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Hitting Sets

Let A = {a1,...,a,} beasetand F = {Fy,...,F,} a
family of subsets of A. A subset H C A has the hitting set
property, or is a hitting set, iff H N F; £ @ for1 <i < m
(i.e., H “hits” each set F;). If we are given a cost function
c: A — N, the costof His ), c(a). Ahitting set is of
minimum cost if its cost is minimal among all hitting sets.

The problem of finding a minimum-cost hitting set for
family F and cost function ¢ is denoted by (F, c), and the
cost of its solution by min(F, ¢). A relaxation for (F, c) is a
problem (F’, ¢’) such that ¢’ < ¢, and for all F" € F’ there
is F € F with F C F’. In words, (F, ) can be relaxed by
reducing costs, dropping sets from F, or enlarging elements
of F. Determining the existence of a hitting set for a given
cost bound is a classic problem in computer science, one of
the first problems to be shown NP-complete (Kar72).

Lemma 1. If (F',c) is a relaxation of (F,c), then
min(F’,¢) < min(F,c). Furthermore, if {{F;,c;)} is a
collection of relaxations of F such that y,c; < ¢, then
>, min(F;, ¢;) < min(F, c).

Proof. The first claim is direct since a hitting set for F is
also a hitting set for 7/ and ¢’ < c¢. For the second claim,
consider a hitting set H for A. Then,

c(H) > Zci(H) > Zmin(}},ci).

The first inequality holds because ) _, ¢; < ¢ and the second
because H is a hitting set for each F;. O

Decomposition and Width

Let F be a family that can be partitioned into II =
{F1,...,Fn} satistying (UF;) N (UF;) = 0 for all
i # 7j; le., the blocks in the partition are pairwise in-
dependent. Then, for any cost function ¢, min(F,c) =
> min(F;,¢) and the problem of finding a minimum-
cost hitting set for F can be decomposed into smaller sub-
problems. We call the maximum size of a block in II the
width of 11, denoted by width(II). The width of F, denoted
by width(F) is the minimum width(II) over all partitions II
of F into independent blocks. Finding a partition that min-
imizes the width is an easy problem similar to computing
connected components of a graph, so width(F) can be effi-
ciently computed.
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Indeed, for a family F, define the (undirected) graph G =
(V,E) where G = |JF and {a,d’} € Eiff a # o and
there is F' € F with F' D {a,a’}. Then,

Proposition 1. The width of F equals the size of the largest
connected component of G.

Proof. Let {Gq,...,G,,} be the connected components of
G and w the size of a largest one. We need to show that
width(F) < w and w < width(F).

For the first inequality, consider the partition Iz =
{Fi,...,Fm} of Fdefinedby F; ={F € F: FNG,; #
(0}. Tt is easy to check that this partition is well defined and
with pairwise independent blocks. Therefore,

width(F) < width(Ilg) = max |F;| = w.
ey

For the second inequality, let IT = {Fy,...,F%} be a
partition of F into pairwise independent blocks. It will be
enough to show that each connected component G; is con-
tained in some block of II.

Let a be a vertex in G; and F; € II a block containing it;
i.e.,a € U}'j. Consider an arbitrary vertex o’ € G;. Since
G, is connected, there is a path (@ = ag,a1,...,ap = a)
in G;. We perform induction on £ to show that a’ is also in
U Fj.For{ =0,a = @’ and the claim is trivial. Assume that
the claim holds for paths of length less than ¢. Then, ay_1 is
in |J F; by inductive hypothesis. This implies that there is
an I’ € F; such that ap_; € F. On the other hand, the edge
{ae—1,a¢} implies the existence of F’ with {ay_1,a,} C
F'. Therefore, F N F' # (), F' € F; (because the blocks of
IT are pairwise independent), and a, € |J F;. O

