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Abstract

This paperexamineghefollowing statementsboutheuristic
searchwhich arecommonlyheldto betrue:

e More accurateheuristicsresultin fewer statesbeing ex-
pandedoy A* andIDA*.

e A* expandsfewer stateshanary otherequallyinformed
algorithmthatfinds optimalsolutions.

e Any admissibleheuristiccan be turnedinto a consistent
heuristicby a simpletechniquecalledpathmaz.

e |n searchspacesvhoseoperatorsall have the samecost
A* with theheuristicfunctionh(s) = 0 for all statess, is
thesameasbreadth-firssearch.

e Bidirectional A* stopswhen the forward and backward
searchrontiersmeet.

Thepaperdemonstratethatall thesestatementarefalseand
providesalternatve statementshataretrue.

Intr oduction

Heuristic searchis one of the pillars of Artificial Intelli-

gence.Soundknowledgeof its fundamentatesultsandal-

gorithms, A* (Hart, Nilsson, & Raphaell968) and IDA*

(Korf 1985),is requisiteknowledgefor all Al scientistsand
practitioners.Althoughits basicsare generallywell under

stood, certain misconceptionsoncerningheuristic search
arewidespread.n particular considerthe following asser
tionsaboutheuristicsearch:

e |f admissibleheuristichy is moreaccuratehanadmissi-
ble heuristich, fewer stateswill be expandedf A* and
IDA* usehs thanif they useh;.

e A* is optimal,in thesensef expandingfewer stateghan
ary otherequallyinformed algorithmthat finds optimal
solutions.

e Any admissibleheuristiccanbe turnedinto a consistent
heuristicby a simpletechniquecalledpathmax.

¢ In searchspacesvhoseoperatorsall have the samecost
A* with the heuristicfunction h(s) = 0 for all statesg,
is the sameasbreadth-firssearch.

¢ Bidirectional A* stopswhen the forward and backward
searchrontiersmeet.

Although thesestatementsre intuitively highly plausi-
ble andarewidely heldto betrue, asa matterof fact, they
areall false. The aim of this paperis to demonstratdow
they fail with simplecountergamplesandto provide alter
nativesto thesestatementshat aretrue. The falsity of the
above statementsand the correctionsgiven, have all have
beenreportedpreviously, but usuallyin specializegublica-
tions. Thecontributionsof this paperareto draw attentionto
them,to bring themtogetherin onewidely accessibleocu-
ment,andto give simplecountergamples.

Background, Terminology, and Notation

This sectionbriefly reviews the terminology notation,and
essentiafactsneededn theremainderof thepaper It is not
afull tutorial on heuristicsearch.

A statespaces a setof statesa successorelationdefin-
ing adjacenyg betweerstatesandacostfunction,cost(s, t),
definingthe costof moving from states to adjacenstatet.

A* andIDA* arealgorithmsfor finding a best(least-cost)
pathfrom ary given state,start, to a predeterminedjoal
state,goal. Both malke useof threefunctions,g, h and f.
g(s) is the costof the bestknown pathfrom start to states
at the currentstageof the search.h(s), the heuristicfunc-
tion, estimateghe costof a bestpathfrom states to goal.
f(s) = g(s) + h(s) is the currentestimateof the minimum
costof reachingyoal from start with apathpassinghrough
s. Thetrueminimumcostof apathfrom start to goal is de-
notedfx.

All  heuristic functions are non-ngatve and have
h(goal) = 0. Heuristich(s) is admissibldf, for every state
s, it doesnot overestimatehe costof a bestpathfrom s to
goal. A* andIDA* areguaranteedo find a least-cospath
from start to goal if h(s) is admissible.h(s) is consistent
(p. 83, (Pearl1984))if for every two states, s andt,

h(s) < cost(s,t) + h(t) Q)

A consistenheuristicis guaranteedo beadmissible.
A* maintainsalist of statexalledOPEN. Oneachstep
of its searchA* removesastatein OPEN with thesmallest

