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

Example Derivation with Conjunction
The rules:

A BAI
AANB" AN (BAC)

AN(BNC BANC
ANB, o ( )A_EL

N-ER

A A

ANDB
A

B -ER

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

19

Example Derivation with Conjunction

The rules:
A B

AABAJ

AN(BANC
ANB, o ( )A_EL

A A

ANDB
A

B -ER

AN(BANC)

N-ER
N-ER

BANC
C
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Deductive System: Rules of Propositional Logic

19

Example Derivation with Conjunction

The rules:
A B n
ANB AN(BANC)
ANB AN (BAC) prc  NER
| NEL A A-EL o NER
o ANC A
B N-ER
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Deductive System: Rules of Propositional Logic

Example Derivation with Conjunction

The rules:
A B n
ANB AN(BANC)
ANDB AN (BAC) prc  NER
| NEL y A-EL o NER
AN D ANC A
B N-ER

Can we prove anything with just these three rules?

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

20

Examples with Conjunction and Implication
The simplest proof we can think of is the proof of P — P.

P

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

20

Examples with Conjunction and Implication
The simplest proof we can think of is the proof of P — P.

P!
PP "

Il

Do you find this strange?

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Rules of Propositional Logic

20

Examples with Conjunction and Implication
The simplest proof we can think of is the proof of P — P.

Do you find this strange?
1. A—-—B— A

2. ANBANC)— ANC
3.A—-B—-C)—-(A—-B)—-A—-C

Smaus: CSMR; Il Semestre A.A.2009/2010
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Deductive System: Rules of Propositional Logic 21
Intuitionistic versus Classical Logic
e Peirce's Law: ((A— B) — A) — A.
Is this valid? Provable?
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Rules of Propositional Logic

21

Intuitionistic versus Classical Logic

e Peirce's Law: ((A— B) — A) — A.
s this valid? Provable?

e It Is provable in classical logic, obtained by adding

A oAl
. AA A lassical
AV oA or A ltA4  yclassical

e Deep, “philosophical” issue in logic.

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Derived Rules

22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

Smaus: CSMR; Il Semestre A.A.2009/2010
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Deductive System: Derived Rules

22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

RVS =S

R

It looks like this.

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Derived Rules 22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.

Example: Resolution rule.

m)

RVS =S RV S
R R

We build a fragment of a derivation by writing the conclusion
R and the assumptions RV S and —S.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Derived Rules 22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

m)

RVS =S RvVS R

R R
Since we have assumption RV S, using V-E seems a good
idea. So we should make assumptions R and S. First R. But
that is a derivation of R from R!

V-E

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Deductive System: Derived Rules

22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

5 O
RVS =S RvVS R
R R V-E
So now S.

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Derived Rules

22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

RVS =S RvVS R

R R

=S and S allow us to apply —-E.

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Derived Rules

22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

-S S
. F

RVS =S RVS R RL_E
R R V-E

To apply V-E in the end, we need to derive R. But that's

easy using | -E!

Smaus: CSMR; Il Semestre A.A.2009/2010



Deductive System: Derived Rules 22

Deductive System: Derived Rules

Using the basic rules, we can derive new rules.
Example: Resolution rule.

-S ST
. F

RvS -5  RvVS [R' R
V-E!

R R
Finally, we can apply V-E. The derivation with open as-
sumptions is a new rule that can be used like any other rule.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 23

Alternative Deductive System Using Sequent
Notation

One can base the deductive system around the derivability
judgement, i.e., reason about I' - A where I' = A;,..., A,
instead of individual formulae.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 24
Sequent Rules (for — /A Fragment)
Rules for assumptions and weakening:
I'-B
weaken
I'-A (where A €T) AT B
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 24

Sequent Rules (for — /A Fragment)

Rules for assumptions and weakening:

I'-B

I'A (where AeT) ATER weaken

Rules for A and —:

I'A B  TH+AAB T AAB
reang N orEa NMEL g NMER

AFFB_ﬁlFFAHB’FFAHE
'HA—B = '+ B i

Smaus: CSMR; Il Semestre A.A.2009/2010



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

FAA(BAC)— ANC

We want to show that AA (BAC) — AAC is a tautology,
l.e., that it Is derivable without any assumptions.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

AN(BAC)FANC
FAA(BAC) = ANC

-1

The topmost connective of the formula is —, so the best rule
to choose is —-I.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

ANBAC)F A ANBAC)FC
AN(BAC)FANC
FAA(BAC) = ANC

N-1

-1

The topmost connective of the formula is A, so the best rule
to choose is A-I.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

ANBANC)FANTX
N-EL

ANBAC)F A AANBAC)FC
ANBAC)FANC
FAA(BAC) = ANC

N-1

-1

Things are becoming less obvious. To know that A-EL is the

best rule for the r.h.s., you need to inspect the assumption
AN(BAC).

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

AN(BANC)FANANTX ANBANC)E (Y ANC)

N-EL N-ER

AN(BAC)F A AN(BANC)EC
ANBAC)FANC

FAA(BAC) = ANC

N-1

-1

Now it's becoming even more difficult. To know that A-ER

is the best rule for the |.h.s., you need to look deep into the
assumption AA (B A C).

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

ANBANC)EIZANY ANC)
AN(BANC)FANANTX ANBANC)E (Y ANC) NER
AN(BAC)F A N-EL ANBAC)FC NER
ANBAC)FANC

FAA(BAC) = ANC

N-1

-1

Again you need to look at both sides of the - to decide what
to do.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

ANBANC)EIZANY ANC) e
AN(BANC)FANANTX ANBANC)E (Y ANC) N

_Fl -ER
ANBACOFA AnBArC)FC

AN(BAC)FANC
FAA(BAC) = ANC

N-1

-1

Solution for 7Z = A, 7Y = B and 7X = (B AC).

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 25

Proof in Sequent Notation with Metavariables

ANBANC)FA N(B NC)
ANBANC)EFAN(BAC) ANBAC)E (B NC) NER

_Fl -ER
ANBACOFA ANBAC)FC /A
/\_

AN(BAC)FANC
FAA(BAC) = ANC

-1

Solution for 7Z = A, 7Y = B and 7X = (B AC).

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Alternative Deductive System Using Sequent Notation 26

Comments on Sequent Notation

This crazy way of carrying out proofs is the (standard)
Isabelle-way!

e In constructing the proof we work from goals to axioms

e metavariables used to delay commitments
4
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First-Order Logic: Syntax 28

First-Order Logic: Syntax

e [wo syntactic categories: terms and formulae

e A first-order language is characterized by giving a finite
collection of function symbols F and predicate symbols P
as well as a set Var of variables.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Syntax 28

First-Order Logic: Syntax

e [wo syntactic categories: terms and formulae

e A first-order language is characterized by giving a finite
collection of function symbols F and predicate symbols P
as well as a set Var of variables.

e Sometimes write f* (or p') to indicate that function
symbol f (or predicate symbol p) has arity i € N.
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First-Order Logic: Syntax 28

First-Order Logic: Syntax

e [wo syntactic categories: terms and formulae

e A first-order language is characterized by giving a finite
collection of function symbols F and predicate symbols P
as well as a set Var of variables.

e Sometimes write f* (or p') to indicate that function
symbol f (or predicate symbol p) has arity i € N.

e One often calls the pair (F,P) a signature.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Syntax 29

Terms and Formulae in First-Order Logic
Consider the following grammar (z € Var, f" € F, p" € P):

T = x| f(T, .t;n;e,ST)
F = ... | p"T,....,T) | Ve. F | Jz. F
N R’

n times

"he productions of T are called terms (set Term).

"he generic notation for function application is f(t1,...,t,),
but note special notations: infix, prefix, etc.

The productions of F' are called formulae (set Form).

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Syntax 29

Terms and Formulae in First-Order Logic
Consider the following grammar (z € Var, f" € F, p" € P):

T = x| f(T, .t;n;e,ST)
F = ... | p"T,....,T) | Ve. F | Jz. F
N R’

n times

"he productions of T" are called terms (set Term).

"he generic notation for function application is f(t1,...,t,),
but note special notations: infix, prefix, etc.

The productions of F' are called formulae (set Form).
Formulae of the form p"(...) are called atoms.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Deductive System 30

First-Order Logic: Deductive System

First-order logic is a generalization of propositional logic. All
the rules of propositional logic are “inherited” .

But we must introduce rules for the quantifiers.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Deductive System

31

Universal Quantification (V): Rules

P(x) Va. P(x)
ve.P(x)" P " C

where side condition (also called: proviso or eigenvariable
condition) * means: & must be arbitrary.

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic: Deductive System 31

Universal Quantification (V): Rules

P(x) Va. P(x)
ve.P(x)" P " C

where side condition (also called: proviso or eigenvariable
condition) * means: & must be arbitrary.

Note that rules are schematic: P(x) stands for any formula,
and P(t) stands for the formula obtained by substituting ¢
for x.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Deductive System 32
Universal Quantification: Side Condition
What does arbitrary mean? Consider the following “proof”
r =0
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Deductive System 32
Universal Quantification: Side Condition
What does arbitrary mean? Consider the following “proof”
x =10 w
Ve.x =0
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First-Order Logic: Deductive System

32

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z =0]'
Vr.x =0

r=0—Ve.z=0

V-1
Il

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic: Deductive System

32

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z = 0] l
Vw.w:()v_ |
mz()HVx.:U:OH_I
V-1

Ve.(r =0— Vz.z =0)

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic: Deductive System

32

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z = 0]

Vr.x =0
r=0—-Vr.z=0
Ve.(r =0— Vz.z =0)
0=0—-Vr.x=0

V-l
-
V-1
V-E

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic: Deductive System

32

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z = 0]
Vw.w:()v_l |
mz()HVa:.a::OH_I
Vx.(x:O%Vx.x:O)v_l
0=0—Ve.x—=0 "5 og=o"

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic: Deductive System

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z = 0]
Vw.wz()v_l |
$:OH\V/£E.ZE:OH_I
Vx.(x:O%Vx.x:O)v_l
0=0—Ve.x—=0 "5 og=o"
Vz.z =0 -k
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First-Order Logic: Deductive System

32

Universal Quantification: Side Condition

What does arbitrary mean? Consider the following “proof”

[z = 0]
Vw.wz()v_l |
:B:OHVx.:U:OH_I
Vx.(x:O%Vx.a::O)v_l
0=0—Ve.x—=0 "5 og=o"
Ve.x =0 -k

Formal meaning of side condition: x not free in any open
assumption on which P(x) depends. Violated!
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First-Order Logic: Deductive System

33

Va. A(x) N B(x)

A Proof?

