Under consideration for publication in Formal Aspects of Computing

Action Refinement Applied to Late
Decisions

Harald Fecher

Christian Albrecht Universitit zu Kiel
Institut fiir Informatik
24098 Kiel, Germany

Mila Majster-Cederbaum

Universitidt Mannheim
Fakultit fiir Mathematik und Informatik,
68131 Mannheim, Germany

Abstract. In modular approaches to specify concurrent systems a system is built up from components using various
operators as e.g. the sequential, the parallel, or the choice (4-) operator. Usually the choice between two components,
i.e. P; + P, is taken in favor of that component that is first to stzart an action. We follow here the alternative view that
a choice is taken in favor of that component that is the first to terminate an action (end-based choice). This alternative
has various applications and interesting implications. In particular the different points of view lead to different action
refinement operators. The contribution of this paper is to present here an action refinement operator for the end-based
view in a suitable true concurrency setting and establish two equivalences that are the coarsest congruences for this
refinement operator with respect to trace (respectively bisimulation) equivalence.
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1. Introduction

Concurrent systems can be modelled, for example, by action based process algebras [Hoa85, Mil89], by action based
true concurrent or interleaving semantic models. In these approaches actions are usually considered to be instanta-
neous, i.e. durationless. Modular approaches to model concurrent (reactive) systems provide operators to compose a
system from components such as the sequential (;), the parallel (||), or the choice (4) operator. In the system P; + Ps,
if Pj is first to execute an instantaneous action, then the choice is taken in favor of P;.
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If however real time aspects of systems have to be modelled and/or action refinement operators [GRO1] are em-
ployed, we have to take into account that actions consume time'. If durational actions are considered, we have to state
what it means to ‘execute’ an action. Does it mean to start execution or to end execution? The answer to this question
has consequences for the interpretation of the choice operator as it is illustrated by the following example. Consider
a process that consists of a choice between actions a and b. The duration of a is 3 and the duration of b is 1. Action
a starts at time O and action b starts at time 1. If executing an action means starting it then the system performs a. If
executing an action means terminating it then the system performs b, as b terminates first. In other words, the choice
is either triggered by the start of actions or by the end of actions.

In most approaches in the literature, a choice is triggered by the start of an action, for example in timed systems
[AM96, GRS95, MCWO01, Mur93, Vog95] and in the context of action refinement [AH94, DD93, GGO1, GROI,
MCWO01, Vog91]. But it is reasonable to consider approaches where choices are determined by the ending of actions:

e In stochastic approaches, it is common to consider a race policy approach [AMCB84, BG98, HR94], i.e. the fastest
action triggers the choice. Consequently, a choice has to be triggered at the end of the action’s duration, since it is
usually not known a priori which action is the fastest.

e The end-based point of view is useful for hierarchical system development, where complex activities are specified
by single actions in the first system design steps. There the end-based choice is always of interest if abstract actions
(those which will be refined) are involved in a choice, i.e. if they can trigger a choice. This is illustrated by the
following generic example.

Example 1.1. Consider a factory in which a component broke down. This component can be replaced by two
alternative machines. Therefore, the factory will order both machines from the depot and will use the machine that
will be delivered first. Ordering both machines reduces the waiting time. On an abstract level this situation of the
factory can be modelled by

P = order; ((delivery; runy) + (delivery; runs))

where order denotes the ordering of both machines, deliver; denotes the receiving of the delivery of the i*®
machine and run; denotes the production with the i*" machine. The choice in P is taken when a machine is
delivered, i.e. the choice is either triggered by deliver; or by delivers, as usual.

In practice, the delivery of the i** machine will not take place at once, for example if the machines consist of a
number of components, which will be delivered from different places. Consequently the components will arrive
at different times, i.e. action deliver; is time consuming. In this case the choice in P has to be considered to be
end-based, since the factory will choose that machine for which all components are completely delivered first (and
not the machine of which one component is delivered first).

This is easily understood when we consider the next system design phase, where actions deliver; are specified in
more detail, i.e. they are refined by a process W; (for example W = comp ||comps||comps). Then the choice is
triggered when either W, or W5 terminates and not when the first action is executed by W; or Wj. In particular,
the actions of W5 that are executed before the termination of W remain visible, i.e. they are not made undone
after the termination of W7, and vice versa. This makes clear that the end-based choice can be viewed as some
kind of parallelism, where 17 and W5 run in parallel until one of them terminates.

o The possibility of late decisions is also motivated and examined in Z [SCW98].

