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Abstract

We presenta generalalgorithmfor synthesizingstateinvari-
antsthatspeedup automatedplannersandhave otherappli-
cationsin reasoningaboutchange. Invariantsare factsthat
hold in all statesthat are reachablefrom an initial stateby
theapplicationof a numberof operators.In contrastto ear-
lier work, we recognizethe fact that establishingan invari-
antmayrequireconsideringotherinvariants,andthis in turn
seemsto requireviewing synthesisof invariantsasfixpoint
computation.Also, thealgorithmis not inherentlyrestricted
to invariantsof particularsyntacticforms.

Introduction
For a given transitionsystem,for exampleexpressedasan
initial stateanda setof operators,invariantsare factsthat
hold in all of its reachablestates,or moreprecisely, they are
true in the initial state,and their truth is preserved by the
applicationof every operator(which is why they arecalled
invariants.)Invariantscanbeappliedin many kindsof plan-
ning algorithmsfor speedingthemup. In algorithmsbased
onbackwardchaining,likeGraphplan(Blum & Furst1997)
andearlierpartial-orderplanners,invariantsrule out certain
subgoalsasunreachable.In algorithmsthatuseneitherre-
gressionnor progressionandrepresentplan executionsex-
plicitly – for examplethe satisfiability planningapproach
– invariantsextend the incompletestatedescriptionsand
therebyreducetheamountof searchneeded(Kautz& Sel-
man1998;Gerevini & Schubert1998).Invariantsareuseful
alsoin many otherkindsof planningalgorithmsthatoperate
onpartiallydescribedstates.

Algorithmsfor computinginvariantsfor automatedplan-
ning have earlierbeengivenby KelleherandCohn(1992),
Rintanen(1998),Gerevini andSchubert(1998),andFox and
Long (1998). KelleherandCohn aswell as Gerevini and
Schubertverify that operatorspreserve the truth of an in-
varianton thebasisof syntacticpropertiesof theoperators.
Rintanensketchesan algorithmthat computes2-literal in-
variantsfrom the groundinstancesof operators. Fox and
Long obtaininvariantsasa byproductof inferring typesfor
operators.
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In thispaperweintroduceanew algorithmfor computing
invariants. The algorithmis iterative like mutex computa-
tion in Graphplan(Blum & Furst1997)andthe algorithm
by Rintanen(1998)(bothof whichusea groundrepresenta-
tion of operators),operatesona schematicrepresentationof
operators,andgeneralizesearliertechniques.Thealgorithm
is motivatedby an inductive definitionof invariantsasfor-
mulaethat aretrue in the initial stateandarepreservedby
the applicationof every operator. Lessgeneral(andin re-
strictedcasesmoreefficient) algorithmscanbeobtainedby
specializingthegeneralalgorithm.

For schematathatrepresent2-literalgroundinvariantswe
show that thealgorithmis efficient. In this case– like with
universallyquantifiedinvariantsin general– the algorithm
is strictly strongerthan earlier algorithmscombined. In-
variantswith morethantwo literalsareoftenuseful,but the
conditionsfor inferring non-disjunctive facts(literals) from� -literal invariantsfor high � arevery strict because�����
atomicfactshavetobeinferredfirst,soshortinvariantsseem
to be the most importantones. Extensionslike existential
quantificationandtypescanbehandledwithin thealgorithm
by supplyingnew subproceduresto themainprocedure.No
changesin themainprocedureareneeded.

Operators

An operator���
	 consistsof a precondition� anda post-
condition 	 that are setsof atomic literals. An operator
canbe appliedif its preconditionsaretrue, andasa result
its postconditionsbecometrue. Many planningalgorithms
work with operatorsas describedabove but take input in
schematicform; that is, a setof operatorscanbe given as
a schemafrom which eachindividual operatorcanbe ob-
tainedby replacingthevariablesby constants.

In anoperatorschema����	 , thesets� and 	 consistof
literals 
 or ��
 where 
 areof theform ��������������������� � , � is
a predicate,andthe terms ��! areconstantsor variables.We
sometimeswrite ���#"$� where" is a sequenceof terms.The
groundliteralsrepresentedby a literal schemaareobtained
by replacingvariableswith constantsin all possibleways.
For simplicity of presentationwe assumethat all variables
have thesametypeandthatdifferentvariablesareinstanti-
atedwith differentconstants.Thelatterassumptionis rele-
vantonly in themainprocedureof thealgorithm.