Smaus: CSMR; Il Semestre A.A.2009/2010
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First-Order Logic: Deductive System

33

A Proof?
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First-Order Logic: Deductive System

33
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First-Order Logic: Deductive System

33

A Proof?

Va. A(x) A B(x)

A(xz) N B(x)
A(x)
Va. A(x)

Y-

V-E
N-EL
/
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First-Order Logic: Deductive System

33

A Proof?
Va. A(x) N B(x) o Va. A(x) N B(x)
A(xz) N B(x) EL A(x) N B(z)
A(x) " B(x) "
Vo A(z) Vz. B(z)
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First-Order Logic: Deductive System

A Proof?
Va. A(x) N B(x) Va. A(x) N B(x)
A(z) N B(x) /\—ZL-E A(x) N B(x) /\—:I;’E
A(x) " B(x) "
Vo A(z) Vz. B(z)

(Vo A(@) A (Vo. B(z))
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First-Order Logic: Deductive System

33

A Proof?
Ve Ax) A B(@)]'  _ [va. A(x) A B@)]
A nB@) T A@ABE@)
E Be)
Va. A(x) Vz. B(z)

A-1

V-
(Vz. A(z)) A (Vz. B(z))
(Vz. A(x) N B(x)) — (Vx. A(x)) A (Vx. B(x))

H_

1
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First-Order Logic: Deductive System

33

A Proof?
Vo, A(x) A B(z)]! o Vz. A(x) A B(x)]'
A(z) A\ B(z) EL A(iv)/\B(ﬂf)A
A(z) " B(x) "
Va. A(x) Va. B(x)
(Vz.A(x) A (V2. B)
(Vz. A(x) N B(x)) — (Vx. A(x)) A (Vx. B(x))

Yes (check side conditions of V-/).

P
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Boys Don’t Cry
Let ¢ = (Vx.b(z) — m(x)) A (V. m(x) — —c(x)).
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Existential Quantification (d): Rules

P(o)

P(t) 3z P(x) R

Jz. P(x) + R +-E

e 1-F has side condition similar to V.

e \We just give these rules here as part of the deduction
system.

e It would be possible to define dx. A as =Vz.—A and use
the given rules for V to derive ND proof rules for 4.
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Example Derivation Using J-E

We want to prove (Vz.A(x) — B) — ((dx. A(x)) — B),
where x does not occur free in B.
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Example Derivation Using J-E
We want to prove (Vz.A(x) — B) — ((dx. A(x)) — B),
where x does not occur free in B.
V. A(x) — B
V-E
A(x) — B A(x)
dz. A(x) B

—-E
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First-Order Logic: Deductive System 36

Example Derivation Using J-E
We want to prove (Vz.A(x) — B) — ((dx. A(x)) — B),
where x does not occur free in B.
V. A(x) — B
V-E ;
A(r) — B A(z)]
dz. A(x) B
B

—-E
3-F°
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Example Derivation Using J-E
We want to prove (Vz. A(x) — B) — ((dz. A(z)) — B),
where x does not occur free in B.
Vz. A(x) — B}
A@) =B T [A@]
Hz. A(z)]? B
B
(Jz. A(z)) — B~
(Vz. A(z) — B) — ((3z. A(x)) — B)

—-E
3-F°

I2

L

Smaus: CSMR; Il Semestre A.A.2009/2010
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Conclusion on FOL

e Propositional logic is good for modeling simple patterns of
reasoning like “if .. .then .. . else".

&
nn
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Conclusion on FOL 37

Conclusion on FOL

e Propositional logic is good for modeling simple patterns of
reasoning like “if .. .then .. . else".

e In first-order logic, one has “things” and relations on /
oroperties of “things”. Quantify over “things”. Powerful!

e Limitation: cannot quantify over predicates. Pl

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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FOL with Equality

If we introduce into FOL the predicate “=" with a special
meaning, we get first-order logic with equality.

Syntax: = is a binary infix predicate.

t1 =ty € Form if t1,t5 € Term.

Semantics: The semantics of the two sides must be identical.
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Rules

e Equality 1s an equivalence relation

Smaus: CSMR; Il Semestre A.A.2009/2010
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Rules

e Equality 1s an equivalence relation

T(r)=T(s)
r=s P(r) cong,
Pis) o °

Smaus: CSMR; Il Semestre A.A.2009/2010
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Isabelle Rule
The Isabelle FOL rule is simply (using a tree syntax)

subst

or literally
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Proving dx.t =«
refl
t=1t o
dr.t ==
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Proving dx.t =«

P(t)
In the rule dz. P(x
example, P(x) = (t =

N——"

refl
-/

U =1

dx.t = x

“P(x)" is metanotation. In the

Smaus: CSMR; Il Semestre A.A.2009/2010



First-Order Logic with Equality

42

Proving dx.t =«

P(t)
In the rule dz. P(x
example, P(x) = (t =
>

N——"

refl
-/

U =1

dx.t = x

“P(x)" is metanotation. In the
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The )\-Calculus: Motivation

A way of writing functions. E.g., Ax.x 4+ 5 is the function

taking any number n to n + 5. Theory underlying functional
programming.

One of the most important formalisms of (theoretical)
computer science!
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The \-Calculus 44

The )\-Calculus: Motivation

A way of writing functions. E.g., Ax.x 4+ 5 is the function

taking any number n to n + 5. Theory underlying functional
programming.

One of the most important formalisms of (theoretical)
computer science!

Why is it interesting for us? The A-calculus is the syntactic
basis of higher-order logic.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Outline of this Lecture

e [he untyped A-calculus

e The simply typed A-calculus (A7)

e An extension of the typed A-calculus
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Untyped \-Calculus

From functional programming, you may be familiar with
function definitions such as

fr=x4+5

"he A-calculus is a formalism for writing nameless functions.
"he function Ax.x + 5 corresponds to f.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Untyped \-Calculus

From functional programming, you may be familiar with
function definitions such as

fr=x4+5

ne A-calculus is a formalism for writing nameless functions.
ne function Axz.x + 5 corresponds to f.

ne application to say, 3, is written (Azx.x + 5)(3). Its result
Is computed by substituting 3 for z, yielding 3 4+ 5, which in
usual arithmetic evaluates to 8.

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Syntax
(z € Var, c € Const)

e :=x | c| (ee) | (Ax.e)

The objects generated by this grammar are called \-terms or
simply terms.
Conventions: iterated )\ & left-associated application

(Az. (Ay. (Az. ((22)(y2))))) = (Azyz. ((22)(yz)))
Axyz. xz(yz)

Is A\z.x + 5 a A-term?
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Substitution

e Will see shortly that “computations” are based on
substitutions, defined similarly as in FOL.

(gz3)[x — 5] =g53
e Must respect free and bound variables,
((z(Ax. xy))|x «— €] = e(Ax. xy)

e Same problems as with quantifiers

V. (P(x) A dz. Q(x,y)) Vo. (P(x) A Jy. Q(x,y))
PO)ASw.Qy) = PW)AIQE2)
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Bound, Free, Binding Occurrences

Recall the notions of bound, free, and binding occurrences of
variables in a term. Same here:

M-calculus FOL
FV(x) :=

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Untyped A-Calculus 49

Bound, Free, Binding Occurrences

Recall the notions of bound, free, and binding occurrences of
variables in a term. Same here:

A-calculus FOL
FV(z) :={z} = FV(x)
FVi(c) :=

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Untyped A-Calculus 49

Bound, Free, Binding Occurrences

Recall the notions of bound, free, and binding occurrences of
variables in a term. Same here:

A-calculus FOL
FV(z) :={z} = FV(x)
FV(c):=10 = FV(c)

FV(MN) :=

Smaus: CSMR; Il Semestre A.A.2009/2010
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Bound, Free, Binding Occurrences

Recall the notions of bound, free, and binding occurrences of
variables in a term. Same here:

)\ calculus FOL
EV(z) := {z} = FV(z)
0 = F'V(c)

FV(c) :=
FV(MN) := FV(M)UFV(N) = FV(M A N)
FV(Ax. M) :=

Smaus: CSMR; Il Semestre A.A.2009/2010
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Bound, Free, Binding Occurrences

Recall the notions of bound, free, and binding occurrences of
variables in a term. Same here:

)\ calculus FOL
FV(2) = {2} —FV(2)
FV(c) =1 = FV(c)
FV(MN):=FV(M)UFV(N) =FV(MAN)
FV(Az. M) := FV(M)\{z} =FV(vz. M)

Example: FV (ry(Ayz.2yz)) = {z,y}
A term with no free variable occurrences is called closed.
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Definition of Substitution
x «+— N| means substitute N for x in M

.xaj<—N —
a

r — N| =
(PQ)lx — N] =

. (Ax. P)lz +— N| =
- (Ay. P)z — N| =

Smaus: CSMR; Il Semestre A.A.2009/2010



Untyped A-Calculus

Definition of Substitution

M |x «+— N| means substitute N for x in M
l. zlx — N]| =N
2. alx + N| = a if a is a constant or variable other than x
3. (PQ)[x — N] = (Plz — N]Q[z — N])
4. (A\x. P)lx «— N| = Xx. P
5. (Ay. P)|x «— N| = \y. Plx «<— N] if y # = and
y & F'V(N)
6. (\y. P)|lx «— N| = Az. Ply < z|]|lx — N] if y # = and
y € FV(N), and z is fresh: 2 ¢ FV(N)U FV(P)

