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Abstract

We presenta generalalgorithmfor synthesizingstateinvari-

antsthat speedup automatecplannersandhave otherappli-
cationsin reasoningaboutchange. Invariantsare factsthat
hold in all statesthat are reachabldrom aninitial stateby

the applicationof a numberof operators.In contrastto ear

lier work, we recognizethe fact that establishingan invari-

antmay requireconsideringotherinvariants,andthisin turn

seemgdo requireviewing synthesisof invariantsas fixpoint

computation.Also, the algorithmis notinherentlyrestricted
to invariantsof particularsyntacticforms.

I ntroduction

For a giventransitionsystem for exampleexpressedisan
initial stateanda setof operatorsjnvariantsare factsthat
holdin all of its reachablestatespr morepreciselythey are
true in the initial state,andtheir truth is presered by the
applicationof every operator(which is why they arecalled
invariants.)Invariantscanbeappliedin mary kindsof plan-
ning algorithmsfor speedinghemup. In algorithmsbased
onbackwardchaining,like Graphplan(Blum & Furst1997)
andearlierpartial-ordemlannersjnvariantsrule out certain
subgoalsasunreachableln algorithmsthat useneitherre-
gressiomor progressiorand represenplan executionsex-
plicitly — for examplethe satisfiability planningapproach
— invariantsextend the incompletestate descriptionsand
therebyreducethe amountof searchneededKautz & Sel-
man1998;Gerevini & Schubertl998).Invariantsareuseful
alsoin mary otherkindsof planningalgorithmsthatoperate
on partially describedstates.

Algorithmsfor computinginvariantsfor automatedlan-
ning have earlierbeengiven by Kelleherand Cohn(1992),
Rintanen(1998),Gerevini andSchuber{1998),andFox and
Long (1998). Kelleherand Cohnaswell as Gerevini and
Schubertverify that operatorspresere the truth of anin-
varianton the basisof syntacticpropertiesof the operators.
Rintanensketchesan algorithmthat compute<2-literal in-
variantsfrom the groundinstancesof operators. Fox and
Long obtaininvariantsasa byproductof inferring typesfor
operators.

Copyright (© 2000, American Associationfor Artificial Intelli-
gence(www.aaai.og). All rightsresered.

In this papemwe introducea new algorithmfor computing
invariants. The algorithmis iterative like mutex computa-
tion in Graphplan(Blum & Furst1997)andthe algorithm
by Rintanen(1998)(bothof which usea groundrepresenta-
tion of operators)pperate®n a schematiecepresentatioof
operatorsandgeneralizegarliertechniquesThealgorithm
is motivatedby an inductive definition of invariantsasfor-
mulaethataretruein theinitial stateandare presered by
the applicationof every operator Lessgeneral(andin re-
strictedcasesnoreefficient) algorithmscanbe obtainedby
specializinghe generaklgorithm.

For schematahatrepresen®-literal groundinvariantswe
shaw thatthe algorithmis efficient. In this case- like with
universally quantifiedinvariantsin general- the algorithm
is strictly strongerthan earlier algorithmscombined. In-
variantswith morethantwo literalsareoftenuseful,but the
conditionsfor inferring non-disjunctve facts(literals) from
n-literal invariantsfor high n arevery strict becausen — 1
atomicfactshaveto beinferredfirst, soshortinvariantsseem
to be the mostimportantones. Extensiondik e existential
quantificatiorandtypescanbe handledwithin thealgorithm
by supplyingnew subproceduret® the mainprocedureNo
changesn themainprocedureareneeded.

Operators

An operatorp = e consistof a preconditionp anda post-
condition e that are setsof atomic literals. An operator
canbe appliedif its preconditionsaretrue, andasa result
its postconditiondecometrue. Many planningalgorithms
work with operatorsas describedabove but take input in
schematidorm; thatis, a setof operatorscanbe given as
a schemafrom which eachindividual operatorcan be ob-
tainedby replacingthevariablesby constants.