!pearl(1984) shaved that restrictingt to be a neighbourof s
producesanequivalentdefinitionthatis easierto verify in practice
andhasan intuitive interpretation:in moving from a nodeto its
neighbourh mustnotdecreasenorethang increases.



f-valueand“expands”it, which meansmnarkingthe stateas
“closed”,computingits successor@ndputtingeachsucces-
sorin OPEN if it hasnot previously beengeneratedr if
this pathto it is betterthanary previously computedpathto
it. A* terminatesassoonasgoal hasthe smallestf-value
in OPEN. WhenA* is executedwith a consistenteuris-
tic, the f-valuesof thenodest expandsassearchprogresses
form amonotonenon-decreasingequenceThisis nottrue,
in generaljf A* is executedwith aninconsistenheuristic.

IDA* doesa seriesof cost-boundediepth-firstsearches.
Whensearchingwith a specificcostbound#, states is ig-
noredif f(s) > 6. If f(s) < @ the successorsf s are
searchedn a depth-firstmannemwith the samecostbound.
IDA* terminatessuccessfullyassoonasgoal is reachedy
a pathwhosecostis lessthanor equalto 6. If searchdoes
not terminatesuccessfullywith the currentvalue of 4, the
smallestf-value exceedingé seenduring the currentiter-
ationis usedas®’s new valuefor a depth-firstsearchthat
beginsafreshfrom start.

Better Heuristics Can Resultin Mor e Seaich

Oneadmissibleheuristic,hs, is definedto be “better than”
(or “dominate”) another hy, if for all states,s, hy(s) <
ha(s) andthereexist oneor morestatesfor which hy(s) <
ha(s). Is A* guaranteedo expandfewer stateswhenit is
giventhebetterheuristic?

Although intuition urgesthe answer‘yes”, andtheredo
exist provableconnectiondetweertheaccurag of aheuris-
tic and the numberof nodeexpansionsA* will do (Dinh,
Russell& Su2007),thetrueanswelis muchmorecomplec
(pp. 81-85,(Pearl1984)).Evenwhenthe heuristicsarecon-
sistenttheanswelis notanunequiocal“yes” becausavith
the betterheuristicA* might expandarbitrarily morestates
thathave f(s

D; (=4, g=1)
1
—( B (-=4,9=2)

Figurel: Thebetterheuristic(hs) resultsn moreA* search.

Considerthe statespacein Figure 1, andtwo consistent
heuristics,h; andhs, which areidenticalexceptalongthe
optimal path,start — A — B — goal. hs is betterthanh;.
TheovalslabelledD; and E; represenarbitrarily large sets
of stateswith f = 4. Statesin D; aresuccessorsf start
with g = 1. Statedn E; aresuccessorsf C' andhaveg = 2.

Using hy, A* expandsfour states. First it will expand
start, then A, B andC' in someorder (all have f=3). At
this point searchwill terminate. None of the statesin sets
D; or E; will beexpandedecaus@assoonasall stateswith

f < 4 areexpandedgoal isinthe OPEN list with f = 4
sosearchterminates.

By contrast,using h thereis no systematiovay for A*
to avoid expandingsomeof the statesin D; or E;. After
start andC' (f=3) areexpandedthe OPEN list containsa
large setof stateswith f = 4, but doesnot containgoal. If
A* breakstiesin favour of larger g values,asis mostoften
done,all the statesn E; will be expandedbefore A will be
expanded.If A* breakstiesin the oppositemanner all the
statesin D; will be expandedbefore B will be expanded.
If A* breaksties without consideringg, it hasno way of
identifying A and B asbeingpreferableover the multitude
of statesin D; and E;, andthereforecannotguaranteghat
A andB will beexpandedeforeary of thestatesn D; and
E;.

Thekey pointin this exampleis thatlow heuristicvalues
arenot alwaysharmful. If they occuralonganoptimal path
low heuristicvaluesare beneficialbecausahey will cause
thegoalto beplacedin OPEN earliet potentiallyreducing
thenumberof stateswith f = fx thatareexpanded.