Smaus: CSMR; Il Semestre A.A.2009/2010



Untyped A-Calculus

50

Definition of Substitution

M |x «+— N| means substitute N for x in M
l. zlx — N]| =N

2. alx + N| = a if a is a constant or variable other than x
3. (PQ)[x — N] = (Plz — N]Q[z — N])

4. (A\x. P)lx «— N| = Xx. P
5. (Ay. P)|x «— N| = \y. Plx «<— N] if y # = and
y & FV(N)
6. (\y. P)|lx «— N| = Az. Ply < z|]|lx — N] if y # = and

y € FV(N), and z is fresh: 2 ¢ FV(N)U FV(P)

Cases similar to those for quantifiers: A\ binding is ‘generic’.
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Substitution: Example
(x(Ax. 2y))|T «— A2. 2]
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Untyped A-Calculus

51

Substitution: Example

(x(Ax. 2y))|T «— A2. 2]

3 Qj[aj — M\Z. Z]()\CE CCy)[CU — AZ. Z]

= (Az. 2)\x. xy

—

Smaus: CSMR; Il Semestre A.A.2009/2010
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Untyped A-Calculus

51

Substitution: Example

(x(Ax. 2y))|T «— A2. 2]

(Az. zy)|y « =]

3 Qj[aj — M\Z. Z]()\CE CCy)[CU — AZ. Z]

= (Az. 2)\x. xy

—
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Substitution: Example

(x(Ax. 2y))|T «— A2. 2] 2 x|lr — Az. z|(Ax. xy)|x — Az. 2]

= (Az. 2)\x. xy

—

Az.zy)ly — 2] = Az ((zy)[z — 2]y « z])

20 Az (zyly — a))

1
3.2.1
= \z.2X

In the last example, clause 6 avoids capture, i.e., Ax. zx.
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Reduction: Intuition

Reduction is the notion of “computing”, or “evaluation”, in
the A-calculus.

fr=xz4+95 ~ f=Ax.x+5
f3=345 ~ (Az.xz+5)(3) =g (x+5)[x—3]=3+5

(-reduction replaces a parameter by an argument.
This should propagate into contexts, e.g.

Az.(Az.x 4+ 5)(3)) —5 Az.(3+ 5).
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Reduction: Definition
e Axiom for 3-reduction: (Az.M )N —s M|x < N]|

e Rules for 3-reduction of redices in contexts:
M—>5M/ MﬁﬁM/ MﬁﬁM/
X
NM —z NM' MN —3 M'N Az M —g Az. M’

e Reduction is reflexive-transitive closure
M —3 N M HE N N HZ P
M %E N M —>E M M HE P

e A term without redices is in 3-normal form.
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Reduction: Examples
(Az. A\y.gxy)ab —4
Smaus: CSMR; Il Semestre A.A.2009/2010 MIS
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Reduction: Examples

(Az. Ay.gzy)ab —pg (Ay- (gay))db —4

Smaus: CSMR; Il Semestre A.A.2009/2010
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Reduction: Examples

(Az. \y.gxy)ab —5 (A\y.(gay))b —s gab

So (Az. A\y.gxy)ab—j5gab

Smaus: CSMR; Il Semestre A.A.2009/2010
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Simple Type Theory A\

Motivation: Suppose you have constants 1, 2 with usual
meaning. Is it sensible to write 1 2 (1 applied to 2)7?
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Simple Type Theory A\

Motivation: Suppose you have constants 1, 2 with usual
meaning. Is it sensible to write 1 2 (1 applied to 2)7?

A~ (simply typed A-calculus, simple type theory) restricts
syntax to “meaningful expressions’ .
In untyped A-calculus, we have syntactic objects called

terms.
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Simple Type Theory A\

Motivation: Suppose you have constants 1, 2 with usual
meaning. Is it sensible to write 1 2 (1 applied to 2)7?

A~ (simply typed A-calculus, simple type theory) restricts
syntax to “meaningful expressions’ .

In untyped A-calculus, we have syntactic objects called
terms.

We now Introduce syntactic objects called types.
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Simple Type Theory A\

Motivation: Suppose you have constants 1, 2 with usual
meaning. Is it sensible to write 1 2 (1 applied to 2)7?

A~ (simply typed A-calculus, simple type theory) restricts
syntax to “meaningful expressions’ .

In untyped A-calculus, we have syntactic objects called
terms.

We now Introduce syntactic objects called types.

We will say “a term has a type’ or “a term is of a type".
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Two Syntaxes
e Syntax for types (B a set of base types, T' € B)

=T | 7>

Smaus: CSMR; Il Semestre A.A.2009/2010
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Two Syntaxes
e Syntax for types (B a set of base types, T' € B)

To=T | 7> 7T

Examples: NN N— N, (N—N) >N, N— N — N
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Two Syntaxes
e Syntax for types (B a set of base types, T' € B)

To=T | 7> 7T

Examples: NN N— N, (N—N) >N, N— N — N

e Syntax for (raw) terms: A-calculus augmented with types
e :==x | c| (ee) | (A\x".¢€)

(z € Var, c € Const)

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig
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Signatures and Contexts

Generally (in various logic-related formalisms) a signature
defines the “fixed” symbols of a language, and a context
defines the “variable”™ symbols of a language.
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Signatures and Contexts

Generally (in various logic-related formalisms) a signature
defines the “fixed” symbols of a language, and a context
defines the “variable”™ symbols of a language. In A7,

e a signature X is a sequence (¢ € Const)
Yu=() | X,c: T
e a context I' is a sequence (x € Var)

o= | e :7
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Type Assignment Calculus

We now define type judgements: “a term has a type” or “a
term is of a type”. Generally this depends on a signature X
and a context I'. For example

I'Fycx:o

where X =c:7—ocand I =2 : 1.
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Type Assignment Calculus

We now define type judgements: “a term has a type” or “a
term is of a type”. Generally this depends on a signature X
and a context I'. For example

I'Fycx:o

where X =c: 7 —ocand '=x: 7.
We usually leave > implicit and write | instead of .
If I" is empty it is omitted.
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Type Assignment Calculus: Rules

C:Tezassum Doem Ao "
TEe: X LT, x:T hyp
Fl—e:0—>T,F|—e’:aapp z:oke:T Jbs
I'Fee : T I'EMXxC.e :0—T
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(-Reduction in A™

[B-reduction defined as before, has subject reduction property
and is strongly normalizing.

&
nn
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Example 1

= A’y x
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Example 1

F X Ny x 0 — (T — o)

Smaus: CSMR; Il Semestre A.A.2009/2010
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Example 1

F X Ny x 0 — (T — o)

abs
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Example 1

rx:oFEAN.x:T >0

F X Ny x 0 — (T — o)

abs

Smaus: CSMR; Il Semestre A.A.2009/2010

&
nn



Simple Type Theory A\

61

Example 1

x:al—)\yT.x:T—wfabs

F X Ny x 0 — (T — o)

abs

Smaus: CSMR; Il Semestre A.A.2009/2010
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Example 1

x:0, Y. THxT:0

x:al—)\yT.x:T—wfabs

F X Ny x 0 — (T — o)

abs
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Example 1

hyp

x:0, Y. THxT:0
abs

rx:oFEAN.x:T >0

F X Ny x 0 — (T — o)

abs
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Example 1

hyp

x.o,Y:THx:0o
abs

rx:oFEAN.x:T >0

FAx? Ny x o — (T — O)abs

For simplicity, applications of hyp are usually not explicitly
marked in proof.
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Example 2

I'=f:0—>0—T1T,2:0

AT frx

Smaus: CSMR; Il Semestre A.A.2009/2010
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Example 2

I'=f:0—>0—T1T,2:0

FANfOTOTT N frxx (0 — 0 —T) >0 —T

Smaus: CSMR; Il Semestre A.A.2009/2010
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Example 2

I'=f:0—>0—T1T,2:0

FANfOTOTT N frxx (0 — 0 —T) >0 —T

abs
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Example 2

I'=f:0—>0—T1T,2:0

fio—oc—-T1FEX . foxx:0—T

FANfOTOTT N frxx (0 — 0 —T) >0 —T

abs
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Example 2

I'=f:0—>0—T1T,2:0

f:0—>0—>7'|—)\a:'“.fxa::0—>7'abs

FANfOTOTT N frxx (0 — 0 —T) >0 —T

abs
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Example 2

I'=f:0—>0—T1T,2:0

I'Efxx:7

fio—oc—-T1FEX . foxx:0—T

abs

FANfOTOTT N frxx (0 — 0 —T) >0 —T

abs
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Example 2

I'=f:0—>0—T1T,2:0

app

I'Efxx:7
abs

fio—oc—-T1FEX . foxx:0—T

FANfOTOTT N frxx (0 — 0 —T) >0 —T

abs
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Example 2

I'=f:0—>0—T1T,2:0

I'Efx:0—7 I'Fx:0
I'Efxx:7
fio—oc—-T1FEX . foxx:0—T

FANfOTOTT N frxx (0 — 0 —T) >0 —T

app

abs

abs

&
0nn
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Example 2

I'=f:0—>0—T1T,2:0

a
I'Efx:0—7 PP Fl—afzaapp
I'Efxx:7 i
f:0—>0—>7'|—)\a:'“.fxa::0—>7'as
abs

FANfOTOTT N frxx (0 — 0 —T) >0 —T

&
0nn
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Example 2

I'=f:0—>0—T1T,2:0

I'-f:0—0—7 I'Fx:0

a
I'Efx:0—7 PP Fl—afzaapp
I'Efxx:7 i
f:0—>0—>7'|—)\a:'“.fxa::0—>7'as
abs

FANfOTOTT N frxx (0 — 0 —T) >0 —T

&
0nn
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= ™

Example 3

= f:0—0—T
T:o

I'-faxx:7
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Example 3
Y = fio—=0—T
I' = z:0
fio—0c—>TEY
assum
I'-f:0—0—7 I'Fx:0o
app
I'-fxr:o—T1 I'Fx:0o
I'-faxx:7

Note that this time, f is a constant.

app
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Example 3
Y = fio—=0—T
I' = z:0
I'-f:0—0—7 I'Fx:0o
app
I'-fxr:o—T1 I'Fx:0o
I'-faxx:7

Note that this time, f is a constant.
We will often suppress applications of assum.

app
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Polymorphism

We will now look at the typed A-calculus extended by
polymorphism.
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Polymorphism: Intuition

In functional programming, the function append for
concatenating two lists works the same way on integer lists
and on character lists: append is polymorphic.