In anoperatorschemg = e, the setsp ande consistof
literalsa or —a wherea areof theform P(t1,...,t,), Pis
apredicateandthe termst; areconstantr variables.We
sometimesvrite P(T") whereT is asequencef terms.The
groundliterals representety a literal schemaare obtained
by replacingvariableswith constantsn all possibleways.
For simplicity of presentatiorwe assumehatall variables
have the sametype andthatdifferentvariablesareinstanti-
atedwith differentconstantsThe latterassumptiornis rele-
vantonly in themainproceduref the algorithm.



Form of Invariants

The invariant schematawe consider are of the form
(k1 # i N -~ Nzp # 2) = (L1 V--- V Lyp),
where L; are schematicliterals P;(z1,1,...,%1,,,) OF
=Pi(z11,...,%1,n, ), andz; andz) arevariables.All vari-
ablesandpredicatesymbolsmaybe different.
Eachinvariantschemacorrespondso a setof groundin-
variantsthatareobtainedby replacingthe variablesby con-
stantswithoutviolating theinequalities.

Synthesisof Invariants

We presentan iterative algorithmfor computinginvariants
from schematicrepresentation®f operators. The algo-
rithm producesa sequenc&y, X4, ..., X,, X,41 Of setsof
schematauchthaty,, = ¥,,11, X is satisfiedby theinitial
stateandeachy; is obtainedrom X;_; by identifyingcan-
didateinvariantsthat may be falsifiedby operatorghat are
applicablen stateghatsatisfy¥;_,, andreplacingthemby
wealer candidatenvariants.ThesetY.,, thatis preseredby
all operatorapplicationonsistof invariants.

Becauseaxact descriptionsy; of statesreachablewith i
stepsor fewer may be of exponentialsize and computing
invariantsis PSACE-hard(c is aninvariantiff thereis no
planthatachieves—o), syntacticrestrictionson ¥; have to
be consideredWe do notallow constansymbolsin thein-
variantsand have an upperboundon clauselength. As a
consequencehe setsY; are only an upperboundon the
reachablestates Theserestrictionsalsoguarante@ polyno-
mial upperboundontheruntime.

Themainproceduref thealgorithmis givenin Figurel.
Thefunctionsextendp, ¥), updatép, e), presereqe, u, o)
andwealen(s) aredescribedn thefollowing sectionsThe
algorithmfirst identifiescandidatenvariantsy,, theground
instancef which aretruein theinitial state. The compu-
tationstartsfrom all theatomicschematavith predicates;
thatoccurin the probleminstance.Here X; aresequences
of distinctvariables.Thenthealgorithmgoesthroughstages
i =1,2,..., consideringeachoperatofo € O ateachstage.
Thegroundoperatorp = e is obtainedfrom o by replacing
variablesoccurringin o by new distinct constantsymbols.
Thefunctioncall extendp, ;) extendsthegroundedore-
conditionby usingthe candidataénvariants¥:; ; identified
atthepreviousstage If aninconsistensetis obtainedcon-
taining the emptyclause) the preconditiorwasnot consis-
tentwith ¥; ; andthe operatoris not applicable. For ap-
plicable operatorsa descriptionof the possiblesuccessor
statesis obtainedwith the function call updatép’, e), and
thepreserationof eachcandidatenvariantis testedagainst
it. If acandidatdnvariantcannotbe shavn to be presered
by anoperatorit is replacedy wealercandidateénvariants.

