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witness for existence of infinite execution (of the following form)

Xo, X1, X1+Y, x1+(1+A)y, xi+H(1+A+A%)y,

geometric series

useful in practice
» Benchmark set from
| Brockschmidt, Cook, Fuhs Better termination proving through cooperation  (CAV 2013) |
contains 181 programs whose nontermination is known, our tool can
prove nontermination for 170 of them

» Benchmarks set from Termination Competition 2014



Lasso Program P = (STEM, LOOP)

A lasso program P consists of two binary relations sTEM(x, x") and
LOOP(x,x") over a set of states.
A sequence of states sg,s1,52,53,S4 ... is called an infinite execution if

> (sg,S1) € STEM, and
> (St,st+1) € Loop for all t Z 1.



Lasso Program P = (STEM, LOOP)

A lasso program P consists of two binary relations sTEM(x, x") and
LOOP(x,x") over a set of states.

A sequence of states sg,s1,52,53,S4 ... is called an infinite execution if
> (so,s1) € STEM, and
> (s¢,8¢11) € Loop for all t > 1.

Example
b:=b-1 steM((3),(2)))
r_ ot r_
while (a > 0) { b=b-1na=a
S roor((3). (7))
} a>0Na =a—-bAb =b

Infinite execution  (%2),(%),(%),(%),(%)



Preliminary Considerations

a simple case
The lasso program P = (STEM, LOOP) has an execution of the form
S0,S1,81,81,81 ...
iff the following formula is satisfiable.

STEM(Sp,S1) A LOOP(si,s1)



Preliminary Considerations

a simple case
The lasso program P = (STEM, LOOP) has an execution of the form
S0,S1,81,81,81 ...
iff the following formula is satisfiable.

STEM(Sp,S1) A LOOP(si,s1)

Example
b:=b-1 steM((3),(2)))
" r_
while (a > 0) { br=b-1na=a
a:=a-b roor((3). ()
} a>0Na =a—bAb =

ag — 42 a, — 42

by 1 by — 0 is satisfying assignment



A “difficult” program
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A “difficult” program

while (a > 2) {
a := 2%a + 1
}

a=2,a =2,a=>5 a3=11, ap =23, a5 =47, ag = 95, ay =191, ...

Consider only lasso programs whose relations STEM and LOOP are given
by a conjunction of linear inequalities over the reals.



A “difficult” program

while (a > 2) { relation Loop(a, a’)

, a := 2%a + 1 (:} _(1)1> (;) . <:1i>

a=2,a =2,a=>5 a3=11, ap =23, a5 =47, ag = 95, ay = 191, ...

Consider only lasso programs whose relations STEM and LOOP are given
by a conjunction of linear inequalities over the reals.

We use vectors and matrices to denote conjunctsions of linear
inequalities. A())<b



Geometric Nontermination Argument

Let P = (STEM, LOOP) be a linear lasso program such that LooOP is
defined by the formula A(7) <b. The tuple N = (xo,X1,y, A) is called
a geometric nontermination argument for P iff the following properties
hold.

(XH—Y) <b
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Let P = (STEM, LOOP) be a linear lasso program such that LooOP is
defined by the formula A(7) <b. The tuple N = (xo,X1,y, A) is called
a geometric nontermination argument for P iff the following properties
hold.
(domain) xg,x1,y € R", A€ R and A > 0.
(init) (xo,X1) € STEM
(point) A(xiy) <b
(ray) ()\y) S 0

Theorem (Soundness)

If the conjunctive linear lasso program P = (STEM, LOOP) has a
geometric nontermination argument N = (xg,X1,y,\) then P has the
following infinite execution.
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Geometric Nontermination Argument

Let P = (STEM, LOOP) be a linear lasso program such that LooOP is
defined by the formula A(7) <b. The tuple N = (xo,X1,y, A) is called
a geometric nontermination argument for P iff the following properties

hold.

(XH—Y) <b

in)

(init) (xo,X1) € STEM
) A
) A (Ay) <0

We obtain N = (xg,X1,y, A) via constraint solving



Geometric Nontermination Argument

Let P = (STEM, LOOP) be a linear lasso program such that LooOP is
defined by the formula A(7) <b. The tuple N = (xo,X1,y, A) is called
a geometric nontermination argument for P iff the following properties
hold.