Type language must be generalized to include type variables
(denoted by a, 5...) and type constructors.

Example: append has type « list — o list — « list, and by
type instantiation, it can also have type, say,
int list — int list — int list.
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Polymorphism: Two Syntaxes

e Syntax for polymorphic types (B a set of type constructors
including —), T' € B, a is a type variable)
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Polymorphism: Two Syntaxes

e Syntax for polymorphic types (B a set of type constructors
including —), T' € B, a is a type variable)

Examples: N, N — N, « list, Nlist, (N, bool) pair.
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Polymorphism: Two Syntaxes

e Syntax for polymorphic types (B a set of type constructors
including —), T' € B, a is a type variable)

Examples: N, N — N, « list, Nlist, (N, bool) pair.

e Syntax for (raw) terms as before:
e :==x | c| (ee) | (A\x".¢€)

(z € Var, c € Const)
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Polymorphic Type Assignment Calculus

Type substitutions (denoted ©) defined in analogy to
substitutions in FOL. Apart from application of © in rule
assum, type assignment is as for A7:

cC:T € X .
T o. @ 255Um I''e:7,AFx:7 hyp
Fl—e:0—>7/F|—e’:aapp Iz:obFe:r Tbe
['Fee :T I'EXx%.e :o—T

*: O iIs any type substitution.
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Summary on A-Calculus

e )\-calculus is a formalism for writing functions.
e J-reduction is the notion of “computing” in A-calculus.
® )\ restricts syntax to “meaningful” A-terms.

e Add-on feature: Polymorphism. Pl

&
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Three Sections on Deduction Techniques

We look at a more practical issue: resolution. We want to
understand better how Isabelle works on an intuitive level.

There I1s another topic relevant in this context that Monica

Nesi strongly emphasises: term rewriting. | will leave this to
her!
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Resolution

Resolution is the basic mechanism for transforming proof
states in Isabelle in order to construct a proof.

It involves unifying a certain part of the current goal (state)
with a certain part of a rule, and replacing that part of the
current goal.

We have already explained this in the labs and you have
been working with it all the time, but now we want to
understand it more thoroughly.

We look at several variants of resolution.
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Resolution (rtac, as in Prolog)
¢1, ..., ¢, are current sub-

goals and ¢ Is original goal.
Isabelle displays

Level ... (n subgoals)

y
b b e b L
¥ n. én
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Resolution (rtac, as in Prolog)

?1, ..., 0, are current sub-
goals and ¢ Is original goal.
Q- - - Q| Isabelle displays

I5; Level ... (n subgoals)
(0
b G e b 1
¥ n. 6

[aqs ... ;o] = B is rule.
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Resolution (rtac, as in Prolog)

Simple scenario where ¢,
..., | has no premises. Now 6
must be unifiable with se-

lected subgoal ¢;.

b - o by
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Resolution (rtac, as in Prolog)

Simple scenario where ¢;
has no premises. Now [
must be unifiable with se-
lected subgoal ¢;.

We apply the unifier ()
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Resolution (rtac, as in Prolog)

Simple scenario where ¢;
has no premises. Now [
must be unifiable with se-
lected subgoal ¢;.

& -a -l We apply the unifier (')

We replace ¢ by the premises
of the rule.
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Resolution (with Lifting over Assumptions)

[Pit- - - Dk
T PR
Y
Now, suppose the i'th (selected) subgoal has assumptions

gbila SRR gbzkz
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Resolution (with Lifting over Assumptions)

P
(0

As before, we have a rule. Here, § is (hopefully) unifiable
with ¢;, but 3 is not unifiable with the entire ¢'th subgoal.
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Resolution (with Lifting over Assumptions)

Pir - Dik] (i1 - - Dir]

P

Rule must be lifted over assumptions. No unification so far!
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Resolution (with Lifting over Assumptions)

1

Now, subgoal and rule conclusion (below the bar) are unifiable.
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Resolution (with Lifting over Assumptions)

Pir - Dik] (i1 - - Dir]

b1 /qb\

:
v

Now, subgoal and rule conclusion (below the bar) are unifiable.
Non-trivially, 8 must be unifiable with ¢;.
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We apply the unifier.
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Resolution (with Lifting over Assumptions)
/ /
&P o ey G O
¢/
We replace the subgoal.
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Elimination-Resolution
03 - Uy
Di1 - D - Dy g
¢1 ¢z ¢n
¥
Same scenario as before
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Resolution 74

Elimination-Resolution
e QU

Pi1

o o

02

Same scenario as before, but now 3 must be unifiable with
®;, and oy must be unifiable with ¢;;, for some .

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Resolution 74

Elimination-Resolution

---a
[;,1---
. o

w/
Same scenario as before, but now 3 must be unifiable with

®;, and a; must be unifiable with ¢;;, for some .

Apply the unifier.

/
m
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Elimination-Resolution
/ / / / / /
[dl S ¢z’,l—17 ¢z‘,l+1 T zkz] [ 21 S ¢z‘,l—17 ¢z‘,l+1 C zkzz]

P1 -+ i O U, Piv1 - O

w/
Same scenario as before, but now 3 must be unifiable with
®;, and oy must be unifiable with ¢;;, for some .

Apply the unifier.
We replace ¢ by the premises of the rule except the first.

a4, . .., , inherit the assumptions of ¢}, except ¢;,.
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Summary on Resolution

e Build proof resembling sequent style notation;

e technically: replace goals with rule premises, or goal
premises with rule conclusions;

e metavariables and unification to obtain appropriate
instance of rule, delay commitments.

>

&
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Automation by Proof Search

7

Outline of this Part

e Proof search and backtracking
e Classifying rules

e Proof procedures
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Proof Search and Backtracking

Some aspects in proof construction are non-deterministic:
e unification: which unifier to choose?

e resolution: where to apply a rule (which 'subgoal’)?
e which rule to apply?
The question is: how to organize proof-search?
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Organizing Proof Search Conceptually
Organize proof search as a tree of theorems (thm'’s).

S1
/\
S9 S3
N
S4 Sy S6
ST S8
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Organizing Proof Search Conceptually
Organize proof search as a tree of theorems (thm'’s).

/31\ e Tactic applications move us along
5 53 leftmost path.

S4| |55 S6

S7| S8
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Organizing Proof Search Conceptually
Organize proof search as a tree of theorems (thm'’s).

/81\ e Tactic applications move us along
5 53] - leftmost path.
N e Using undo(); moves us upwards
S4| |85 S6 (previous proof state).
S7) |58

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Proof Search and Backtracking 79

Organizing Proof Search Conceptually
Organize proof search as a tree of theorems (thm'’s).

51 e Tactic applications move us along
32/\33 o leftmost path.
N e Using undo(); moves us upwards
S4| |85 S6 (previous proof state).
S 5 : e Using back(); moves us (up and)
right (alternative successors due
H @ to different unifiers).
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Organizing Proof Search Conceptually
Organize proof search as a tree of theorems (thm'’s).

51 e Tactic applications move us along
32/\33 o leftmost path.
N e Using undo(); moves us upwards
S4| |85 S6 (previous proof state).
a1 5 : e Using back(); moves us (up and)
right (alternative successors due
H @ to different unifiers).
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Organizing Proof Search Operationally

The search space of proof search can be thought of as such
a tree, but it cannot be implemented like this straightaway:
Organize proof search as a function on theorems (thm's)

type tactic = thm — thm seq

where seq is the type constructor for infinite lists.
This allows us to have tacticals: THEN, ORELSE, REPEAT, . . .
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Classifying Rules

In your early Isabelle exercises, you only used backward
reasoning (rtac). You experienced that some rules can be
applied blindly most of the time, e.g. —-/ or A-I. Others
involve “guessing”, e.g. A-EL or A-ER (you do not know

which to apply to deal with a A in the premises).
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Classifying Rules

In your early Isabelle exercises, you only used backward
reasoning (rtac). You experienced that some rules can be
applied blindly most of the time, e.g. —-/ or A-I. Others
involve “guessing”, e.g. A-EL or A-ER (you do not know
which to apply to deal with a A in the premises).

Later on you learned about etac combined with specially
tailored rules (they have an “E" in their name). That helps
reduce, but not completely eliminate the “guessing”.
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Safe and Unsafe Rules

Combined tactics rely on classification of rules, maintained
in Isabelle data structure claset, and accessed by functions
of type claset *x thm 1ist — claset.