In the following sectionswe describethe auxiliary func-
tionsof thealgorithm. A familiarity with notionslik e unifi-
cation, substitutionsandso on is assumedWhenwe write
aboutunifiers,we meanmostgeneralunifiers. Becausehe
algorithmis for efficiengy reasongncompletethereis acer
tain freedomin implementingthe auxiliary functions. We
describethe requirementghe functionshave to satisfyfor

INPUT: aninitial statel, asetO of operators
OUTPUT: asetof invariantsfor I, O

Eo = {P1(X1), "P1(X1), P>(X3),...}
WHILE thereis ¢ € X, thatis falsein I DO
Yo = (Zo\{0}) Uwealen(o);
i:=0;
REPEAT
1.=1+1;
¥ =i,
FOR EACH o € O DO
letp = e beagroundinstanceof o;
p'=extendp, X; 1);
IF p' is consistent
THEN
u ;= updatép’, e);
WHILE notpreserede,u, ) forsomes € %;
DO X; := (%;\{c}) U wealen(o);
RETURN %;;

Figurel: Themainprocedureof thealgorithm

thealgorithmto be correct,andoutline onepossibleimple-
mentation.

The Function extend(p, X)

To seewhich factsaretrue after an operatoris applied,we
needto know which factsaretrue beforethe operatoiis ap-
plied. Obviously, the preconditionsp of the operatorare
true, but assumingthat certainfacts ¥ hold, we can in-
fer the truth of several otherfactsaswell. The function
extendp, X) performstheseinferences.

For the correctnessf the algorithm the functionhasto
satisfyp U ¥ |= extendp, X).

Thefunctionextendsasetof groundliteralsp by applying
theresolutionrule betweerclausedrom X andp. Resolving
clausesn X with eachotherwould produceclauseslready
in X or (for clauseswith 3 or moreliterals) longerclauses
thatwould often violate the upperboundon clauselength.
Noticethatnot doingall possibleinferencesioesnot sacri-
fice thecorrectnessf thealgorithm.

Sofor E — (4; V---V A,) € ¥ choosen € {m —
l,m}, {lly---;ln} gp, andLl = {Aiw'--:Ain} - L2 =
{A1,...,An}. Thenfor everyj € {1,...,n} unify I; with
Aj;; toobtainaunifierd (inequalities? maynotbeviolated.)
Now theclause(E — L)6 for L = L,\L; canbeinferred.
If n = m wegettheemptyclause.

Example1 Consideran operatorthat movesa block from
the top of a block on top of anotherblock. This op-
erator has a ground instancewith the preconditionp =
{on(A, B),clear(A4), clear(C)}. Let

DS {'Z' 7é y— (‘!OI"I(.’E, Z) \Y —|on(y, Z)),
z # y— (-on(z,z) v —on(z,y)),
—clear(z) V -on(y, z)}.



Now

extendp,X) = {on(4,B),clear(A),clear(C),
xz # A—-on(z, B),
x # B—-0on(4,x),
A #y—-on(y, B),
B # y—-on(4,y),
—-on(z, A), ~on(z, C), ~clear(B)}.

Thisis becausdor exampletheliteral on(y, z) in theclause
x # y— (—-on(z, z) V ~on(y, z)) unifieswith on(A, B) and
henceproduces # A — —on(z, B). |

The Function update(p, e)

Given an incompletedescriptionp of a statein which a
ground operatorwith the postconditione is applied, the
functionupdatép, ¢) computegnincompletedescriptiorof
the resultingstate. This involves modifying membersof p
accordingto the groundliteralsin e thatbecometrue. The
setp consistof schemata = E — ¢ whereFE is aconjunc-
tion of inequalitiese # y and¢ is adisjunctionof literals. E
may betheemptyconjunctionwhichis definedto betrue.

For thecorrectnes®f thealgorithmthefunctionmustsat-
isfy thefollowing. If an opefator makingthe atomicliterals
e true is appliedin a statesatisfyingp, thenthe successor
statesatisfiesupdatép, e).

Updatingmembersof p accordingto theliteralsin e can
be doneone at a time, and separatelywith respectto ev-
ery memberof e. Positve andnegative literals aretreated
symmetrically sowe consideronly positive groundliterals
P(cy,...,c,) € e. We considerevery membero of p in
turn, andshav how it hasto be modifiedto reflectthe up-
dateaccordingo P(cy, ..., cp).