Thereis an additionalsourceof confusionon this topic
whenthe heuristicsareadmissiblebut not consistentln this
case A* mayhaveto expandthesamestatemary times(see
Figure 3 below andthe text discussingt). Sometheorems
do not take into accountrepeatedexpansionsof the same
state they only shav thatundercertainconditionsthe setof
statesexpandedusing h; is a supersebf the setexpanded
usinghs.

What about IDA* ?

The precedingcountergampledoesnot apply to the stan-
dardimplementationof IDA* becausehey fail to notice
that during the iterationwith § = 3 goal wasencountered
with f = 4. If IDA* wasprogrammedo noticethis, it could
terminateassoonasf wasincreasedo 4 andsave consider
ableeffort. The savingswould only occurif h; wasused.If
thebetterheuristic,h,, wereused atleastpartof thed = 4
iterationwould have to be performed.
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Figure2: Thebetterheuristic(hs) requiresmorelDA* iter-
ations.

An exampleof a betterheuristicleadingto more search
with a standardDA* implementatioris shavn in Figure?2.
h, alternatedbetweenl (onstart, B andD) and0 (on 4, C
andgoal). hy is 1 oneverystateexceptgoal, andis therefore
betterthanh,. Both heuristicsareconsistentThe f-values
correspondingo thesetwo heuristicsare shavn in the fig-
ure. The key pointis that h; producesonly threedistinct
f-values,whereashe betterheuristicproducesfive. This
meandDA* will dotwo extraiterationswith h, and,conse-
guently expandmorestatesisinghs thanh, . Althoughrare,



thisdoesarisein practice.ln onecasg(Holteetal. 2006)use
of abetterheuristicincreasedhe numberof statesexpanded
by IDA* by morethan50%.

This phenomenomwasfirst notedin Manzini's compar
ison of the perimetersearchalgorithm BIDA* with IDA*
(Manzini1995).Manzini(p. 352)obsenedthatBIDA* can-
not expand more statesthan IDA* for a given 8 but that
BIDA* canexpandmorestatesthanIDA* overall because
“the two algorithms[may] executedifferentiterationsusing
differentthresholds”.

A* is Not Always Optimal

Thereis a generalbelief that A* is optimal amongsearch
algorithmsthat use the sameinformation, in the senseof
expandingthe fewestpossiblestatesandstill beingguaran-
teedto find an optimal solution path. This claim hasbeen
a sourceof confusionthroughoutts history (p. 111, (Pearl
1984)).

Thisclaimis certainlyfalsewhentheheuristicbeingused
is admissiblebut not consistent.In this case A* may have
to move closednodesbackonto OPEN wherethey might
be expandedagain.In theworstcase A* cando asmary as
O(2") nodeexpansionsyhereN is the numberof distinct
nodesexpandedwhile therearerival searchalgorithms that
doonly O(N?) nodeexpansionsn theworstcase.Thiswas
proven by Martelli (1977),who defineda family of graphs
{Gi}25 suchthat G; containsi + 1 nodesand A* does
0O(2*) nodeexpansiongo find the solution. GraphG5 in
Martelli’s family is shovn in Figure3.2 Therearemary in-
consistenciem this graph.For example,d(n4,n3) = 1 but
h(ns) is 6 smallethanh(n4). Theuniqueoptimalpathfrom
start (ns) to goal (ng) visits the nodesin decreasingr-
derof theirindex (ns, n4, ..., no), but ny hasalargeenough
heuristicvalue (f(n4) = 14) thatit will not be expanded
by A* until all possiblepathsto the goal (with f < 14) in-
volving all the othernodeshave beenfully explored. Thus,
whenn, is expandednodesns, ny andn, arereopenednd
thenexpandedagain. Moreover, onceny is expandedthe
samepropertyholdsagainof nz, the next nodeon the opti-
mal path,soit is notexpandeduntil all pathsfrom n4 to the
goalinvolving all the othernodeshave beenfully explored.
This pathologicalpatternof behavior repeatsachtime one
additionalnodeon the optimal pathis expandedor thelast
time.