Class:

Safe introduction rules
Safe elimination rules
Unsafe introduction rules
Unsafe elimination rules

To add use function:

addSIs
addSEs
addls
addEs
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Proof Procedures (Simplified)

Tactics in Isabelle are performed in order:
1. REPEAT (rtac safe_I_rules ORELSE etac safe_E _rules)

2. canonize: propagate “x =t throughout subgoal
3. rtac unsafe_I _rules ORELSE etac unsafe_E _rules

4. atac

There are variants of this. We do not study them in detall,
we just use them . . .
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Combined Proof Search Tactics

® step_tac:
e fast_tac:
® best_tac:

e slow_tac :

claset — 1nt — tactic
claset — 1int — tactic
claset — i1nt — tactic

claset — i1nt — tactic

e blast_tac : claset — 1nt — tactic

Smaus: CSMR; Il Semestre A.A.2009/2010
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Summary on Automated Proof Search

e Proof search can be organized as a tree of theorems.

e Calculi can be set up to facilitate proof search (although
this must be done by specialists).

e Combined with search strategies, powerful automatic
procedures arise. Pl
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Higher-Order Rewriting

Motivation: In your last years at school, you might have
done some equational proofs. They work by replacing equals
by equals.
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Higher-Order Rewriting

Motivation: In your last years at school, you might have
done some equational proofs. They work by replacing equals
oy equals.

t Is practical to view deduction to some extent as equational
oroving and give It some attention algorithmically. This will
be even more true later. We speak of simplification or
(higher-order) rewriting.
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Organizing Simplification Rules

e Standard (HO-pattern conditional ordered rewrite) rules;
e congruence rules;

e splitting rules.

Isabelle data structure: simpset. Some operations:

e addsimps : simpset * thm 1ist — simpset
e delsimps : simpset * thm 1list — simpset
e addcongs : simpset * thm 11st — simpset

e addsplits : simpset * thm 1ist — simpset

&
nn
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How to Apply the Simplifier?
Several versions of the simplifier:
e simp_tac : simpset — 1nt — tactic
e asm_simp_tac : simpset — 1nt — tactic
(includes assumptions into simpset)
e asm_full_simp_tac : simpset — int — tactic
(rewrites assumptions, and includes them into simpset)

Using global simplifier sets: Simp_tac, Asm_simp_tac,
Asm_full_simp_tac.
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Overview

HOL is expressive foundation for
e Mathematics: analysis, algebra, . . .

e Computer science: program correctness, hardware
verification, . . .
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Overview

HOL is expressive foundation for
e Mathematics: analysis, algebra, . . .

e Computer science: program correctness, hardware
verification, . . .

HOL developed by [Chu40, Hen50] and rediscovered by

[And02, GM93].

e HOL is classical logic based on the (polymorphically) typed
A-calculus.

e We will use Isabelle/HOL. Several variations and
alternatives would be possible.
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Safety through Strength

Safety via conservative (definitional) extensions:

e Small kernel of constants and rules;

e extend theory with new constants and types defined using
existing ones;

e derive properties/theorems.

Contrast with:

e Weak logics (e.g., propositional logic): can't define much;

e axiomatic extensions: can lead to inconsistency.

Bertrand Russell once likened the advantages of postulation
over definition to the advantages of theft over honest toil!
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What Does Higher-Order Mean?

“Type" order Logic order

Example
Just bool 0?7 ANB—BAA
1 1 |V, y. R(z,y) — R(y, z)

quantification | 2 | False = VP. P
PAQ=VR.(P—@Q — R)

2 3

+ quantification | 4 |VX.(X(R,S) < (Vz. R(z) — S(z)))
— X(R',S") (= subrel(R/, S"))
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HOL = Union of All Finite Orders

w-order logic, also called finite-type theory or higher-order
logic (HOL), includes logics of all finite orders.
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Syntax

Syntactically, HOL is based on the typed A-calculus with
certain default types and constants.

Default constants can be called logical symbols.
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Types (Review)
Given a set of type constructors, say
B = {bool, - — _ ind,_ x _, _ list, _ set, ...}, polymorphic
types are defined by 7 ::= « | (7,..,7) T, where « is a
type variable.
bool and — are always present in HOL; ind will also play a
special role; other type constructors may be defined.
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Terms
Reminder: e := x | ¢ | (ee) | (Ax".¢€)
Typing rules as in polymorphic A-calculus, with X2 defining
and typing constants.
Terms of type bool are called
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Terms
Reminder: e := x | ¢ | (ee) | (Ax".¢€)
Typing rules as in polymorphic A-calculus, with X2 defining
and typing constants.
Terms of type bool are called (well-formed) formulae.
In HOL, X always includes:

True, False : bool
. o — o — bool

— ¢ bool — bool — bool
e : (a— bool) — a (in Isabelle: Eps or SOME)
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Semantics

Intuitively: many-sorted semantics + functions

e When explaining semantics, one always has to rely on
intuition. This is even more true for this crash course
where we cannot present any detalls.

e What “are” semantic objects?

&
nn
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Semantics

Intuitively: many-sorted semantics + functions

e When explaining semantics, one always has to rely on
intuition. This is even more true for this crash course
where we cannot present any detalls.

e \What "are’ semantic objects? Numbers, lists, sets, all
kinds of functions . . .

e We have a semantic universe D indexed by (infinitely
many) types, i.e., one D, for each type 7.
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Model Based on Universe of Sets U/

U is a collection of (domains) with closure conditions:

Inhab: Each X € U/ is a nonempty set

Sub: If X edand Y C X and Y # (), then Y ¢ U
Prod: If X,Y € U then X XY € U.

Pow: If X € U then p(X)={Y | Y C X} eclU
Infty: U/ contains a distinguished infinite set [

Choice: There is a function ch that takes a set X € U as
argument and returns a member of X.
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Function Space in U/

Define X — Y as the set of functions from X to Y.

e For nonempty X and Y, this set is nonempty and is a
subset of p(X xY).

e From closure conditions: X, Y €e f then X — Y € U.
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Distinguished Sets

From

Infty: U/ contains a distinguished infinite set [

Sub: If X edandY C X andY #0, thenY € U

it follows that the following sets exist in U

Unit: A distinguished 1-element set {1}

Bool: A distinguished 2-element set {7, F'}.
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The Domain for each Type

We now have a universe of domains. Now we want to

specify, for each type, what the domain for this type should
be. We write D,. one for each type 7, where:

® DbOOl — {T7 F},
¢ D. ., =D, — D, (simplification!);
¢ Dipg = 1.
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Interpretations
We define the denotation function (& interpretation) J
mapping each constant of type 7 to an element of D,
o 7(True) =T and J(Fulse) = F’,
o J(=r_r_poo1) is equality on D;

e 7(—) is implication function over Dy,,. For
b, € {T, F'},

F ifb=Tand b = F
T otherwise

7)) = {
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Interpretations (Cont.)
o J(€(r—boot)—+) is defined by (for f € (D; — Dioar)):

ch(f7{T}) if f7I{T}) # 0

ch(D;) otherwise

T (€(r—booty—r) () = {
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The Value of Terms

Given a denotation function J and a type-indexed collection
of assighments A = {A,},, define V¥ such that V¥ (t,) € D,
for all ¢, as follows:

1. V{(x,) = A(z,);
2. VY (c) = J(c) for c a constant;

3. VY (8;0tr) = (VY (5)) (VY (), i.e., the value of the
function VY (s) at the argument VY (¢);

4. V9 (\x7.t,) = the function from D, into D, whose value
for each e € D, is V%xﬂ](t).
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Satisfiability and Validity

A formula (term of
denotation function
that VY (¢) =T.

A formula ¢ is valic
assignments A, we
A formula ¢ is valic
function.

type bool) ¢ is satisfiable wrt. a
J if there exists an assignment A such

wrt. a denotation function 7 for all
have VY (¢) =T.

if it is valid wrt. every denotation
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Existence of Values

Closure conditions guarantee every well-formed term has a
value under every assignment, and this means that certain

values must exist, e.g.,

e Closure under functions: since VY (Az". ) is defined, the
identity function from D, to D, must always belong to
D._...

e Closure under application: if Dy is natural numbers, and
Dn_nN_N contains addition function p where pxy = x + v,
then Dy_n must contain £ where kx = 2x + 5, since

k=V{(A\zn. f(fxx)y) where A(f) =p and A(y) = 5.
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Basic Rules

We now give the core calculus of HOL. Its rules can be
stated using only the constants =, —, and €. However, there
will be one rule, tof (“true or false”), which would be hard
to read if we did that.

So we allow ourselves to “cheat” and also use constants
True, False, \V to write rule tof.

Later we will define those constants, i.e., regard them as
syntactic sugar.
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Basic Rules in Sequent Notation

I'Fp=n T'F P(¢)

— refl subst
I'Eop=0¢ I‘F_FKU)
* m
Frkg=n Ckg—n P
I'-¢ —n F|—¢mp
I'=n
ifF
PE(@p—n)—m—¢) — (¢=n)
I' = ¢x

lect!
¢ = True V ¢ = False tof '+ ¢(ex.ox) Seiee
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Axiom of Infinity

One additional rule, the axiom of infinity, will be studied
later.

Note “cheating” (use of ).

These eight (nine) rules are the entire basis!
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Soundness and Completeness
Soundness is straightforward [And02, p. 240].

Completeness does not hold in general, but only under
certain conditions. Otherwise, there would be a contradition
to Godel’s incompleteness theorem [Hen50, Mil92]: There
must be formulas that are valid in HOL that cannot be
proven within HOL.
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Isabelle/HOL

We now extend the HOL language, introducing the standard

symbols A,V,.... As said, we stick to the HOL theory of
Isabelle.