Form of Invariants

The invariant schematawe consider are of the form
�#%&�
'( %*)�,+.-�-�-/+ %0�1'( %*)� �32 �546�87 -�-�- 794;:<� ,
where 4 ! are schematic literals � ! �#%&�>= �?����������%@�A= �CBD� or
���E!���% �A= � ����������% �>= � BD� , and %0! and %0)! arevariables.All vari-
ablesandpredicatesymbolsmaybedifferent.

Eachinvariantschemacorrespondsto a setof groundin-
variantsthatareobtainedby replacingthevariablesby con-
stantswithoutviolating theinequalities.

Synthesis of Invariants

We presentan iterative algorithmfor computinginvariants
from schematicrepresentationsof operators. The algo-
rithm producesa sequenceFHGI�>FJ���������D�>F6�@�AF6�?KL� of setsof
schematasuchthat F � ( F �?KL� , F G is satisfiedby theinitial
state,andeachF ! is obtainedfrom F !#M � by identifyingcan-
didateinvariantsthatmaybe falsifiedby operatorsthatare
applicablein statesthatsatisfy F6!#M � , andreplacingthemby
weakercandidateinvariants.Theset F � thatis preservedby
all operatorapplicationsconsistsof invariants.

Becauseexact descriptionsF ! of statesreachablewith N
stepsor fewer may be of exponentialsize and computing
invariantsis PSPACE-hard( O is an invariantif f thereis no
plan thatachieves ��O ), syntacticrestrictionson F ! have to
beconsidered.We do not allow constantsymbolsin thein-
variantsand have an upperboundon clauselength. As a
consequence,the sets F ! are only an upperboundon the
reachablestates.Theserestrictionsalsoguaranteeapolyno-
mial upperboundon theruntime.

Themainprocedureof thealgorithmis givenin Figure1.
Thefunctionsextend�P�L�>FQ� , update�P�L��	R� , preserves��	I��SE��OT�
andweaken��OT� aredescribedin thefollowing sections.The
algorithmfirst identifiescandidateinvariantsF G , theground
instancesof which aretrue in the initial state.Thecompu-
tationstartsfrom all theatomicschematawith predicates� !
thatoccurin theprobleminstance.Here U�! aresequences
of distinctvariables.Thenthealgorithmgoesthroughstages
N ( � �>VW������� , consideringeachoperatorXZY�[ ateachstage.
Thegroundoperator�\�]	 is obtainedfrom X by replacing
variablesoccurringin X by new distinct constantsymbols.
Thefunctioncall extend�P�L�>F !�M ��� extendsthegroundedpre-
conditionby usingthe candidateinvariants F !�M � identified
at thepreviousstage.If aninconsistentsetis obtained(con-
taining theemptyclause),thepreconditionwasnot consis-
tent with F !#M � andthe operatoris not applicable.For ap-
plicable operatorsa descriptionof the possiblesuccessor
statesis obtainedwith the function call update�P�0)^�_	�� , and
thepreservationof eachcandidateinvariantis testedagainst
it. If a candidateinvariantcannotbeshown to bepreserved
by anoperator, it is replacedby weakercandidateinvariants.

In the following sectionswe describetheauxiliary func-
tionsof thealgorithm.A familiarity with notionslike unifi-
cation,substitutionsandsoon is assumed.Whenwe write
aboutunifiers,we meanmostgeneralunifiers. Becausethe
algorithmis for efficiency reasonsincomplete,thereis acer-
tain freedomin implementingthe auxiliary functions. We
describethe requirementsthe functionshave to satisfy for