Martelli (1977)alsointroduceda variantof A*, calledB,
thatimprovesupon A*' s worst-casdime complexity while
maintainingadmissibility Algorithm B maintainsa global
variable F' that keepstrack of the maximum f-value seen
sofaramongthe nodesexpanded.Whenchoosingthe next
nodeto expand,if theminimum f-valuein theopenlist (de-
noted f,,,) satisfiesf,, > F, thenthe nodewith minimum
f is choserasin A*, otherwisethe nodewith minimum g-
valueamongthe nodeswith f < F'is chosenfor expan-

2A* s“rivals” areothersearchalgorithmsthatusethe samein-
formationandreturnanoptimalsolutionwhengivenanadmissible
heuristic.

3This figure andthe relatedtext arecopiedfrom (Zhanget all.
2009).

Figure3: G5 in Martelli’s family.

sion. Becausehe value of F' canonly change(increase)
when a nodeis expandedfor the first time, and no node
will beexpandednorethanoncefor agivenvalueof F', the
worst-casdime compleity of algorithmB is O(N?2). Sub-
sequento Martelli's work, other A* variantswith O(N?)
worst-casesverealsodeveloped(Bagchi& Mahanti1983;
Mero 1984). A descriptionand experimentalcomparison
of thesealgorithmscan be found in (Zhanget al. 2009),
which alsoshavs thatA*' s exponentialworst-caseequires
theedgeweightsandheuristicvaluesto grow exponentially
with thegraphsize.

This exampleshowvsthat,whentheheuristicbeingusedis
admissiblebut not consistentA* canexpandexponentially
morestateghanits rivals. In fact,it canbe shavn thatthere
is no optimal searchalgorithmfor admissible inconsistent
heuristics(Dechter& Pearl1983). The situationis different
whenthe heuristicis consistent. In this caseA* “largely
dominates'its rivals,which meanghatA* doesnotexpand
more statesthanary of its rivals, exceptperhapsor some
stateswith f(s) = fx* (p. 85, (Pearl1984); Theorem3 in
(Dechter& Pearl1983)).

In discussindheoptimality of A* it isimportantto bearin
mind thatthe algorithmthatexpandsthe feweststateds not
necessarilthe algorithmthat runsfastestKorf 1985). For
examplethe Fringe algorithmintroducedn (Bjornssonet
al. 2005) expandsmore statesthan A* in the experiments
reportedout runs25-40%faster eventhoughthe datastruc-
turesusedin the A* implementatiorwerehighly optimized.

Pathmax doesnot make Heuristics Consistent

It is commonlyunderstoodthat thereis a simple method,
calledpathmaz, toturnary admissiblejnconsistenheuris-
tic into aconsistenbne. Pathmaz is basedntheideathat
whenstates is reachedy A* by somepath,it is admissible
to usethe maximum f-valueseenalongthe pathinsteadof
£(s).

While it is true, trivially, that with pathmaz f-values
never decreasealong a path, this is not the sameas the
heuristicbeingcorvertedinto abona fide consistenheuris-
tic. To seethis, recallthatwith a consistenheuristic,closed
statesare never re-openecby A*, becausavhena stateis
removedfrom OPEN for thefirst time we areguaranteed



to havefoundtheleast-cospathtoit. Thisis thekey advan-
tageof aconsistenheuristicoveraninconsistentadmissible
heuristic. Pathmax doesnot correctthis deficieng of in-

consistenheuristics. Thisis notedin (Zhou& Hanser2002)
andin (Nilsson1998)(p. 153).

Figure4: Examplewherea closedstatemustbe reopened
with pathmaz.