We present language and rules using “mathematical” syntax,
but also comparing with Isabelle syntax.
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(Central Parts of the) Language

dig =
{ True, False . bool,
—_ : bool — bool,
_N_, _V_, _— _ :bool — bool — bool,
v_, d_ : (e — bool) — bool,
€_ : (a0 — bool) — «a,
of _then_else_ : bool — o — a — «,

_=_ v — a — bool}
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Basic Rules in Isabelle Notation

refl: "t = t"
subst: "[| s =1t; P(s) |] ==> P(t)"
ext: "(Mx., (f x) = g x) ==
(ox. £ x) = (hx. g x)"
impl: "(P ==> Q) ==> P-—>Q"
mp: "[I P-—>Q; P |] ==> Q"
1ff: "(P-->Q) --> (Q-—>P) -—> (P=Q)"
True_or_False: "(P=True) | (P=False)"
selectI: "P (x) ==> P (@x. P x)"

See HOL. thy.
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No more “Cheating”’: The Definitions

True = (Az*'.z = \z.x)
V = Mg (¢ = \x. True)
False = Yo" ¢
Vo= AgnVY.(¢ =) = (n—¢Y) = ¢
A= AnVip.(¢p —n— ) — ¢
- = \¢.(¢p — False)
3 = (Abd(ex.oa))
If = \¢"zy.ez.(¢p = True — 2z = x)A

(¢ = False — z = y)
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Conclusions on HOL

e HOL generalizes semantics of FOL.:
o bool serves as type of propositions;

o Syntax/semantics allows for higher-order functions.

e Logic is rather minimal: 8 or 9 rules, based on 3 constants,
soundness straightforward.

e Logic iIs complete under certain restrictions.

e Next: how can all well-known inference rules be derived. Pl

&
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Derived Rules

The definitions can be understood either semantically
(checking if each definition captures the usual meaning of
that constant) or by their properties (= derived rules).

We now look at the constants in turn and derive rules for
them. We will present derivations in natural deduction style.

We usually proceed as follows: first show a rule involving a
constant, then replace the constant with its definition (if
applicable), then show the derivation.
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Equality

e Rule sym

&
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Equality
e Rule sym and ND derivation

refl
subst

s=1¢ s==s

{1 =S

e Isabelle rule s=t ==> t=s. Proof script:
Goal '"s=t ==> t=s'";
by (etac subst 1); (x P is %Xx.xX=s *)
by (rtac refl 1); (k s=s *)
ged "sym";

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Equality 120

Equality: Transitivity and Congruences

e Rule trans
r=s8 s=1
trans

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Equality 120

Equality: Transitivity and Congruences

e Rule trans
r=s8 s=1
trans

e Congruences (only Isabelle forms):
(f::’a=>’b) = g ==> f(x)=g(x) (fun_cong)
x=y ==> f(x)=f(y) (arg_cong)
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Equality of Booleans
Isabelle rule iffl: [| P ==> Q; Q ==> P |] ==> P=Q.
Isabelle rule iffD2: [| P=Q; Q |] ==> P.
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True

True = ((A\x*%.z) = (\z.7))
e Rule Truel

Truel

True

&
0nn
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True

True = ((A\x*%.z) = (\z.7))
e Rule Truel

(Ax.z) = (Az.x) Truel
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True

True = ((A\x*%.z) = (\z.7))
e Rule Truel and ND derivation

(Ax.z) = (Az.x) refl
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True

True = ((A\x*%.z) = (\z.7))
e Rule Truel and ND derivation

(Ax.z) = (Az.x) refl

e Isabelle rule eq TrueE: P=True ==> P.

e Rule eqglTruel: P ==> P=True.
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Universal Quantification

The type of V (and 3) was declared as (o — bool) — bool.
Why?
Intuitively, a quantified formula Vx.1y should be of type
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Universal Quantification

The type of V (and 3) was declared as (o — bool) — bool.
Why?

Intuitively, a quantified formula Vx.1) should be of type bool,
and it depends on z (a variable of type
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Universal Quantification 123

Universal Quantification

The type of V (and 3) was declared as (o — bool) — bool.
Why?

Intuitively, a quantified formula Vx.1) should be of type bool,
and it depends on z (a variable of type a) and v (which is
of type

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Universal Quantification 123

Universal Quantification

The type of V (and d) was declared as (o — bool) — bool.
Why?

Intuitively, a quantified formula Vx.1) should be of type bool,
and it depends on z (a variable of type a) and v (which is
of type bool). This suggests type

"« restricted to variables” — bool — bool.

However, ” a restricted to variables” does not exist and there
would be various problems with this. Instead, writing Az.y
to encode x and v does the job. This is called higher-order

abstract syntax.
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V: Definition and Introduction Rule
VP = (P = (\z.True))
e Rule alll

P(x)

VP alll
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V: Definition and Introduction Rule
VP = (P = (\z.True))
e Rule alll

P(x)

P = \x. True alll
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V: Definition and Introduction Rule
VP = (P = (Az.True))
e Rule alll and ND derivation
P(x)
P(x) = True
P = A\x. True

eq lruel

ext

Inherits the side condition of ext: £ must not occur freely
in the derivation of P(x).

Isabelle rule (1'!'x. P(x)) ==> ALL x. P((x).
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Universal Quantification (Cont.)
e Rule spec (recall VP means Vz.Px)

VP
P(t)

spec

Isabelle rule ALL x::’a. P(x) ==> P(x).
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Universal Quantification (Cont.)
e Rule spec (recall VP means Vz.Px)

VP
P(t)

spec

Isabelle rule ALL x::’a. P(x) ==> P(x).

Note: Need universal quantification to reason about False
(since False = (VP.P)).
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Fualse
False = (VP.P) (=V(A\P.P))

o Falsel:
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False
False = (VP.P) (=V(A\P.P))
e Falsel: No rulel
e Rule FalseE
False FalseE
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False
False = (VP.P) (=V(A\P.P))
e Falsel: No rulel
e Rule FalseE
VPP FalseE
P
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Fualse
False = (VP.P) (=V(A\P.P))

e Falsel: No rulel
e Rule FalseE and ND derivation

VP.P
P

spec

Isabelle rule False ==> P.
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False (Cont.)

False = True

False_neq_True

True = False

P

True_neqg_False

&
nn
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Negation
—P = P — False
e Rule notl/
P
Fualse |
not
- P
e Rule notE
A notE
R
Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Existential Quantification 129

Existential Quantification

JP = P(ex.P(x))

e Rule existsl/
P(x)

1P
|Isabelle rule P(x) ==> EX x::’a.P(x).

e Rule existsE

exists/

[P(x)]!

P Q
Q

Inherits side condition from alll (just like in FOL).

existskE
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Conjunction

PAQ=VR(P—Q—R)— R

e Rule conyl

P

conyl
PAQ
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Conjunction

PAQ=VR(P—Q—R)— R

e Rule conyl

P

conyl
VR(P—-Q — R)— R
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Conjunction
PANQ=VR.(P—-Q—R)—R
e Rule conjl and ND derivation
P—Q—R]'! P
mp
Q— R Q

Isabelle rule [| P; Q |] ==> P & Q.
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Conjunction (Cont.)
e PNQ)Q—=— P  (conjEL)
e PNQ—Q  (conjER)
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Disjunction

e P—> PV Q (disjIL)
e ) — PV Q (disjIR)
o [PV (Q;P— R;Q) — R] — R (disjE)
e PV —P (excl-midd).
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More Definitions

See HOL.thy!

&
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Summary on Deriving Rules

HOL is very powerful in terms of what we can
represent /derive:
e All well-known inference rules can be derived.

e Other “logical” syntax (e.g. if-then-else) can be defined.

&
nn
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Outlook

We will see how Isabelle/HOL can be used as foundation for
mathematics and computer science (programming
languages).

Outline:

e The central method for making HOL scale up:
conservative extensions

e How the different parts of mathematics are encoded in the
sabelle/HOL library

e How software systems are embedded in Isabelle/HOL
>
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Conservative Theory Extensions: Basics

Some definitions [GM93, Hué]

Definition 1 (theory):

A (syntactic) theory T is a triple (B,>, A), where B is a
type signature, X2 a signature and A a set of axioms.
Definition 2 (theory extension):

A theory T" = (B, %', A’) is an extension of a theory
T=(B,>XA)iff BCB and X C ¥ and AC A
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Definitions (Cont.)

Definition 3 (conservative extension):

A theory extension T" = (B’, X', A") of a theory
T = (B,3, A) is conservative iff for the set of derivable

formulas Th we have
Th(T) = Th(T’) s,

where |y; filters away all formulas not belonging to ..
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Consistency Preserved

Corollary 1 (consistency):
If T" is a conservative extension of 1', then

False ¢ Th(T) = False ¢ Th(T").
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Syntactic Schemata for Conservative
Extensions
e Constant definition

e Type definition
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Constant Definition

Definition 4 (constant definition):

A theory extension T" = (B, ¥, A") of a theory
T = (B,X,A) is a constant definition, iff

e B'=Band ¥ =Y U{c: 7}

e A'=AU{c=F};

e [/ does not contain ¢ and is closed;
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Constant Definitions Are Conservative

Lemma 1 (constant definitions):
Constant definitions are conservative [GM93, page 223].
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Constant Definition: Examples

Definitions of True, False, N\, V, ¥ . ..
Function application (Let), if-then-else, unique existence:
consts
If :: [bool, ’a, ’a] => ’a
defs
if_def "If P x y == 0z::’a.(P=True-—>z=x) &
(P=False—-->z=y)"
Exl_def "Ex1(P) == 7x. P(x) & (ly. P(y) -—> y=x)"
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Type Definitions

Type definitions, explained intuitively: we have
e an existing type p;
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Type Definitions

Type definitions, explained intuitively: we have

e an existing type p;

e a predicate S : p — bool, defining a non-empty “subset” of
%

P

.
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Type Definitions

Type definitions, explained intuitively: we have

e an existing type p;

e a predicate S : p — bool, defining a non-empty “subset” of
p;

e axioms stating an isomorphism between S and the new
type T.
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Type Definition: Definition
Definition 5 (type definition):
Assume a theory T'= (B, >, A) and a type p and a term S
such that X .5 : p — bool.
A theory extension T" = (B, ¥’ A") of T is a type definition
for type 7 (where 7 fresh), iff

B =B W {7},

> > U {Abs,;:p— T1,Rep;: T — p}

A = A U {Vz.Abs.(Rep,x) =z,
Vr.Sx — Rep,(Abs,x) = x}
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Type Definitions Are Conservative
Lemma 2 (type definitions):

Type definitions are conservative.
Proof see [GM93, pp.230].
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HOL Is Rich Enough!