1. If P doesnotoccurin o, o is left intact.

2. If ¢ consistsof morethanoneliteral, deletes.!
3. lfgis—P(c1,...,cy,), deletes.
4

.f o is E — =P(t,...,t,), thenunify P(cy,...,cy)
with P(t1,...,t,). If unificationsucceedsvith the uni-
fier # andthe inequalitiesEf are satisfied,the follow-
ing changesaremade. Let ¢;, /iy, - - ., ¢i,, [x;,, bethe
unifier. Now ¢ is replacedby m candidateinvariants
(ci; #xi; NE)=-P(t1,...,t,) forj e {1,...,m}.

In mary caseslike in the examplebelown, at mostone
variableunifieswith a constanandhencem = 1.

5.IfcisE— P(t1,...,t,) andP(ecy, ..., c,) unifieswith
P(ty,...,t,) producinga one-elementnifier§ = c¢/z
andz is the only variableoccurringin o, remove ¢ # x
from E (if it isin it).2

The functionwould be strongerif it retaineds whennoneof
theliteralsin thegroundinstance®f o areaffected.However, our
implementatiorof extendproducesclauseswith oneliteral only,
andhencethechangewould notmake a difference.

2 strongerimplementatiorof this case— or alternatvely of
thefunctionpreserves- maysometime®enecessarfor obtaining
moreinvariants. Now thereis no meansfor combiningschemata
thatgetsplitin (4). Thesplitting is essentiallya way of handling
disjunctive antecedents.

6. If in theresultingsetnoliteral unifieswith P(cy,. .., ¢n),

P(cy, ..., c,) is addedo theset.

Example?2 Let

{on(4, B),clear(A),
z # A—-on(z, B),
z # B—-0n(A4, ),
—-on(z, A), -on(z, C), ~clear(B)}.

p = clear(C),

We make thefollowing groundliteralstruein p.
e = {on(4,C),—on(4, B), clear(B), —clear(C)}
Theresultis thefollowing.

updatép,e) = {clear(A),-clear(C),-on(z, B),
x # C—-0n(4,xz),
z # A—-on(z,C),
—-on(z, A),on(4, C),clear(B)}

For example,z # B — —on(4, z) is transformedo z #
C Az # B——-0n(A,z) byon(4, C), andthentoz # C —
-0n(A4, z) by —on(A4, B). [ ]

The Function preserves(e, u, o)

Whenmakingthegroundliteralse truein somestatesothat
astatedescribedy u is reachedye checkwhetherthetruth
of theinstance®f o is presered.

For the correctnessof the algorithm the function
preserveg, u, o) mayreturntrue only if u |= o or e does
notfalsify anyliteral in anygroundinstanceof o.

The function first testswhethera literal in a groundin-
stanceof ¢ is falsifiedwhentheliteralsin e becometrue. If
not, the functionreturnstrue. Otherwisewe unify comple-
mentsof literalsin e with literalsin ¢ in all possibleways.
If o8 is truein v for all unifiersg we returntrue. Otherwise
we returnfalse

The truth of o6 in w is testedby a function that tests
whetherall ground instancesof the first are entailed by
groundinstance®f the second.Note thatthe testdoesnot
have to be completefor the whole algorithmto be correct,
andanincompletetestsuffices. We implementit astesting
o' E o6 for universallyquantifiedirst-orderclausegequi-
alently: refutability of o' A —of), whereo' € u. Thisis by
applicationsof unit resolution.

Example3 Let
{on(4, C),—on(4, B), clear(B), —clear(C)},

(&

u {clear(4), —clear(C),

z # C—-on(4,z),

z # A—-on(z,C),

—-on(z, A),on(A, C),clear(B)}, and
o = y#z—(-on(z,y)V-on(z,z)).