Considetthe examplein Figure4 with theadmissiblejn-
consistenheuristich(4) = 99, h(B) = 0, andh(C) = 11.
Theoptimalpathin this exampleis start — A — B — goal,
with acostof 101. A* will expandstart andthenC (f=20),
at which point A and B will bein OPEN. A will have
f =100 and B, because®f pathmaz, will have f = 20 in-
steadof f = 18. B will beclosedgeventhoughtheleast-cost
pathto B (via A) hasnot beenfound. A* will thenexpand
the entiresetof statesD; before A. At thatpoint A will be
expanded revealingthe betterpathto B, andrequiring B
andall of the D; to beexpandedor a secondime.

Pathmax is half of the two-partstrategy introducedby
Mero (1984)to exchangeheuristicinformation betweena
stateandits successorarhenthe heuristicis not consistent.
Eventhe full strateyy doesnot guaranteghat closednodes
will notbere-openedbut it canleadto very substantiate-
ductionsin thenumberof nodesexpanded See(Zhangetal.
2009)for full detailsof Mero’salgorithm(calledB’), correc-
tionsto certainstatements (Mero 1984),andexperimental
comparisongnvolving B’.

A* with h=0 and Uniform Costsis not
Breadth-first Search

In describingthe standardsearchalgorithms,suchasDijk-
strasalgorithm(Dijkstra1959)andA*, it iscommonto give
a genericsearchalgorithmandthendiscusshow it canbe
specializedor particularcircumstancesOften breadth-first
searchis describedasaninstanceof the genericalgorithm,
in the specialcasewhenall operatorcostsarethe sameand
h = 0 for all states.

This statements true exceptfor oneimportantdetail, the
stoppingcondition. Breadth-firssearctstopswhenthegoal
isfirstgeneratedp.47,(Barr& Feigenbauni981)).It never
needdo putthegoalin theOPEN list. A*, Dijkstra’salgo-
rithm, andthe genericsearchalgorithmsin mary textbooks,
put the goalin the OPEN list and continuesearchingun-
til it is removed. Breadth-firstsearchcan be implemented

Figure5: Breadth-firstsearchwill stopafterexpandingtwo
states.

that way, but it is needlesslyinefficient. Considerthe ex-
amplein Figure5. Expandingstart producesanarbitrarily
largesetof successors4d;. Expandingary oneof thesegen-
eratesgoal. Breadth-firstsearchwould thereforestopafter
expandingonly two states,but A* with h(s) = 0 for all
stateswould have to expandall of the A; beforestopping.
Notethat A* would exactly mimic breadth-firstsearchif it
hadbeengiventhe heuristich(goal) = 0 andh(s) = 1 for
all otherstates.

Bidir ectional Search Must Continue after the
Frontiers Meet In Order to Find Optimal
Solutions
Bidirectional searchis usually describedas stoppingwhen
thetwo searcHrontiers“intersect”,or “meet”. Thisisincor-
rect. In orderto guarantedinding an optimal pathbidirec-
tional searchmustcontinueto searchafter a statehasbeen
openedn bothdirections.Bidirectionalsearchestherthan
bidirectionalbreadth-firssearchmusteven continueaftera

statehasbeenclosedin bothdirections.
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Figure6: Bidirectionalbreadth-firssearchmightopen/close
B in bothdirectionsbeforefinding the shortespath.

The graph in Figure 6 illustrates why bidirectional
breadth-firstsearchcannotstop when the searchfrontiers
first meet.First, start is expandedn theforwarddirection,
putting A andD ontheforward-directionD PE N list. Next,
goal is expandedn the backwardsdirection,putting C' and
E onthebackward-directionOPEN list. If A is expanded



next in the forwarddirectionandC is expandedhext in the

badkward directionthen B will be openin both directions.
Searchcannotstopat this point and declarethe solutionto

bestart — A — B — C — goal becaus¢hisis nottheshortest
path.