This may seem fishy: if a new type is always isomorphic to a
subset of an existing type, how is this construction going to
lead to a “rich” collection of types for large-scale
applications?
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HOL Is Rich Enough!

This may seem fishy: if a new type is always isomorphic to a
subset of an existing type, how is this construction going to
lead to a “rich” collection of types for large-scale
applications?

But in fact, due to ind and —, the types in HOL are already
very rich.
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HOL Is Rich Enough!

This may seem fishy: if a new type is always isomorphic to a
subset of an existing type, how is this construction going to
lead to a “rich” collection of types for large-scale
applications?

But in fact, due to ind and —, the types in HOL are already
very rich.

We now give two examples to convince you.
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Example: Typed Sets

General scheme,

B =B W {r }

¥ = X U {Abs; :p — T
Rep, :7  —p h
A= A U {Vz.Abs, (Rep. x) =z,

Ve.Sx — Rep, (Abs, =) =x}
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Example: Typed Sets

General scheme, substituting p = a — bool (« is any type
variable),

B =B W {r }

Y =X U {Abs, :(a— bool) — 1
Rep, :17  — (a— bool)}
A= A U {Vz.Abs, (Rep. x) =z,

Vr.Sx — Rep, (Abs, z) =z}
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Example: Typed Sets

General scheme, substituting p = a — bool (« is any type
variable), 7 = « set (or set),

B" = B W {set},

YW = X U {Absgy : (a — bool) — « set,
Repger : aset — (a — bool) }

A U {Vz.Abss(Repset x) = x,
Vr.Sx — Repgi(Absgy ) = x}

A/
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Example: Typed Sets

General scheme, substituting p = a — bool (« is any type
variable), 7 = «a set (or set), S = A\x® " True

B" = B W {set},

YW = X U {Absgy : (a — bool) — « set,
Repger : aset — (a — bool) }

A U {Vz.Abss(Repset x) = x,
Va.True — Repgei(Absg ) = x}

A/
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Example: Typed Sets

General scheme, substituting p = a — bool (« is any type
variable), 7 = «a set (or set), S = A\x® " True

B" = B W {set},

YW = X U {Absgy : (a — bool) — « set,
Repger : aset — (a — bool) }

A U {Vz.Abss(Repset x) = x,
V. Repsei(Absges ) = x}

A/

Simplification since S = A\x. True.
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Sets: Remarks

Any function r : &« — bool can be interpreted as a set of o r
Is called characteristic function. That's what Abs,.; r does;
Abs,.; IS a wrapper saying “interpret r as set’ .

&
nn
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Sets: Remarks

Any function r : &« — bool can be interpreted as a set of o r
Is called characteristic function. That's what Abs,.; r does;
Abs,.; IS a wrapper saying “interpret r as set’ .

S = \x.True and so S is trivial in this case.
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More Constants for Sets

For convenient use of sets, we define more constants:

{x | fa} = Collect f = Absger f
reA = (Repse A)
AUB = {z|x€e AVz e B}

Consistent set theory adequate for most of mathematics and
computer science.

In Isabelle/HOL however, sets are a special case.

Here, sets are just an example to demonstrate type
definitions. Later we study them for their own sake.
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Example: Pairs

Consider type a@ — [ — bool. We can regard a term

f:a — B — bool as a representation of the pair (a,b),
where a : o and b : 3, iff f xy is true exactly for £ = a and
y = b. Observe:

e For given a and b, there is exactly one such f (namely,
My’ .z =a ANy =b).

e Some functions of type a« — 5 — bool represent pairs and
others don’t (e.g., the function A\zy.True does not
represent a pair). The ones that do are exactly the ones
that have the form A\z%y”.z = a Ay = b, for some a and b.
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Type Definition for Pairs

This gives rise to a type definition where S is non-trivial:

p = a— 3 — bool
S = MforP=bool Jab f = dxyPx=a Ay =10
T = axpf (x infix)

It is convenient to define a constant Pair_Rep (not to be
confused with Rep,) as A\a®b’ A\x“y”. v = a Ay = b. Then
Pair_Repab= Mz“y’. x =a Ay =b.
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Now in Isabelle

Isabelle has a special set-based syntax for type definitions:

typedef (T
(typevars) "T" (fizity)
— i {x.¢}77
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Now in Isabelle

Isabelle has a special set-based syntax for type definitions:

typedef (T
(typevars) "T" (fizity)
— i {x.¢}77

How is this linked to our scheme:
e the new type is called T7;

e p is the type of z (inferred);
o S is \r.o;

e constants Abs_T' and Rep_1' are automatically generated.
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Isabelle Syntax for Pair Example

constdefs
Pair_Rep :: [’a, ’b]l] => [’a, ’b] => bool
"Pair_Rep == (Jha b. %x y. x=a & y=b)"
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Isabelle Syntax for Pair Example

constdefs
Pair_Rep :: [’a, ’b]l] => [’a, ’b] => bool
"Pair_Rep == (Jha b. %x y. x=a & y=b)"

typedef (Prod)
(’a, ’b) "x" (infixr 20) =

"{f.7a b. f=Pair_Rep(a::’a)(b::’b)}"
ne keyword constdefs introduces a constant definition.
ne definition and use of Pair_Rep is for convenience.
nere are 'two names’ * and Prod.

See Product_Type. thy.
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Summary on Conservative Extensions

We have seen two schemata:

e Constant definition: new constant must be defined using
old constants. No recursion!

e Type definition: new type must be isomorphic to a
“subset” S of an existing type p. Not possible to define
any type that is “structurally” richer than the types one
already has. But HOL is rich enough. Pl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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Set.thy

theory Set = HOL:
typedecl ’a set

instance set :: (type) ord ..
consts
"{}" :: ’a set ("{}")
UNIV :: ’a set
insert :: [’a, ’a set] => ’a set
Collect :: (’a => bool) => ’a set
"op :" :: "’a => ’a set => bool"

Note that Collect and “:" correspond to Abs..; and Repg.:.
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Sets Are a Special Case
Recall that the typedef syntax is based on set
comprehension. Therefore, sets are a special case of type
definitions.
In deviation from our conservative approach, sets are
axiomatized as follows:

axioms
mem_Collect_eq [iff]: "(a : {x. P(x)}) = P(a)"
Collect_mem eq [simp]l: "{x. x:A} = A"
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Set.thy: More Constant Declarations

Un, Int ’a set, ’a set] => ’a set
Ball, Bex :: [’a set, ’a => bool] => bool
UNION, INTER:: [’a set, ’a => ’b set] => ’b set

Union, Inter:: ((’a set) set) => ’a set

Pow :: ’a set => ’a set set

"image" :: [’a => ’b, ’a set] => (’b set)
In what follows, recall that

{x | fa} = Collect f = AbSyet f

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Sets 161

Set.thy: Constant Definitions

empty_def: "{} == {x. False}"
UNIV_def: "UNIV == {x. Truel}"

Un_def: "A Un B == {x. x:A | x:B}"
Int_def: "A Int B == {x. x:A & x:B}"
insert_def: "insert a B == {x. x=a} Un B"
Ball_def: "Ball A P == ALL x. x:A ——> P(x)"
Bex_def: "Bex A P == EX x. x:A & P(x)"
Nice syntax:

{x,y,2z} for insert z (insert y (insert z {}))

ALLx:A. Sx for Ball A S
EXx:A.Sx for Bex A S
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Set.thy: Constant Definitions (2)

subset_def: "A <= B == ALL x:A. x:B"
Compl_def: "—- A == {x. "x:A}"
set_diff_def: "A - B == {x. x:A & "x:B}"
UNION_def: "UNION A B == {y. EX x:A. y: B(x)}"
INTER_def: "INTER A B == {y. ALL x:A. y: B(x)}"

Note use of <= instead of CI

Nice syntax:
UNz:A. Sz or (J,.4.Sx for UNION A S
INTx:A.Sx or ﬂxeA'Saj for INTER A S
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Set.thy: Constant Definitions (3)

Union_def: "Union S == (UN x:S. x)"
Inter_def: "Inter S == (INT x:S. x)"

Pow_def: "Pow A == {B. B <= A}"
image_def: "fA == {y. EX x:A. y = £(x)}"
Nice syntax:

lLJS for Union S
S for Inter S
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Some Theorems in Set.thy

CollectI Pa=—a€{z.Px}

CollectD a € {x.Px} = Pa

set_ext (ANx.(reA)=(xreB) — A=1EB
subsetl (N\ex€e A—zxze€B)— ACB

eqset_imp_iff A=B=— (z € A) = (z € B)
Set theory is well-supported in Isabelle and provides a good
basis for mathematics. Pl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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Fun.thy
The theory Fun.thy defines some important notions on

functions, such as concatenation, the identity function, the
image of a function, etc.

We look at it briefly.
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Two Extracts from Fun.thy

Composition and the identity function:

constdefs

id :: "’a => ’a"

"id == Yx. x"

comp :: "[’b => ’c, ’a => ’b, ’a] => ’c"

"f o g == Jx. £f(g(x))"
Recall constdefs syntax.
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Conclusion of Sets, Functions

e [heory says: conservative extensions can be used to build
consistent libraries.

e Sets as one important package of Isabelle/HOL library: Set
theory is typed, but very rich and powerfully supported. Wl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e Induction

e (Well-founded) recursion
e Arithmetic

e Datatypes
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Recursion and General Fixpoints

Fixpoints are important for induction and recursion. Naive
approach: One could have axiom

fix

Y =M .F(YF)
This axiom is not a constant definition. Then derive

VE**Y F = F (Y F).
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Recursion and General Fixpoints

Fixpoints are important for induction and recursion. Naive
approach: One could have axiom

fix

Y =M .F(YF)
This axiom is not a constant definition. Then derive

VE**Y F = F (Y F).

e \Why are we interested in Y7
e What is the problem with such a definition?
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Why Are We Interested in Y?