The complemenbf thedisjunct—on(z, y) in & unifieswith
on(4,C). Theunifier  assignsx = A andy = C. To
seewhetherthetruth of ¢ is preseredwhene is madetrue,
we have to checkwhether(y # z — —on(z,2))0 = C #
z — —0n(A4, z) is includedin u. It is, becauser # C —
—-0n(A, z) € u hasexactlythesamegroundinstances. B



The Function weaken(o)

Whenit cannotbe shovn that a candidatanvariantis pre-
senedby anoperatorit is rejected.Theremay, however, be
closelyrelatedinvariantsthataretruein all reachablestates
andhencepreseredby all operators.Sowhena candidate
invariantis rejected we producea numberof new onesthat
arewealer in thesensehatthey holdin morestates.

For the terminationof the algorithm the schematas’ €
wealen(o) haveto satisfyo |= ¢’ ando’ [~ o.

We have threewealeningoperationsaddinga disjunctto
the consequentaddinga conjunctz # y to the antecedent,
and identifying two variablesby replacingoccurrence®f
oneby the other As discussedtarlier the computationof
arbitrarily complec invariantsis not feasible. Hencefalsi-
fied candidatanvariantswith a certainnumberof literalsin
the consequenbr in the antecedenare not wealkened,but
completelyignored.

Example4 Considettheschemar = = # y — P(z,y) V
Q(y, z). Let P and@ betheonly predicates By addinga
new literal we obtainthefollowing four wealer schemata.

r#y—=Px,y) vV Q(y,2)V P(u,v)
z#y—Plr,y)VQ(y,z)VQ(u,v)
z#y—Pz,y)V Qy,z) V-P(u,v)
r#y—=Pz,y)VQ(y,2)V-Q(u,v)

By addinga new inequalitywe obtainthefollowing.

T#FYyANy#z2—=P(x,y)VQ(y,2)
r#yAz#2—Plx,y)VQy,2)

By identifying two variableswe obtainthe following.

z#y—Pz,y)VQy,x)
r#y—=Pz,y)VQ(y,y)

Now wealen(o) consistof theabove schemata. [ |

An Example

Considerthe blocks world with blocks A, B and C, and
the initial state where A and B are on the table, and
C is on top of B. The algorithm startswith on( x, y),
ont abl e(x),cl ear(x),-on(x,y),-ontabl e(x),
and- cl ear (x) andwealensthemwith the initial state
until thefollowing 2-literal schemat&, areobtained.

=

(x!'=z)=>(-on(z,u)|-on(x,u))
(yt=u)=>(-on(z,u)|-on(z,y))
-on(y,y)

-on(z,u)|-on(u,y)
-on(y, z)| -ontabl e(y)
-clear(z)|-on(x,z)
clear(z)|-on(z,vy)

ontabl e(z)|-on(x, z)
ontabl e(y)| cl ear (y)

From-on(z, u)|-on(u,y) aninvariantis later ob-
tainedby identifying z andy. Also the last threeare not
invariants. Theseschematassentiallysaythatall stacksof
blocksareof height?2.

For producingX:; for i« > 1 the operatorsare consid-
ered. If it cannotbe shavn that a candidateinvariantis
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presered by the applicationof an operatoy it mustbe re-
jected. This happengo schematal, 7, 8, 9. Thelastthree
do not yield wealer invariantshecausef the restrictionto
2-literal clauses.Thefirst iteration produceghe following
Y1, andatthesecondterationwe seethat; is thefixpoint
1 =3s.)

1. (x!'=z)=>(-on(z,u)]|-on(x,u))
2. (yt=u)=>(-on(z,u)|-on(z,y))
3. -on(y,y)

4. -on(z,u)|-on(u,z)

5. -on(y, z)|-ontable(y)

6. -clear(z)|-on(x,z)

Soundness

Proofof soundnessf invariantcomputatioris by induction
on the numberof iterations. Stateshat arereachabldrom
theinitial statewith ¢ consecutie operationor lesssatisfy
all groundinstance®f ¥;.