INPUT: aninitial statè , a set [ of operators
OUTPUT: a setof invariantsfor `0�_[
F G := a�� � �#U � �D�_��� � ��U � �D���Ebc�#U�b��A�������ed
WHILE thereis OfY�F G thatis falsein ` DO
FHG := �^FHGRgIa�OEd��&h weaken�5OT� ;

i := 0;
REPEAT
N := N&i � ;
F ! := F !�M � ;
FOR EACH XjY\[ DO

let �k�l	 beagroundinstanceof X ;
� ) := extend�m�n�>F !�M ��� ;
IF �0) is consistent
THEN
S := update�P� ) ��	R� ;
WHILE notpreserves��	I��SE��OT� for someO�Y�F !
DO F ! := �oF ! gpaqOEdR�*h weaken��OT� ;

UNTIL F6! ( F6!�M � ;
RETURN F6! ;

Figure1: Themainprocedureof thealgorithm

thealgorithmto becorrect,andoutlineonepossibleimple-
mentation.

The Function extend res;t�uZv
To seewhich factsaretrueafteranoperatoris applied,we
needto know which factsaretruebeforetheoperatoris ap-
plied. Obviously, the preconditions� of the operatorare
true, but assumingthat certain facts F hold, we can in-
fer the truth of several other factsas well. The function
extend�P�n�AFQ� performstheseinferences.

For the correctnessof the algorithm the functionhasto
satisfy�jhwF�x ( extend�P�L�>FQ� .

Thefunctionextendsasetof groundliterals� by applying
theresolutionrulebetweenclausesfrom F and� . Resolving
clausesin F with eachotherwouldproduceclausesalready
in F or (for clauseswith 3 or moreliterals) longerclauses
that would often violate the upperboundon clauselength.
Noticethatnot doingall possibleinferencesdoesnot sacri-
fice thecorrectnessof thealgorithm.

So for yz2{�5|<�}7 -�-�- 7~|}:��wY�F choose� Y�aq� �
� ����d , a�� � ����������� � d���� , and 4 � ( a�|}!�B�����������|}!��@d���4;b (
aq|<�R�������D�_|}:Zd . Thenfor every ��Y�a � �������D� � d unify �e� with
|}!e� toobtainaunifier � (inequalitiesy maynotbeviolated.)
Now theclause��y�2�46��� for 4 ( 4HbqgR4 � canbeinferred.
If � ( � wegettheemptyclause.

Example 1 Consideran operatorthat movesa block from
the top of a block on top of anotherblock. This op-
erator has a ground instancewith the precondition � (
a on�5|��_�j�A� clear��|<�A� clear�5���AdC� Let

F ( aq%~'(3� 2��^� on��%n�_�I�T7�� on� � ���p���D�
%~'(�� 2��5� on���0��%@�T7w� on�5��� � ���A�
� clear��%*�L7�� on� � ��%*�>dI�



Now

extend�P�n�AFQ� ( a on�5|������A� clear��|<�A� clear�5���D�
%~'( |k2�� on��%n�_�j�A�
%~'( ��2�� on�5|���%*�A�
|�'(�� 2�� on� � �����A�
��'(�� 2�� on��|�� � �A�
� on�#%L��|<�A�_� on��%n�_���D�_� clear �����>dC�

This is becausefor exampletheliteral on� � �_�I� in theclause
%�'(�� 2��5� on�#%L���p� 7�� on� � ���p��� unifieswith on�5|��_�j� and
henceproduces%~'( |k2�� on�#%L����� .  
The Function update res;t�¡Cv
Given an incompletedescription � of a statein which a
ground operatorwith the postcondition 	 is applied, the
functionupdate�P�L��	R� computesanincompletedescriptionof
the resultingstate. This involvesmodifying membersof �
accordingto thegroundliterals in 	 thatbecometrue. The
set� consistsof schemataO ( y�2�¢ wherey is aconjunc-
tion of inequalities%�'(�� and ¢ is adisjunctionof literals. y
maybetheemptyconjunction,which is definedto betrue.

For thecorrectnessof thealgorithmthefunctionmustsat-
isfy thefollowing. If an operator makingtheatomicliterals
	 true is appliedin a statesatisfying� , thenthe successor
statesatisfiesupdate�m�n�_	�� .