First, why are we interested in recursion (solutions to
recursive equations)?

&
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Why Are We Interested in Y?

First, why are we interested in recursion (solutions to

recursive equations)?

e Recursively defined functions are solutions of such
equations (example: fac).

e Inductively defined sets are solutions of such equations
(example: Fin A, all finite subsets of A).
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Why Are We Interested in Y?

First, why are we interested in recursion (solutions to

recursive equations)?

e Recursively defined functions are solutions of such
equations (example: fac).

e Inductively defined sets are solutions of such equations
(example: Fin A, all finite subsets of A).

We are interested in Y because it is the mother of all

recursions. With Y, recursive axioms can be converted into

constant definitions.
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What’s the Problem with such an Axiom?

Such a definition would lead to inconsistency.

This is not surprising because not all functions have a
fixpoint.

Therefore we only consider special forms of fixpoint
combinators.

We consider two approaches: Least fixpoints (Tarski) and
well-founded orderings. Pl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

o Sets

e [Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

o Sets

e Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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First Approach: Least Fixpoints (Tarski)

e Recall: We would like to define Y = AF.F(Y F'), where F
Is of arbitrary type @ — «, but we must not.
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First Approach: Least Fixpoints (Tarski)

e Recall: We would like to define Y = AF.F(Y F'), where F
Is of arbitrary type @ — «, but we must not.

e Restriction: F'is of set type (a set — « set).

e Instead of Y define [fp by an equation which is not
recursive.

e [fp is fixpoint combinator, but only under additional
condition that F' Is monotone, and: this Is not obvious
(requires non-trivial proof)!

This leads us towards recursion and induction.
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We define (in Isabelle: Lfp.thy)

ifp(f) = (ulf(w) C u}

Definition of [fp is conservative. That's fine. But is it a
fixpoint combinator?

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



First Approach: Least Fixpoints (Tarski) 178

We define (in Isabelle: Lfp.thy)

ifp(f) = (ol f(w) € u)

Definition of [fp is conservative. That's fine. But is it a
fixpoint combinator?

Theorem 1 (Tarski):

If f is monotone, then Ifp f = f (Ifp f).
1fp_unfold. Non-obvious!
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Induction Based on Lfp.thy

Theorem 2 (Ifp induction):

|f
e f is monotone, and

o f(lfp f{z|Px})C{x| P},
then ifp f C{x | Px}.
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Induction Based on Lfp.thy

Theorem 2 (Ifp induction):
If

e f is monotone, and

o f(ifp f{z|Pa}) C{z| Pz},
then ifp f C{x | Px}.

In Isabelle, it is called 1fp_induct:

[a € Ifp f;mono f; Nx.x € f(ifp fN{x.Px}) = Px]
— Pa
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Where Are We Going? Induction and
Recursion
Let's step back: What is an inductive definition of a set S7?
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Where Are We Going? Induction and
Recursion
Let's step back: What is an inductive definition of a set S7
It has the form: S is the smallest set such that:
e ) C S (just mentioned for emphasis);

o if S"C S then F'(S") C S (for some appropriate F').
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Where Are We Going? Induction and
Recursion
Let's step back: What is an inductive definition of a set S7
It has the form: S is the smallest set such that:
e ) C S (just mentioned for emphasis);
o if S"C S then F'(S") C S (for some appropriate F').
At the same time, S is the smallest solution of the recursive
equation S = F'(5).
Induction and recursion are two faces of the same coin.
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Lfp.thy for Inductive Definitions
Least fixpoints are for building inductive definitions of sets in
a definitional way: S :=Ifp F'.
This is obviously well-defined, so why this fuss about
monotonicity and Tarski?
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Lfp.thy for Inductive Definitions

Least fixpoints are for building inductive definitions of sets in
a definitional way: S :=Ifp F'.

This is obviously well-defined, so why this fuss about
monotonicity and Tarski?

Tarski allows us to exploit the equation Ifp f = f(ifp f) in
proofs about S! That's what [fp is all about.
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Example (from Motivation)

he set of all finite subsets of a set A:

Fin A=lIfp F

where F' = A AX.{{}} UlJz € A.((insertz)‘ X).
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Example (from Motivation)

he set of all finite subsets of a set A:

Fin A=lIfp F

where F' = A AX.{{}} UlJz € A.((insertz)‘ X).

Thus we can do using Ifp what we would have wanted to do
using Y.
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The Package for Inductive Sets

Since monotonicity proofs can be automated, Isabelle has
special proof support for inductive definitions. Example:
consts Fin :: ’a set => ’a set set
inductive "Fin(A)"
intrs
emptyI "{} : Fin(A)"
insertI "[| a: A; b: Fin(A) |] ==
insert a b : Fin(A)"

Translated into expression using Ifp.
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Summary on Least Fixpoints

We are interested in recursion because inductively defined
sets and recursively defined functions are solutions to
recursive equations.

We cannot have general fixpoint operator Y, but we have,
by conservative extension, least fixpoints for defining sets.

There is an induction scheme (Ifp induction) for proving
theorems about an inductively defined set.

Restriction of F' to set type (« set — « set) means that

least fixpoints are not generally suitable for defining
functions . . . Pl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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Well-Founded Recursion
After least fixpoints, well-founded recursion is our second
concept of recursion (and fixpoint combinator).

ldea: Modeling “terminating” recursive functions,

I.e. recursive definitions that use “smaller’ arguments for the
recursive call.

Smaus: CSMR; Il Semestre A.A.2009/2010
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Defining Recursive Functions

ldea of well-founded recursion: Wish to define f by recursive
equation f = e, e.g.

fac = (An. if n = 0 then 1 else n * fac(n — 1))
Define F' = A\f.e, e.g.

Fac = (Mfac. \n. if n = 0 then 1 else n * fac(n — 1))
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Defining Recursive Functions

ldea of well-founded recursion: Wish to define f by recursive
equation f = e, e.g.

fac = (An. if n = 0 then 1 else n * fac(n — 1))
Define ' = A\f.e, e.g. (a-conversion of what you have seen)

Fac=(Af .Mn.if n=0thenlelsenxf (n—1))

We say: F' is the functional defining f.
Recall that Y F' would solve f = e, but we don't have Y, so
what can we do?
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wfrec

wfrec RF = ...

If R is well-founded and F' is coherent, then wfrec R F' is
the recursive function defined by functional F'.

&
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The “Fixpoint” Theorem

There is a theorem that has a complicated general form, but
if r is well-founded and H is coherent, then

wfrecr H = H(wfrecr H)

Theorem states that wfrec is like a fixpoint combinator
(disregarding the additional argument r).

Thus we can do using wfrec what we would have liked to do
using Y.
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Example for wfrec: Natural Numbers

The constant wfrec provides the mechanism /support for
defining recursive functions. We illustrate this using nat, the
type of natural numbers (pretending we have it).

wfrec is applied to a well-founded order and a functional to
define a function.
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Example for wfrec: Natural Numbers

The constant wfrec provides the mechanism /support for
defining recursive functions. We illustrate this using nat, the
type of natural numbers (pretending we have it).

wfrec is applied to a well-founded order and a functional to
define a function.

First, define predecessor relation:

constdefs
pred_nat :: "(nat * nat) set"
pred_nat_def "pred_nat == {(m,n). n = Suc m}"
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Defining Addition and Subtraction

add :: [nat, nat] => nat (infix1l 70)
"m add n == wfrec (pred_nat~+)

(%f j. if j=0 then n else Suc (f (pred j))) m"

Recursive in first argument.
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Conclusion on Well-founded Recursion

Well-founded recursion allows us to define recursive
functions in HOL and thus reason about computations.
We can derive recursive theorems that can be used for
rewriting just like in a functional programming language.
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Isabelle Package for Primitive Recursion

For primitive recursion, finding a well-founded ordering is
simple enough for automation!

Smaus: CSMR; Il Semestre A.A.2009/2010 Mig



Conclusion on Well-founded Recursion 194

Isabelle Package for Primitive Recursion

For primitive recursion, finding a well-founded ordering is
simple enough for automation!

Example (use nat and case-syntax):

primrec
add_O: "O + n = n"
add _ Suc: "Suc m + n = Suc (m + n)"
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Conclusion on Recursion and Induction

We are interested in recursion because inductively defined
sets and recursively defined functions are solutions to
recursive equations.

We cannot have general fixpoint operator Y, but we have,
by conservative extension:

e Least fixpoints for defining sets;

e well-founded orders for defining functions.

Both concepts come with induction schemes (Ifp induction
and definition of well-foundedness) for proving properties of
the defined objects. Good Isabelle support. Pl
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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The Roadmap

We are still looking at how the different parts of
mathematics are encoded in the Isabelle/HOL library.

e Orders

e Sets

e Functions

e (Least) fixpoints and induction
e (Well-founded) recursion

e Arithmetic

e Datatypes
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The Approach

Minimally axiomatic: We construct an infinite set, and
define numbers etc. as inductive subset.

We finally use infinity axiom.

&
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What is Infinity? Cantor’s Hotel

Cantor’s hotel has infinitely many rooms.

Smaus: CSMR; Il Semestre A.A.2009/2010
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What is Infinity? Cantor’s Hotel

Cantor’s hotel has infinitely many rooms. New guest arrives.
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What is Infinity? Cantor’s Hotel

Cantor’s hotel has infinitely many rooms. New guest arrives.
The doors open,
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What is Infinity? Cantor’s Hotel

Cantor’s hotel has infinitely many rooms. New guest arri