The basecaseis directly becausehe first stepof the al-
gorithm ensureghat schematan X, have only groundin-
stanceshataretruein theinitial state.

For the inductive casewe have to shav thatfor a states
reachablevith i operationghereareno candidatenvariants
o € X; thatarefalsein s. Soassume candidatanvariant
o is falsein astatethatis reachabldrom theinitial stateby
1 consecutie operations.Hencethereis a groundinstance
p = e of anoperatotthatis applicableafteri — 1 consecu-
tive operationgrom theinitial stateandthatmakesaground
instanceof ¢ false.By theinductionhypothesis®; _; does
notfalsify p. Thereforep’ = extendp, e) is consistentThe
schemat#n updatép’, e) aretruein thestatethatis reached
by applyingthe operator And preserege, updatép’, e), o)
returnsfalse.Thelastthreefactsaredirectlythecorrectness
criteriathefunctionssatisfy Therefores ¢ 3;.

The algorithm terminatesbecausehe numberof states
satisfyingthe candidateinvariantsincreasest eachitera-
tion, andastherearefinitely mary atomicfacts,thereis an
upperboundonthe numberof states.

Computational Complexity

Givena fixed upperboundon the numberof literalsin the

invariantsthenumberof candidatenvariantss polynomial.

All the auxiliary functionsrun in polynomial time. The

numberof iterationsis boundedoy the numberof candidate
invariants.Hencethe algorithmrunsin polynomialtime.

Interestingly like shavn in the outline of the soundness
proofabove,thenumberof iterationsis alsoboundedy the
longestof theshortespathsfrom theinitial stateto areach-
ablestate. However, like shaovn by the experimentsn the
next sectionthenumberof iterationsis muchlowerin prac-
tice. Thisis becausehe candidaténvariantscannotexactly
describeall setsof states(assuminghatthereare no con-
stantsymbolsand clauselengthis bounded)andtherefore
setsy; oftenrepresenmuchlargersetsof stateshanthose
reachablewith i steps. The iterationthereforeterminates
muchfasterthanwhatthetheoreticaupperboundspredict.



2-literal 3-literal
domnain ops | invars time | invars time
bw-lage.a/p| 3 6 043 7 44.19
bw-lage.d/p| 3 6 1.18 7 105.76
logistics.a 6 4 1.28 4 160.09
logistics.d 6 4 1.68 4 183.92
hanoi.6 1 6 0.45 7 5341
hanoi.15 1 6 1.15 7 259.82

Table 1: Runtimesof invariantsynthesisn seconds.The
numbersof iterationswhen computing?2-literal invariants
for bw-large,logisticsandhanoiwererespectrely 2, 6 and
1, andfor 3-literalinvariantsrespectiely 3, 11 and3.

Experiments

We have implementedhe algorithm,including typed vari-
ables,andtried it on a numberof benchmarks:the well-
known blocksworld, logisticsandtowersof Hanoi.

Datafrom anumberof runsaregivenin Tablel. Theruns
wereon a 360 MHz SunUltra workstation. The programis
compiledStandardiL. We give runtimesfor thegeneration
of 2-literal invariants(the only importantform in mary ap-
plications)andfor comparisoralsofor 3-literal invariants.
Only oneinequalitywasallowed in the antecedentsMost
of the time is spentin wealeningthe candidatenvariants
with the initial state. Main sourcesof computationabver-
headarethe generatiorof mary candidateénvariantsby the
functionwealen almostall of which arelaterrejectedand
the identificationof redundanciedy testinginclusion be-
tweencandidaténvariants More sophisticateémplementa-
tion techniquesvould reducetheseoverheadsubstantially
especiallyin the 3-literal case.