Updatingmembersof � accordingto theliterals in 	 can
be doneone at a time, and separatelywith respectto ev-
ery memberof 	 . Positive andnegative literals aretreated
symmetrically, sowe consideronly positive groundliterals
����£ � ����������£ � �wY�	 . We considerevery memberO of � in
turn, andshow how it hasto be modifiedto reflectthe up-
dateaccordingto ����£��R�������D��£�� � .
1. If � doesnotoccurin O , O is left intact.

2. If ¢ consistsof morethanoneliteral, deleteO .1

3. If O is �����5£ � ����������£ � � , deleteO .

4. If O is y¤2¥�����#� � �������D��� � � , then unify ����£ � �������D�_£ � �
with ��������������������� � . If unificationsucceedswith theuni-
fier � and the inequalities y�� are satisfied,the follow-
ing changesaremade. Let £ ! B�¦R% ! B�����������£ !�§ ¦�% !e§ be the
unifier. Now O is replacedby � candidateinvariants
��£ ! ��'( % ! � + yZ�c2������#���?������������� � for ��Y�a � �������D����d .
In many cases,like in the examplebelow, at most one
variableunifieswith aconstantandhence� ( � .

5. If O is y�2����#���?������������� � and ���5£�������������£D� � unifieswith
���#� � ����������� � � producinga one-elementunifier � ( £�¦�%
and % is theonly variableoccurringin O , remove £f'( %
from y (if it is in it).2

1The functionwould bestrongerif it retained̈ whennoneof
theliteralsin thegroundinstancesof ¨ areaffected.However, our
implementationof extendproducesclauseswith one literal only,
andhencethechangewouldnotmakeadifference.

2A strongerimplementationof this case– or alternatively of
thefunctionpreserves– maysometimesbenecessaryfor obtaining
moreinvariants. Now thereis no meansfor combiningschemata
thatgetsplit in (4). Thesplitting is essentiallya way of handling
disjunctive antecedents.

6. If in theresultingsetnoliteral unifieswith ���5£�������������£D� � ,
���5£�������������£D� � is addedto theset.

Example 2 Let

� ( a on��|��_�j�D� clear�5|$�A� clear�^���A�
%�'( |�2�� on�#%L���j�D�
%�'( ��2�� on��|���%*�D�
� on��%n�_|$�A�>� on�#%n�>���A�>� clear�����>dI�

We make thefollowing groundliteralstruein � .

	 ( a on��|Z�_���A�>� on��|��_�j�D� clear�5�j�D�_� clear�^���>d
Theresultis thefollowing.

update�P�n�_	R� ( a clear�5|$�D�_� clear�^���A�>� on��%n�_�j�A�
%�'( ��2�� on��|���%*�D�
%�'( |k2�� on�#%L�_���D�
� on�#%L��|$�D� on��|Z�_���D� clear�5�j�>d

For example, %�'( �z2]� on�5|���%@� is transformedto %�'(
� + %�'( ��2�� on��|���%*� by on��|��>��� , andthento %�'( ��2
� on�5|���%@� by � on��|Z����� .  
The Function preserves r�¡WtA©;tDª;v
Whenmakingthegroundliterals 	 truein somestatesothat
astatedescribedby S is reached,wecheckwhetherthetruth
of theinstancesof O is preserved.

For the correctness of the algorithm the function
preserves��	I��SE��OT� mayreturn true only if S�x ( O or 	 does
not falsifyanyliteral in anygroundinstanceof O .

The function first testswhethera literal in a groundin-
stanceof O is falsifiedwhentheliteralsin 	 becometrue. If
not, thefunctionreturnstrue. Otherwise,we unify comple-
mentsof literals in 	 with literals in O in all possibleways.
If O@� is truein S for all unifiers � wereturntrue. Otherwise
wereturnfalse.

The truth of O@� in S is testedby a function that tests
whetherall ground instancesof the first are entailedby
groundinstancesof thesecond.Note that the testdoesnot
have to be completefor the whole algorithmto be correct,
andan incompletetestsuffices. We implementit astesting
O&)nx ( O@� for universallyquantifiedfirst-orderclauses(equiv-
alently: refutability of O&) + ��O@� ), where O&)�Y�S . This is by
applicationsof unit resolution.