Let F = {F},...,F}} be a family over A with k sub-
sets, but with no assumptions on the sizes of each F; or A.
We show that min(F, ¢) and a hitting set achieving this cost
can be computed in time bounded by O(||F|| + k4F). To
see this, consider the hypergraph Hx = (X, E) where X =
{1,...,k} and there is a hyperedge e(a) = {i : a € F;}
with cost ¢(a) for each @ € A. The hitting sets for F are
in one-to-one correspondence with the covers of the hyper-
graph Hr (a cover is a set of hyperedges that “touch” every
vertex). Hence, finding min(F, ¢) is equivalent to finding a
minimum-cost cover for Hz. For the latter, observe that all
hyperedges e(a) for which there is a hyperedge e(a’) with



forall hyperedges e € E of the graph do

Input: Hypergraph H = (X, E,c) where X = {1,...,k}, cis the edge-cost function, and |E| < 2*.
Output: best_cover[X'], for X’ C X, is the cost of a minimum-cost cover for the vertices in X".
Thus, best _cover[X] is the cost of a minimum-cost cover for H.

best_cover[f] :=0
forall X' C {1,...,k} with X' # 0 do
best_cover[X'] := o0
forall X’ C {1,...,k} in order of increasing cardinality do

best_cover[X’] := min(best_cover[X'],c(e) + best_cover[X’\ {e}])

Figure 1: DP algorithm for computing a minimum-cost cover of an hypergraph.

e(a) = e(a’) and ¢(a’) < c¢(a) may be removed (and if
¢(a’) = ¢(a), only one of the hyperedges needs to be kept).

Since a hyperedge is a subset of X, this implies that we
only need to consider hypergraphs with at most 2* edges.
Using dynamic programming, a minimum cost cover for
such a hypergraph can be found in time O(k4F). Combining
this with the time required for constructing the hypergraph
yields the overall O(||F|| + k4F) bound. This is an example
of fixed-parameter tractability (FG06).

Theorem 2. The problem of computing min(F, c) is fixed-
parameter tractable when considering the width of F as the
parameter. In particular, for any fixed bound k, min(F, c)
for families of width at most k can be computed in linear
time.

Proof. We first show that a hitting set problem (F =
{F1,...,Fy},c), of arbitrary width, can be solved in time
O(||F|| + k4%), where ||.F|| denotes the input size for F'.
Consider the hypergraph Hr = (X, FE) where X =
{1,...,k} and there is a hyperedge e(a) = {i : a € F;}
with cost ¢(a) for each a € A. The hitting sets for F are in
one-to-one correspondence with the covers of Hx (a cover
is a set of hyperedges that “touch” every vertex). Hence,
finding min(F, ¢) is equivalent to finding a minimum-cost
cover for Hr. For the latter, observe that all hyperedges
e(a) for which there is a hyperedge e(a’) with e(a) = e(a’)
and c(a’) < ¢(a) may be removed (if ¢c(a’) = ¢(a), only one
of the hyperedges need to be kept). Thus, we only need to
consider hypergraphs with at most 2* edges. The following
DP algorithm computes the cost of a minimum-cost cover.
We make use of a table be st _cover of size 2¥ that maps
subsets of X = {1,...,k} into [0,00) U {co}. At the end
of the algorithm, the entry best_cover[X] contains the
cost of a minimum-cost cover for (¥, ¢), and a minimum-
cost cover can be recovered from the table in linear time.
The algorithm initializes the table as best_cover[()] := 0
and best_cover[X'] := oo forall ) C X’ C X. Then, it
updates the table using DP as shown in Fig. 1. The initializa-
tion loop takes O(2¥) time. The two nested loops make a to-
tal of O(4%) iterations, each taking time O(k). The running
time of the DP algorithm is O(||F||) time for constructing

the hypergraph, and O(k4*) time for finding a minimum-
cost cover of the hypergraph.

Now, we show that a hitting set problem (F, c) of width
at most k can be solved in linear time. By Proposition 1, one
can compute in linear time a partition IT = {F,..., F,,} of
F into independent blocks. Then, since the blocks are inde-
pendent, min(F,c) = Y., min(F;,c). Each subproblem
(Fi,c) can be solved in time O(||F;| + k4%). Therefore,
(F, c) can be solved in time

m

> O(IFil| + k4¥) = O(m| | + mka*)
i=1
= O(||F | + [|1Fk4*)
which is linear in || F|| since k is fixed and bounded. O