Although bidirectional breadth-firstsearchcannot stop
whena state, B, first becomeopenin both directions,the
pathlinking start to goal through B cannotbe morethan
one edgelongerthanthe optimal pathfrom start to goal.
To seethis, let us considerthe generalcase hot the specific
examplein Figure 6. However, to make it easyto relate
thegeneraldiscussiorto theexample,B will continueto be
usedto referto the first stateopenedn both directions. In
general,B is somedistanced,, from start andsomedis-
tance,d,, from goal, andthereforethe pathfrom start to
goal through B is of lengthd, + d,. BecauseB is open
in the forward directionthe forward-directionOPEN list
might containsomestatedistanced; — 1 from start, but it
cannotcontainstatesthat are closerthanthatto start. Let
OPENp(ds—1) denotehesetof stateopenin theforward
directionthataredistancel; — 1 from start. In theexample
OPENFg(ds — 1) = {D}. Likewisethebackward-direction
OPEN list might containsomestateddistanced, — 1 from
goal, butit cannotcontainstateghatarecloserto goal. De-
fine OPENg(d, — 1) to be the setof statesopenin the
backward directionthat aredistanced, — 1 from goal. In
theexampleOPENg(d, — 1) = {E}. OPENFg(ds; — 1)
andOPENg(d, — 1) arethe two setsof statesthat must
be examinedto determinethe shortestpath betweenstart
andgoal. Thetwo setsmustbedisjoint, otherwiseB would
notbethefirst stateopenin bothdirections.However, there
mightbe anedgeconnectinga statein OPENg(ds; — 1) to
astatein OPENg(d, — 1), andif thereis, thatwould con-
stitutea pathfrom start to goal of lengthd, + d, — 1, one
shorterthanthe pathfoundthroughB.

Therefore what remainsto be doneoncethe two search
frontiers for bidirectional breadth-firstsearchhave met at
state B is to searchfor an edge connectinga state in
OPENg(d, — 1) toastatein OPENg(d, —1). If anedge
is found connectingstateD € OPENFg(ds — 1) andstate
E € OPENg(d, — 1), it is partof thetruly shortesipath,
the remainingportionsof the pathbeingthe sgmentsfrom
start to D andfrom goal to E. If no suchedgeis found
thenthepaththroughB is optimal.

For bidirectionalDijkstra’s algorithma similar stopping
criterion applies(Helgason& Kennington1993;Nicholson
1966),but for bidirectionalA* adifferentstoppingcondition
is neededKwa 1989;Pohl1969).Every meetingof thetwo
searchfrontiers constitutesa path from start to goal and
thereforeprovidesan upperboundon the optimal pathcost.
If fupper IS the costof bestknown pathfrom start to goal
bidirectional A* mustcontinueuntil fy,pe, iS lessthanor
equalto the minimum f-value of ary statein the OPEN
list for eithersearchdirectionor the sumof theminimumg-
valuesin eachOPEN list.* Whentheseconditionsoccur,
it will beimpossibleto find a pathcostinglessthan f,,per
sosearclcanstopandreturnthe pathwhosecostis fypper-

“Thelatterconditionwasbroughtto my attentionby Rich Korf.

goal

Figure7: A* will closeB in bothdirectionsbeforefinding
theleast-cospath.

Figure 7 gives an examplewhere bidirectional A* will
closea node, B, in both directionsbeforefinding the opti-
mal path, start — A — C — goal. hp is the heuristicfor
the forward search,hp is the heuristic for the backward
search.Both are consistent. start is expandedin the for-
ward direction,adding B to the forward-directionO PEN
list with f(B) = 6 andaddingA with f(A) = 9. Likewise
when goal is expandedB will be addedto the backward-
directionOPEN list with f(B) = 6 andC will be added
with f(C) = 9. B hasthesmallestf-valuein bothOPEN
lists andthereforewill now be expandedn bothdirections,
finding a pathof cost12 from start to goal. Sincethereare
entrieson bothOPEN listswith f < 12 searchcontinues.
A is expandedn theforwarddirection,makingcontactwith
thefrontier of thebackwardsearchat stateC. This pathhas
cost9. Becausatleastoneof theOPEN lists hasno state
with a smaller f-valuesearchcanterminateandreturnthis
asthe optimalpath.

Conclusions

This paperhasexaminedfive commonlyheld beliefsabout
heuristicsearchshavn thatthey areall false,andprovided
correctversions.
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