Example 3 Let

	 ( a on��|��>���A�>� on�5|��_�j�A� clear�5�j�A�>� clear�5���AdC�
S ( a clear�5|$�A�>� clear�5���D�

%~'( �\2�� on�5|���%*�A�
%~'( |�2�� on�#%L�_���A�
� on��%n�_|$�A� on��|��>���A� clear�����>dI� and

O ( � '( �E2��^� on��%n� � �n7�� on��%n���p���D�
Thecomplementof thedisjunct � on�#%L� � � in O unifieswith
on�5|��_��� . The unifier � assigns% ( | and �«( � . To
seewhetherthetruthof O is preservedwhen 	 is madetrue,
we have to checkwhether � � '( ��2¬� on�#%n�_�I����� ( �­'(
�Z2]� on��|��_�I� is includedin S . It is, because%.'( �®2
� on�5|���%@�QYwS hasexactly thesamegroundinstances.  



The Function weaken roª;v
Whenit cannotbe shown that a candidateinvariantis pre-
servedby anoperator, it is rejected.Theremay, however, be
closelyrelatedinvariantsthataretruein all reachablestates
andhencepreservedby all operators.Sowhena candidate
invariantis rejected,we producea numberof new onesthat
areweaker in thesensethatthey hold in morestates.

For the terminationof the algorithm the schemataO&)�Y
weaken��OT� haveto satisfyO~x ( O&) and O&)/'x ( O .

Wehavethreeweakeningoperations:addingadisjunctto
theconsequent,addinga conjunct %�'(®� to theantecedent,
and identifying two variablesby replacingoccurrencesof
oneby the other. As discussedearlier, the computationof
arbitrarily complex invariantsis not feasible. Hencefalsi-
fied candidateinvariantswith a certainnumberof literalsin
the consequentor in the antecedentarenot weakened,but
completelyignored.

Example 4 ConsidertheschemaO ( %�'(.� 2����#%n� � �E7¯ � � �_�I� . Let � and
¯

be theonly predicates.By addinga
new literal weobtainthefollowing four weakerschemata.

%�'(3� 29����%n� � �T7 ¯ � � ���p�*7�����SL��°p�
%�'(3� 29����%n� � �T7 ¯ � � ���p�*7 ¯ ��SL��°p�
%�'(3� 29����%n� � �T7 ¯ � � ���p�*7w������SL��°p�
%�'(3� 29����%n� � �T7 ¯ � � ���p�*7w� ¯ ��SL��°p�

By addinga new inequalityweobtainthefollowing.

%�'(�� + � '( �E29����%n� � �&7 ¯ � � ���p�
%�'(�� + %�'( ��29����%n� � �&7 ¯ � � �_�I�

By identifying two variablesweobtainthefollowing.

%�'(3� 29����%n� � �T7 ¯ � � ��%*�
%�'(3� 29����%n� � �T7 ¯ � � � � �

Now weaken��OT� consistsof theaboveschemata.  
An Example

Considerthe blocks world with blocks A, B and C, and
the initial state where A and B are on the table, and
C is on top of B. The algorithm startswith on(x,y),
ontable(x), clear(x), -on(x,y), -ontable(x),
and-clear(x) and weakensthem with the initial state
until thefollowing 2-literalschemataFHG areobtained.

1. (x!=z)=>(-on(z,u)|-on(x,u))

2. (y!=u)=>(-on(z,u)|-on(z,y))

3. -on(y,y)

4. -on(z,u)|-on(u,y)

5. -on(y,z)|-ontable(y)

6. -clear(z)|-on(x,z)

7. clear(z)|-on(z,y)

8. ontable(z)|-on(x,z)

9. ontable(y)|clear(y)

From -on(z,u)|-on(u,y) an invariant is later ob-
tainedby identifying � and � . Also the last threearenot
invariants.Theseschemataessentiallysaythatall stacksof
blocksareof height2.