In this paper, we concentrate on the hierarchical system design. More precisely, we develop an action refinement
operator for untimed event structures> with respect to the end-based point of view.

It turns out that the action refinement operator in an end-based setting is not compatible with conventional equiva-
lence notions. In most equivalences the processes P; = a and P, = a + a are identified. Refining a in an end-based
setting leads usually to processes that are no longer equivalent under these equivalences. Therefore, new equivalences
that are congruences with respect to this refinement operator have to be established. Two are presented here: the ICT-
equivalence and the FIC-equivalences. Furthermore, we show that the ICT-equivalence is the coarsest equivalence for
end-based action refinement with respect to trace equivalence and the FIC-equivalence is the coarsest equivalence for
end-based action refinement with respect to bisimulation equivalence. The presented paper is an extension of [FMCO02].

The paper is organized as follows. A new class of event structures is introduced in Section 2. The action refinement

1 Action refinement operators can split an action into a start- and an end-action, hence the action’s duration can be modelled in some sense.
2 Event structures are a true concurrent model where action refinement can be easily defined.
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operator with respect to the end-based view is established in Section 3. The two new equivalences are introduced in
Section 4, which also contains the (coarsest) congruence statements. A conclusion is given in Section 5.

2. Extended Termination Bundle Event Structure (ETBES)

Event structures are partial order based models used for describing concurrent systems. They usually consist of events
representing action occurrences, a causality relation between events, and a conflict relation between events describing
a disabling mechanism. Two constraints have to be imposed on event structures in order to give a reasonable definition
of a refinement operator with respect to the end-based point of view:

1. Each event in an event structure represents a unique occurrence of an action. This is necessary, since otherwise
the occurrence of an action could be started more than once. In prime event structures [NPW81] such a unique
representation can not be guaranteed, as pointed out, for example, in [GGO1, Section 2.3].

2. The class of event structures must allow to model disruption, since a disrupt operation can result from the end-
based refinement operator, which will be discussed in more detail in Remark 3.2. This is for example not the case
for prime event structures, flow event structures [BC89, BC94], stable event structures [Win89] and bundle event
structures [Lan93].

In order to adequately model sequential composition of event structures, they must have a termination mechanism:
the second event structure may only start to be executed if the first one terminates. There exist different kinds of
termination philosophies for process systems:

e A process terminates by executing an additional /-action, which is, for example, the case in LOTOS [BB87].

e A process terminates by executing its ‘final” action [BFPO1]. For example the process that consists of the parallel
execution of action a and b (a||b) terminates by executing a if b was executed before or it terminates by executing
b if a was executed before.

In our first paper [FMCO02], we followed the /-termination philosophy. More precisely, we define an end-based re-
finement operator in the class of extended bundle event structures [Lan92], since these event structures can model
disruption with respect to the /-termination philosophy. Unfortunately, our newly introduced equivalences (the ICT-
and the FIC-equivalence) fail to yield the coarsest equivalences for the end-based action refinement in extended bundle
event structures [FMCO02].

In this paper, we follow the ‘final’ action termination philosophy. Therefore, we introduce a new class of event
structures, called extended termination bundle event structures, where disruption can be modelled with respect to the
“final” action termination philosophy. This class of event structures is used in Section 3 in order to define an action re-
finement operator with respect to the end-based view and with respect to the ‘final’ action termination philosophy. Ex-
tended termination bundle event structures are a generalization of (extended) bundle event structures [Lan92, Lan93].
In bundle event structures the causality relation is modelled by sets of events (called bundles) pointing to events: an
event is enabled if for every bundle pointing to it there is an event in the bundle that already occurred in the previous
execution. Disabling is modeled by a binary conflict relation. Extended termination bundle event structures allow a
more liberal disabling mechanism, in particular they model non-disabling rather than disabling. In extended bundle
event structures termination is modelled by pointing explicitly to a termination event. In contrast to this we model
termination by collecting certain subsets of events into a termination set. A run of an extended termination bundle
event structures terminates if for every termination set X there is an event in X that occurred in the run.