Landmarks

A STRIPS problem with action costs is a tuple P =
(F,0,1,G,c) where F is the set of fluents, O is the set of
actions or operators, I and G are the initial state and goal
description, and ¢ : O — N is the cost function. We are
interested in delete relaxations, so we assume that the op-
erators have empty delete lists, and thus ‘plan’ and ‘relaxed
plan’ shall denote the same. For a definition of the basic con-
cepts underlying delete relaxations, such as the A™* and h™
functions, we refer to the literature (HD09). We also assume
from now on that all fluents have finite h™* values, which
implies that the problem has finite A™ value. As additional
simplifying assumptions, we require that all operators have
nonempty preconditions, that there are two fluents s,t € F'
such that I = {s} and G = {t}, and that there is a unique
operator fin that adds t. When these simplifying assumptions
are not met, they can be achieved through simple linear-time
transformations. We denote the precondition and effects of
a € O by pre(a) and post(a). The h™* value for state I is
denoted by b (P).

An (action) landmark for P is a disjunction a; V - --V ay,
of actions such that every plan for P must contain at least
one such action. Such a landmark is denoted by the set

{ay,...,an}.



Recall that a pcf D assigns a precondition D(a) € pre(a)
to each action a € O. Our first result relates cuts in the
justification graph G(D) with landmarks for P.

Lemma 3. Let D be a pcf and C an s-t-cut of G(D). Then,
the labels of the edges in the cut-set of C form a landmark.

Proof. A relaxed plan defines an s-¢-path on G(D) that must
cross every s-t-cut. O

Given a pcf D, we denote the set of landmarks associ-
ated with the cut-sets of G(D) by Landmarks(D). By con-
sidering all pcfs and all cuts in the justification graphs, we
obtain the hitting set problem F; = |J{Landmarks(D) :
D is a precondition-choice function}.

Theorem 4. If H is a plan for P, then H is a hitting set for
Fr. Conversely, if H is a hitting set for Fr,, then H contains
a plan for P. Therefore, min(Fr,c) = h*(P).

Proof. The first claim is direct, since by Lemma 3, every
element of F, is hit by every plan. The last claim follows
from the first two.

For the second claim, let H be a hitting set for F;, and
let R be the set of fluents that can be reached by only using
operators in . If R contains the goal ¢, then H contains a
plan and there is nothing to prove. So, assume ¢ ¢ R. We
construct a pcf D such that G(D) contains an s-t-cut whose
cut-set is not hit by H, thus reaching a contradiction. We
classify operators into three types and define D:

TI. If pre(a) C R and post(a) C R, then set D(a) arbitrar-
ily to some p € pre(a).

T2. If pre(a) C R and post(a) € R, then set D(a) arbitrar-
ily to some p € pre(a).

T3. If pre(a) € R, then set D(a) to some p € pre(a) \ R.

Now consider the cut (R, R°) of G(D), where R° is the set
of all fluents not in R. Itisacutsince s € Rand t ¢ R.
We show that H does not hit the cut-set, i.e., there exists no
operator a € H that labels an edge going from some fluent
in R to some fluent not in R.

Assume that @ € H were such an operator. It cannot be of
type T1, because edges labeled by type T1 operators go from
R into R. It cannot be of type T2, because pre(a) C R and
a € H implies post(a) C R (by definition of R). Finally, it
cannot be of type T3, as edges labeled by type T3 operators
do not start in I2. Hence, no such operator exists. 0

In practice, computing F;, according to the definition
above is infeasible because there are usually exponentially
many pcfs. However, if we can compute and solve, in poly-
nomial time, a relaxation of F,, then this provides a poly-
time admissible approximation of h.

Corollary 5. Let (F,c') be a polynomial-time computable
relaxation of (Fr,c) (possibly additive') whose solution
is polynomial-time computable. Then the heuristic h =
min(F, ') is a polytime admissible approximation of h*.

'In the additive case, we slightly abuse notation since (F, c’)
should be replaced by a collection {(F;, ¢;)}4.

Proof. Direct from the assumptions: the admissibility be-
cause (F,c') is a relaxation of (Fy,, c), which defines AT,
and the polynomial-time computability because (F,c’) is
solvable in polynomial time.