For producing F6! for N²± � the operatorsare consid-
ered. If it cannotbe shown that a candidateinvariant is

preserved by the applicationof an operator, it mustbe re-
jected. This happensto schemata4, 7, 8, 9. The last three
do not yield weaker invariantsbecauseof the restrictionto
2-literal clauses.The first iterationproducesthe followingFJ� , andat theseconditerationweseethat FJ� is thefixpoint
( FJ� ( F b .)
1. (x!=z)=>(-on(z,u)|-on(x,u))

2. (y!=u)=>(-on(z,u)|-on(z,y))

3. -on(y,y)

4. -on(z,u)|-on(u,z)

5. -on(y,z)|-ontable(y)

6. -clear(z)|-on(x,z)

Soundness

Proofof soundnessof invariantcomputationis by induction
on thenumberof iterations.Statesthat arereachablefrom
theinitial statewith N consecutive operationsor lesssatisfy
all groundinstancesof F6! .

Thebasecaseis directly becausethe first stepof theal-
gorithm ensuresthat schematain FHG have only groundin-
stancesthataretruein theinitial state.

For the inductive casewe have to show that for a state³
reachablewith N operationstherearenocandidateinvariants
O²Y²F ! thatarefalsein ³ . Soassumea candidateinvariant
O is falsein a statethatis reachablefrom theinitial stateby
N consecutive operations.Hencethereis a groundinstance
�\�´	 of anoperatorthat is applicableafter N ��� consecu-
tiveoperationsfrom theinitial stateandthatmakesaground
instanceof O false.By the inductionhypothesisF !�M � does
not falsify � . Therefore�*) ( extend�P�L��	R� is consistent.The
schematain update�m�0)^��	R� aretruein thestatethatis reached
by applyingtheoperator. And preserves�5	C� update�P�*)^��	R�A�_OT�
returnsfalse.Thelastthreefactsaredirectly thecorrectness
criteriathefunctionssatisfy. ThereforeO²'Y�F6! .

The algorithm terminatesbecausethe numberof states
satisfyingthe candidateinvariantsincreasesat eachitera-
tion, andastherearefinitely many atomicfacts,thereis an
upperboundonthenumberof states.

Computational Complexity

Givena fixedupperboundon the numberof literals in the
invariants,thenumberof candidateinvariantsis polynomial.
All the auxiliary functions run in polynomial time. The
numberof iterationsis boundedby thenumberof candidate
invariants.Hencethealgorithmrunsin polynomialtime.

Interestingly, like shown in the outline of the soundness
proofabove,thenumberof iterationsis alsoboundedby the
longestof theshortestpathsfrom theinitial stateto a reach-
ablestate. However, like shown by the experimentsin the
next section,thenumberof iterationsis muchlower in prac-
tice. This is becausethecandidateinvariantscannotexactly
describeall setsof states(assumingthat thereareno con-
stantsymbolsandclauselength is bounded)andtherefore
setsF6! oftenrepresentmuchlargersetsof statesthanthose
reachablewith N steps. The iteration thereforeterminates
muchfasterthanwhatthetheoreticalupperboundspredict.



2-literal 3-literal
domainµ ops invars time invars time
bw-large.a/p 3 6 0.43 7 44.19
bw-large.d/p 3 6 1.18 7 105.76
logistics.a 6 4 1.28 4 160.09
logistics.d 6 4 1.68 4 183.92
hanoi.6 1 6 0.45 7 53.41
hanoi.15 1 6 1.15 7 259.82

Table1: Runtimesof invariantsynthesisin seconds.The
numbersof iterationswhen computing2-literal invariants
for bw-large,logisticsandhanoiwererespectively 2, 6 and
1, andfor 3-literal invariantsrespectively 3, 11and3.

Experiments
We have implementedthe algorithm,including typedvari-
ables,and tried it on a numberof benchmarks:the well-
known blocksworld, logisticsandtowersof Hanoi.

Datafrom anumberof runsaregivenin Table1. Theruns
wereon a 360MHz SunUltra workstation.Theprogramis
compiledStandardML. Wegiveruntimesfor thegeneration
of 2-literal invariants(theonly importantform in many ap-
plications)andfor comparisonalsofor 3-literal invariants.
Only oneinequalitywasallowed in the antecedents.Most
of the time is spentin weakening the candidateinvariants
with the initial state. Main sourcesof computationalover-
headarethegenerationof many candidateinvariantsby the
functionweaken, almostall of which arelaterrejected,and
the identificationof redundanciesby testinginclusion be-
tweencandidateinvariants.Moresophisticatedimplementa-
tion techniqueswould reducetheseoverheadssubstantially,
especiallyin the3-literal case.