(X1+y)<b )\4.

in)

(init) (xo,X1) € STEM
)
)

A
A

X2

X1

Xo, X1, X1+y7 X1+(1+A)y7 X1+(1+)\+)\2)y



relation Loop(a, a’)

while (a > 2) { 1 o0 2
a := 2%a + 1 <—2 1)(:’><<1>
} 2 -1 -1

Constraints for Geometric Nontermination Argument

(domain) xg,x1,y € R”, A€ R and A > 0.
(init) (xo0,X1) € STEM
(point) A(xy) <b
) A

(ray ( ,y) <0

For ag =2, a3 =2,y =3 and A =2, the tuple N = (ag,a1,y,\) is a
geometric nontermination argument and the following sequence of states
is an infinite execution of P.

a=2,a1=2,a=>5, a3=11, a, =23, a5 =47, ag =95, a; = 191, ...



Theorem (Soundness)

If the conjunctive linear lasso program P = (STEM, LOOP) has a
geometric nontermination argument N = (xo,X1,Y,A) then P has the
following infinite execution.

x0, X1, X1 +¥, X1+ (L+A)y, x1 + (1 + A+ )y,

Proof

Define zg := x¢ and z; := x; + Zf:o N'y. Then (z;)¢>0 is an infinite
execution of P: by (init), (zo,21) = (Xo,X1) € STEM and

t
t _ +Zf: N in —
A(Z:z+1)—A(:I+ lg;rg)\ii)— x1+y +Z>\A Sb—FZ)\O—b,

i=0

by (point) and (ray). O



infinite execution

Xo, X1, X1+Y, x1+(1+A) y, xi+H(1+A+2%)y,

geometric series

closed formula

N1
for i >2 X; = X1 +

o1 Y



Example

The following linear lasso program has an infinite execution, e.g.

(g:) , but it does not have a geometric nontermination argument.
i>0




Let | - | : R” — R denote some norm. We call an infinite execution
(x¢)e>0 bounded iff there is a real number d € R such that for each state
its norm in bounded by d, i.e. |x;| < d for all t.

Lemma (Fixed Point)

Let P = (sTEM, LOOP) be a linear loop program such that STEM = id.
The loop P has a bounded infinite execution if and only if there is a fixed
point x* € R" such that (x*,x*) € LoOP.

Corollary

If the linear loop program P = (id,1.0oP) has a bounded infinite
execution, then it has a geometric nontermination argument.



Recurrence Set

A recurrence set S is a set of states such that
> at least one state of S is in the range of STEM, i.e.

Ix,x’. (x,x') € sSTEMA X' € S, and

» for each state in S there is at least one LoOP-successor that is in S,

ie.,
Vx.x € S — . (x,x') € LooP AX’ € S.

If we restrict the form of S to a convex polyhedron, (i.e.
5: /\’-a;'XZ d,)

we can encode its existence using algebraic constraints.
jumd: (POPL 2008)

Rybalchenko, Xu Proving non-termination

Gupta, H

Rybalchenko Constraint solving for program verification theory and practice by example (CAV 2010)




Recurrence Set

Lemma

Let P = (STEM, LOOP) be a linear lasso program and N = (xo,X1,Y, \)
be a geometric nontermination argument for P. The following set S is a
recurrence set for P.

S:{x1+zt:)\iy|teN}

i=0



Integers vs. Reals

Terminating over the Reals = Terminating over the Integers

Constraints for Geometric Nontermination Argument

(domain) xg,x1,y € R", A€ R and A > 0.
(init) (xg,X1) € STEM

(point) A(xdy) <b
(ray) A ( ,y) <0



Future Work

> If LOOP is linear update and STEM is identity then termination is
decideable.

Ashish Tiwari Termination of linear programs  (CAV 2004)

Mark Braverman Termination of integer linear programs  (CAV 2006)

Approach: analyze eigenvalues

» Our approach: relations LOOP and STEM given by linear constraints

Can we combine both approaches?



Our tool: LassoRanker

http://ultimate.informatik.uni-freiburg.de/LassoRanker/
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Task:

Synthesize ranking function Boogie

Sample:
CookSeeZuleger-2013TACAS Fi...

Tool: LassaRanker

Lasso Ranker toolchain

Semnes

Uni-Freiburg : SWT - Ultimate - Kongueror

ExEcutE

Show editor fullscreen

*

-
*
var x,y: int;
procedure main()
modifies x, y;
{
while (x>0 B& y=0) {
if (%) {
x 1= x - 1:
} else {
havoc x:
y =y - 1;
~
w

Ultimate Result

ound 2-lex ranking function
Found a termination argument consisting of the 2-lex ranking function:
[3*y+-2,3*y+3*x+ 1] for which no supporting invariant is required.



http://ultimate.informatik.uni-freiburg.de/LassoRanker/