An important special case covered by the corollary
are landmark heuristics based on cost partitioning, in-
cluding LM-cut (see below) and the heuristics of Karpas
and Domshlak (KD09). In general, given a set L =
{L1,...,L,} of landmarks, a cost partitioning for L is a
collection C = {¢1,...,¢,} of cost functions such that
> ci(a) < c(a) for each action a. The partitioning de-
fines the heuristic he = ;- , minger, ¢;(a), which is an
additive relaxation of Fr, when £ C Fy.

Karpas and Domshlak studied uniform cost partitioning,
defined as ¢;(a) = 0ifa ¢ L; and ¢;(a) = c(a)/|{i : a €
L;}| if a € L;, and optimal cost partitioning, which max-
imizes h¢ through linear programming (LP). Interestingly,
there is a close connection between the optimal cost parti-
tioning LP and the hitting set ILP for L.

Theorem 6. Let L be a collection of landmarks, and let c be
the cost function for the actions. Then, the LP that defines
the optimal cost partitioning is the dual of the LP relaxation
of the ILP for (L, c).

Proof. Let L = {L;}; be a collection of landmarks over
actions A, and c a cost functions for the actions. The ILP
corresponding to (L, ¢) is:

minimize ), c(a) 2,4

subject to
(for LJ S E) ZQGLj Tgq = 17
(fora € A) x4 € {0,1}.

The variables x, are indicator variables that define the hit-
ting set. The LP relaxation of the ILP is:

minimize ) ., c(a)z,

subject to
(for L; € L) >aer; Ta =1,
(fora € A) 0<x,<1.
The dual of the LP is:

maximize . y;
subject to
(fora € A) Zj la € L;ly; < c(a),
(for L; € £) y; > 0.

The variables y; are the dual variables corresponding to the
constraints of the LP. This LP attains the same value of the
LP that defines the optimal cost partitioning for £. Indeed,



the y; variables can be interpreted as the cost of each land-
mark for the optimal cost assignment. The constraints avoid
cost partitionings ¢; such that } . ¢;(a) > c(a). O

The LM-Cut Heuristic

Theorem 7. Given a set of landmark L C Fy, and cost
partitioning C, h¢ is an additive relaxation of Fr. LM-cut
is one such relaxation.

Proof. The first claim is direct by definition. For the second
claim, we show that there is a collection {F;}}"_; of relax-
ations of F, such that

hLM-cut(P) _ Zml = Zmin(}—i’ci) < min(Fg,c).
i=1

i=1

Let Ly,...,L, and c1,...,c, be the landmarks and cost
functions computed by LM-cut at each stage. Define F; =
{L;} and ¢(a) = m; if a € L; and ¢}(a) = 0 otherwise.
Clearly, each F; is a relaxation of Fy, and min(F;,¢;) =
min(F;, ¢;) = m;. By Lemma 1, it remains to show that
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Zi ¢ <e
Let I(a,k) = {i : a € L;;1 < i < k} be the set of
indices for the landmarks in {L;,..., Ly} that contain a.

Using induction it is not difficult to show that cx41(a) =
c(a) = X ic1(a k) Mi- On the other hand,

da)+dhla)++cp(@) = 3 dla) = 3 mi.

i€l(a,k) i€l(a,k)

We show using induction on k that ¢} (a)+- - -+¢}.(a) < ¢(a)
for every action a and 1 < k < n. The base of the induction
is easy. If a ¢ Ly, then ¢j(a) = 0 < ¢(a). If a € Ly, then
ci(a) = my = mingep, c1(a’) < ¢(a). Suppose that the
claim holds up to k. We need to show it for k + 1. If a ¢
Ly, then 3 0ic g o) €i(@) = Diep(an ci(a) < c(a) by
inductive hypothesis. If a € Ly, then

S od) = Y @)+ (@

i€l(a,k+1) i€l(a,k)

= Z M + Mey1
i€l(a,k)

— . 3 !

= Z mz+a,g%£1+lck+l(a)
i€l(a,k)

< Z m; + c+1(a)
i€l(a,k)

- - Y m
i€l(a,k) i€l(a,k)

= ¢(a).

O

Theorem 8. For any fixedp > 1 and k > 1, th)ﬁW is com-
putable in polynomial time and dominates h™"".

Proof. Direct. O
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