Not all domainshave interesting� -literal invariantsfor
any given � . For the blocksworld with � blocksthereare
� -literal invariants(for �´¶ � ) statingthat theon relation
is acyclic. Theonly 3-literal invariantfor theblocksworld
(andtowersof Hanoi)thatis notaconsequenceof a2-literal
invariantis -on(x,y)|-on(y,z)|-on(z,x). Thelo-
gisticsdomaindoesnothaveany.

Invariantsinferredby ouralgorithmfor commonplanning
benchmarksaregivennext. The 2-literal invariantsfor the
blocksworld weregivenearlier. For towersof Hanoiweget
thefollowing invariants.

1. -on(x:DISK,x:DISK)

2. -on(y:DISK,z:DISK)|-on(z:DISK,y:DISK)

3. -on(x:DISK,y:DISK)|-free(y:DISK)

4. (x!=z)=>(-at(y:DISK,z:PEG)|-at(y:DISK,x:PEG))

5. (x!=z)=>(-on(y:DISK,z:DISK)|-on(y:DISK,x:DISK))

6. (x!=y)=>(-on(y:DISK,z:DISK)|-on(x:DISK,z:DISK))

And for thelogisticsdomainthefollowing.

1. (y!=u)=>(-at(z:{PACKAGE,TRUCK},u:{PORT,AIRPORT})

|-at(z:{PACKAGE,TRUCK},y:{PORT,AIRPORT}))

2. -at(z:PACKAGE,u:{PORT,AIRPORT})

|-transport(z:PACKAGE,y:{TRUCK,AIRPLANE})

3. (y!=u)=>(-at(z:{PACKAGE,AIRPLANE},u:AIRPORT)

|-at(z:{PACKAGE,AIRPLANE},y:AIRPORT))

4. (y!=u)=>(-transport(z:PACKAGE,u:{TRUCK,AIRPLANE})

|-transport(z:PACKAGE,y:{TRUCK,AIRPLANE}))

Invariants1 and3 overlap.This is becauseairplanescan-
notbeata port,andthereforeobjectsatairportsandobjects
atairportsor portsgethandledseparately.

Related Work
Derivation of invariantsfrom first-order formalizationsof
actionshas beeninvestigatedby Zhang and Foo (1997).
They giveageneralrulethatis basedoninferringwhichflu-
entsarepreservedby anactionandthatcorrespondsto the
computationperformedby our function update. They also
givederivationsof many blocksworld invariants.

Gerevini andSchubert's(1998)techniquesfor computing
invariantsappearto bemoregeneralthanthoseby Kelleher
andCohn(1992).Theirmethodfor computingimplicational
invariantsis a specialcaseof thecomputationperformedby
our functionsupdateandpreserves: a disjunctionis an in-
variantif for every operator, neitherdisjunctis falsifiedby
theoperator, or onedisjunctis madetrue,or onedisjunctis
a preconditionandit is not madefalseby theoperator. For
inferring that in the blocksworld therecanbe at mostone
block on top of a block andthata block with anotherblock
ontopof it is notclear, Gerevini andSchubertproposetech-
niquesthatarespecialcasesof our ideaof strengtheningop-
eratorpreconditionswith candidateinvariants.Gerevini and
Schubertsaythatfor theblocksworld they cannotinfer that
a block is on top of at mostone block or that two blocks
cannotsimultaneouslybeon topof eachother.

Fox and Long (1998) addressthe problemof inferring
typesfor objectson the basisof the operatorsand an ini-
tial state.Dataobtainedin thatcomputationcanbeusedin
inferringinvariantsthatstatethatobjectshaveexactlyoneof
several(positive) properties(or, in somecases,at most � if
the initial statehad � .) Many invariantsarenot recognized
by Fox andLong, like our blocksworld invariants1, 3, 4
and6, andthefollowing.

Example 5 Consider the operators �,��%*�·� ��|Z��%*� ,
|Z�#%@�H�´���,��%*� , �­|Z��%*� , and �]�,��%*� , andaninitial state
in which for every % at leastoneof |Z��%*� and �k�#%@� is true.
Clearly |Z�#%@�T7��,��%*� is aninvariant.  