Let Obs be an uncountable set of all observable actions and let T be the internal action. Furthermore, Act =
Obs U {7} denotes the set of all actions. We use the following notations: P(M) denotes the powerset of M, Py, (M)
denotes the set of all finite subsets of M and M; — M, denotes the set of all partial functions from M; to Ms.
Furthermore, the domain of a partial function f is the set {m | f(m) is defined}, and is denoted by dom(f). The
function f | M/, where M; C M, denotes the restriction of function f to the domain Mj. Furthermore, f(M;)
denotes the set {f(m1) | m1 € M]}. For any binary relation ® we write p ® ¢ if and only if (p,q) € ©. The set
M \ M’ denotes the set where all elements of M’ are removed from M. We assume a fixed countable set of events
U such that Ve,e’ € U : (e,e’) € U and @ € U.> The constraints on set U result from technical reasons, i.e. they

3 Such a set U can be achieved as follows: Let L be an at most countable set containing e. We put Uir1 = U U (U; x U;), for i > 0, and
U =U;en Uis-
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Fig. 1. Some Extended Termination Bundle Event Structures

guarantee the well-definedness of the refinement operator, which will be presented in Section 3. We introduce the
following kind of event structures. Their intuitive meaning is explained below.

Definition 2.1 (Extended Termination Bundle Event Structure). An extended termination bundle event structure
(eTbes) & = (E, =,—,T,1)is an element of P(U) x P(P(U) xU) x P(P(U) xU) x P(P(U)) x (U — Act) such
that

~CPE)x EandVe e E:3Z:Z = eandV¥(Z,e) €~:ec € Z

. (
e TCPE)and T # 0

Let ETBES denote the set of all extended termination bundle event structures.

We call F the set of events, > the witness relation, — the causality relation, T' the termination set and [ the action-
labelling function. Set X is called bundle (with respect to e) if X € T or X > e or X — e. The attribute extended in
the name of the class of event structures defined above is used to emphasize (as it is done for extended bundle event
structures) that these event structures can model disruption.

The intuitive meaning of a witness-bundle Z of e (Z > e) is that event e is still possible after a system run r
if no event occurring in r is contained in Z. In other words, a system run disables an event e if all witness-bundles
of e contain an element of the system run. The constraints imposed on the witness relation are: Firstly, every event
e must have a witness-bundle, since otherwise e would be considered to be disabled and hence, could be omitted.
Secondly, every witness-bundle of e has to contain e, since the execution of an event disables itself, i.e. every event
can be executed only once.

The meaning of the causality relation X — e is: before e may be executed after a system run 7, an event of X has
to have occurred in r. A system run of an eTbes is terminated if all bundles in the termination set are satisfied, i.e. every
element of T' contains an event of the system run. The constraint 7' # () on the termination set ensures that an eTbes
is not able to terminate immediately, i.e. it can only terminate by executing an action. However, T" might consist of the
empty set only, which indicates that no termination may occur, i.e., there are only infinite executions or deadlocking
executions possible. The labelling function indicates which action is observable when an event is executed.

Remark 2.2. ETBES ordered by the standard order [Lan92] fails to yield a complete partial order*. The standard
order can be used to obtain a complete partial order if only those eTbes are considered where the witness relation,
the causality relation and the termination set satisfy an additional constraint [FMCWO0?2]. Since it is not essential in
this paper to obtain a complete partial order, we omit this constraint in order to enhance the readability (the additional
constraint does not harm our theory).

Example 2.3. Some eTbes are shown in Figure 1. Here, the events are depicted as dots and their corresponding actions
appear next to the dots (we do not name the events explicitly and we identify them with the actions if no confusion
arises). The witness relation is illustrated by wavy lines®. More precisely, a witness-bundle Z > e is depicted by a

4 The complete partial order theory is used to give meanings to recursive processes.
5 Note that we use wavy lines rather than dashed lines in order to avoid confusion, since dashed lines are already used in event structures to model
disablement whereas we model non-disablement.
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Fig. 2. Event Execution Derived from ETBES

wavy arrow from the elements of Z \ {e} to e. Furthermore, witness-bundle {e} - e is omitted in the illustrations, if
it is the only witness-bundle for e. For example, the witnesses {a} >~ a, {b} > b and {c} > cexistin £;. Sometimes,
the same wavy lines are used in different witness-bundles, for example the witness-bundles in &5 are {a, b, c} > a,
{a,b,c} = band {a,b,c} = c. The causality relation is depicted by straight lines. A bundle X € T is displayed by
surrounding its events by a closed line.