Not all domainshave interestingn-literal invariantsfor
ary givenn. For the blocksworld with n blocksthereare
mc-literal invariants(for m < n) statingthatthe on relation
is agyclic. Theonly 3-literal invariantfor the blocksworld
(andtowersof Hanoi)thatis nota consequencef a 2-literal
invariantis - on(x, y) | -on(y, z) | -on(z, x) . Thelo-
gisticsdomaindoesnothave ary.

Invariantsnferredby ouralgorithmfor commonplanning
benchmarksre givennext. The 2-literal invariantsfor the
blocksworld weregivenearlier For towersof Hanoiwe get
thefollowing invariants.

-on(x: DI SK, x: DI SK)

-on(y: DI SK, z: DI SK) | -on(z: DI SK, y: DI SK)

-on(x: Dl SK,y: DI SK) | -free(y: DI SK)
(x!'=z)=>(-at(y: DI SK, z: PEG) | - at (y: DI SK, x: PEG))
(x!'=z)=>(-on(y: DI SK, z: DI SK) | - on(y: DI SK, x: DI SK))
(x!'=y)=>(-on(y: Dl SK, z: DI SK) | - on(x: DI SK, z: DI SK))

o0 r0bPRE

And for thelogisticsdomainthefollowing.

(y!=u) =>(-at (z: { PACKAGE, TRUCK}, u: { PORT, Al RPORT})

| - at (z: { PACKAGE, TRUCK}, y: { PORT, Al RPORT}))
2. -at(z: PACKAGE, u: { PORT, Al RPORT})

| -transport (z: PACKAGE, y: { TRUCK, Al RPLANE} )
3. (y!=u)=>(-at(z:{PACKAGE, Al RPLANE}, u: Al RPORT)
| - at (z: { PACKAGE, Al RPLANE} , y: Al RPORT))

4. (y!=u)=>(-transport (z: PACKAGE, u: { TRUCK, Al RPLANE})
| -transport (z: PACKAGE, y: { TRUCK, Al RPLANE} ) )

=

Invariantsl and3 overlap. Thisis becauseirplanesan-
notbeata port, andthereforeobjectsat airportsandobjects
atairportsor portsgethandledseparately

Related Work

Derivation of invariantsfrom first-orderformalizationsof
actions has beeninvestigatedby Zhang and Foo (1997).
They giveageneratulethatis basedninferringwhichflu-
entsarepresered by an actionandthat correspondso the
computationperformedby our functionupdate They also
give derivationsof mary blocksworld invariants.

Gerevini andSchubert (1998)techniquesor computing
invariantsappeaito be moregenerathanthoseby Kelleher
andCohn(1992). Theirmethodfor computingmplicational
invariantsis a specialcaseof the computatiorperformedby
our functionsupdateand preserves a disjunctionis anin-
variantif for every operatoy neitherdisjunctis falsified by
the operatoror onedisjunctis madetrue,or onedisjunctis
apreconditionandit is not madefalseby the operator For
inferring thatin the blocksworld therecanbe at mostone
block on top of a block andthata block with anothermlock
ontopofit is notclear Gerevini andSchuberproposeech-
niguesthatarespecialkcase®f ourideaof strengtheningp-
eratorpreconditionsvith candidaténvariants.Gerevini and
Schubersaythatfor theblocksworld they cannotinfer that
a block is on top of at mostone block or thattwo blocks
cannotsimultaneouslyeon top of eachothet

Fox and Long (1998) addressthe problem of inferring
typesfor objectson the basisof the operatorsand an ini-
tial state. Dataobtainedin thatcomputatiorcanbe usedin
inferringinvariantsthatstatethatobjectshave exactly oneof
several (positive) propertieqor, in somecasesat mostn if
theinitial statehadn.) Many invariantsarenot recognized
by Fox andLong, like our blocksworld invariantsl, 3, 4
and6, andthefollowing.