For examplefor the logisticsdomainFox andLong in-
fer ¸@%*¹ � at�#%L� � � for vehicles% . Our algorithmasdescribed
abovedoesnot useexistentialvariables,andhencedoesnot
infer this invariant. However, Fox andLong's algorithmis
strictly weaker thantheobviousextensionof our algorithm
to existentialvariablesthatis pointedout in theconclusions.

Invariantscannotin generalbe producedseparately. In-
teractionbetweeninvariantsis oftenessentialin establishing
them,andtheinvariantsin thefollowing examplecannotbe
identifiedwith the techniquesproposedearlier(Kelleher&
Cohn1992;Gerevini & Schubert1998;Fox & Long 1998),
but ouralgorithmfindsthemimmediately.

Example 6 Consider the operators �/���#%@�º� ��|Z��%*� ,
��|Z�#%@�;�»�/����%*� , and |Z��%*� + ���#%@�6�]���,�#%@� andaninitial
statethatsatisfies̀ ( aq|j�#%@�E7��,�#%@�A�_�,�#%@�/7f����%*�>d . The
formulae ` areinvariantsfor the initial stateandtheopera-
tors,but verifying thatfor example|Z��%*��7Q�,�#%@� is preserved



by �/���#%@�f� ��|j�#%@� requiresextendingthe precondition
�/���#%@� to �,��%*�A�>�/���#%@� by theinvariant �,��%*�T7w����%*� .  

The problemof testingwhethergiven formulaeare in-
variantsof a transitionsystemhasbeenextensively inves-
tigatedin the context of computer-aidedverification(Ben-
salem,Lakhnech,& Saidi1996).

Conclusions
Wehavepresentedanalgorithmfor computinginvariantsfor
automatedplanning. The main differencesto earlier tech-
niquesarethatthealgorithmis notrestrictedto invariantsof
particularsyntacticforms,it worksuniformly for all invari-
ants,andit is formalizedastheiterativecomputationof afix-
point. Earlier techniquesestablisheachinvariantseparately
andfail to produceinvariantsthat our algorithmproduces.
Fixpoint computationis neededbecauseinterdependencies
betweeninvariantsmaybecomplex, andit is not in general
possibleto infer someinvariantsfirst andthenusethemfor
inferring others. Example6 shows how two invariantscan
dependoneachotherandhave to beestablishedin parallel.

We havebeenableto show thatour algorithmcanbeim-
plementedefficiently for thepracticallymostimportantcase
of 2-literal invariants.Improvedimplementationtechniques
maymakeit practicalfor � -literal invariantsfor � ±²¼ .

Ouralgorithmis notrestrictedto computinginvariantsfor
only oneinitial state. Given a set ½ of initial statesrepre-
sentedas FHG suchthat ½�x ( FHG , we start the computation
from this FHG insteadof the schematasatisfiedby ` . Sim-
ilarly, the algorithmcanbe usedfor testingwhethergiven
(non-automaticallyidentified)schemataFHG areinvariants.

This work canbe extendedto several directions. As an
alternative to the formula-basedinexact representationsof
reachablestatesusedin the currentpaper, standardtech-
niquesfrom symbolicmodel-checking(Burchet al. 1994)
that usebinary decisiondiagramscould be usedfor per-
forminganexactreachabilityanalysis.Extractinginvariants
from the resultingbinary decisiondiagramsis straightfor-
ward. Themainproblemin this approachis thesizeof the
binary decisiondiagramson biggerproblems. Also, only
groundinvariantscouldbeextracted.

In this paperwe only considerschematawith univer-
sal variablesthat representconjunctionsof groundclauses.
Schematawith existential variables may representarbi-
trarily long disjunctionsof ground literals, for example
¸*%E� ontable�#%@�@78¹ � on��%n� � ��� for theblocksworld. For han-
dling existentialvariablesoneonly needsto extendthefour
auxiliary functions,which is straightforward. Anotherex-
tensionthat is not describedin thepaperis typedvariables.
Also thisextensionis aneasyexercise.
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