Example5 Consider the operators B(z) = -A(z),
A(z) = —B(z), = A(z), and= B(z), andaninitial state
in which for every z atleastoneof A(z) andB(x) is true.
Clearly A(z) Vv B(z) is aninvariant. [ |

For examplefor the logistics domainFox and Long in-
fer Vz3yat(z,y) for vehiclesz. Our algorithmasdescribed
above doesnot useexistentialvariablesandhencedoesnot
infer this invariant. However, Fox andLong's algorithmis
strictly wealer thanthe obvious extensionof our algorithm
to existentialvariableghatis pointedoutin theconclusions.

Invariantscannotin generalbe producedseparately In-
teractionbetweerinvariantss oftenessentiain establishing
them,andtheinvariantsin thefollowing examplecannotbe
identifiedwith the techniquegproposeckarlier (Kelleher&
Cohn1992;Gerevini & Schubertl998;Fox & Long 1998),
but our algorithmfindsthemimmediately

Example6 Considerthe operators—C(z) = -A(z),
-A(z) = -C(z),andA(z)AC(z) = —B(z) andaninitial
statethatsatisfiesl = {A(z) V B(z), B(z) V C(z)}. The
formulael areinvariantsfor theinitial stateandthe opera-
tors,but verifying thatfor exampleA(z) vV B(x) is presered



by -C(z) = —A(z) requiresextendingthe precondition
-C(z) to B(z), ~C(z) by theinvariantB(z) vV C(z). R

The problemof testingwhethergiven formulaeare in-
variantsof a transitionsystemhasbeenextensvely inves-
tigatedin the contect of computeraidedverification (Ben-
salemLakhnech& Saidi1996).

Conclusions

We have presentednalgorithmfor computingnvariantsfor
automatedplanning. The main differencego earliertech-
niguesarethatthealgorithmis notrestrictedo invariantsof
particularsyntacticforms, it worksuniformly for all invari-
antsandit is formalizedastheiterative computatiorof afix-
point. Earliertechniquegstablisheachinvariantseparately
andfail to produceinvariantsthat our algorithmproduces.
Fixpoint computationis neededbecausenterdependencies
betweerinvariantsmaybe comple, andit is notin general
possibleto infer someinvariantsfirst andthenusethemfor
inferring others. Example6 shavs how two invariantscan
dependon eachotherandhave to be establishedn parallel.

We have beenableto shav thatour algorithmcanbeim-
plementeckfficiently for the practicallymostimportantcase
of 2-literal invariants.Improvedimplementatiortechniques
maymaleit practicalfor n-literal invariantsfor n. > 3.

Ouralgorithmis notrestrictedo computingnvariantsfor
only oneinitial state. Givena setS of initial statesrepre-
sentedas ¥, suchthatS = %, we startthe computation
from this X insteadof the schemataatisfiedby I. Sim-
ilarly, the algorithm canbe usedfor testingwhethergiven
(non-automaticallydentified)schemat&, areinvariants.

This work canbe extendedto several directions. As an
alternatve to the formula-basednexact representationsf
reachablestatesusedin the currentpaper standardtech-
niguesfrom symbolicmodel-checkingBurchetal. 1994)
that use binary decisiondiagramscould be usedfor per
forminganexactreachabilityanalysis Extractinginvariants
from the resultingbinary decisiondiagramsis straightfor
ward. The main problemin this approaclis the sizeof the
binary decisiondiagramson bigger problems. Also, only
groundinvariantscould be extracted.

In this paperwe only considerschematawith univer
salvariablesthatrepresentonjunctionsof groundclauses.
Schematawith existential variables may representarbi-
trarily long disjunctionsof ground literals, for example
Vz(ontabléz) V Jyon(z, y)) for theblocksworld. For han-
dling existentialvariablesoneonly needgo extendthefour
auxiliary functions,which is straightforvard. Anotherex-
tensionthatis not describedn the paperis typedvariables.
Also this extensionis aneasyexercise.
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