&, describe a process where a and b can occur ‘in parallel” and when both have happened ¢ may happen, which
leads to termination of that process. &5 describe a process where a and b may occur ‘in parallel’ but may be disrupted
by c. Termination happens if either both actions a and b occurred or ¢ occurred. £3 describes a process where exactly
one of the action a, b, or ¢ may occur, which also leads to termination.

Hereafter, we consider £ to be (E, =, —,T,1), & to be (E;, =;,—,T;,1;) and in general £ to be (Eg, >¢,—¢
, Te,lg). Furthermore, init(€) denotes the set of events which are ready to execute and Y (7, ¢) holds if and only if e
is a termination event with respect to 7', i.e. £ terminates by executing e. Formally:

Definition 2.4. Let £ be an eTbes. Then the set of initial events of £, denoted by init(E), and the termination predicate
YT C P(P(U)) x U are defined by

nit() ={e€ E|-3X: X —e)} Y(T,e) < VX cT:ecX.

2.1. Event Execution in an eTbes.

The remainder of an eTbes with respect to event e describes the eTbes after the execution of e. Therefore, we remove
all events which are disabled by e, i.e. we only keep those events that have a witness-bundle which does not contain e.
Please remember that an event has to be an element of all its witness-bundles. Hence, it disables itself. Furthermore,
all bundles (from causality, witness or termination) that contain e are removed, since the execution of e fulfills the
requirements specified by those bundles, i.e. these bundles contain an element of the system run. Formally:

Definition 2.5 (Remainder of an eThes). Let £ € ETBES and ¢ € init(£). Then the remainder &} of £ is given
by (E',=',—',T" ") where

E' = {d€eE|3Z:Z-e Nei Z}

= = {(ZnNnE,)| e €eE'NZ~¢e Ne¢ Z}
—' = {(XNE )| e FPANX—eNed X}
T = {XNE |[XeThned X}

UV = 11F

Remark 2.6. Note that the remainder ) of an eTbes £ is again an eTbes if and only if e is not a termination event,
i.e. =Y(T,e) (the termination set becomes the empty set if e is a termination event). Hence, after termination no
further event execution is possible.

The event execution of an eTbes is later used to define equivalence notions on eTbes. The event execution obtained
from &; of Figure 1 is presented in Figure 2.
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Fig. 3. Start-Based versus End-Based Refinement

3. An End-Based Refinement Operator on ETBES

Termination bundle event structures are appropriate to define an end-based refinement operator. This refinement op-
erator differs from the classical definition with respect to the conflict relation: Only the termination of the refining
processes is used in our approach to define the disabling whereas every event (or every initial event) is used in the
standard (start-based) approach. More precisely, in the classical definition we have: If e is in conflict with ¢’ and e (&’
respectively) is refined to &, (€. respectively), then every (initial) event of &, is placed in conflict with every (initial)
event of £ and vice versa. In our definition, we use every termination bundle of £, as a witness bundle for every event
of ./, i.e. the events of £, may only be executed if they are executed before the termination of &.. And, of course,
we use every termination bundle of £ as a witness bundle for every event of .. By this approach, we guarantee that
a choice is triggered by the termination of the refining process.

The difference between the start-based and the end-based refinement operator is illustrated in Figure 3, where
we depict extended termination bundle event structures after the refinement in the start-based and in the end-based
approaches. &, models the alternative executions of a or b without terminating the process. F models the sequential
executions of a1 followed by as with termination. It can be seen that a; is in conflict with b in the start-based approach
after the refinement, whereas it is possible that a; precedes b in the end-based approach. Thus the sequence a, b is
only a trace of the event structure corresponding to the end-based view.

First, we present an end-based refinement operator where every event is refined by a (possible different) event
structure. This definition is later used to define a refinement operator where actions rather than events are refined.
The witness relation of the end-based refinement operator is determined by taking a witness Z of e from the process
that is refined. Then for every element of Z different from e we take a termination set of the corresponding refining
process and for e we take a witness of the corresponding refining process. Furthermore, also a termination set of the
corresponding refining process of e is taken in order to avoid that a refining event remains possible after the termination
of the refining process. A witness of the refined process is obtained as the union of the chosen sets. A causality-bundle
of the refined system is either (i) a causality-bundle of the corresponding refinement or (ii) it is a union of termination
sets of the corresponding refinements obtained from a causality-bundle of the process that is refined. Furthermore, it
is sufficient to restrict to the corresponding initial events in the latter case. A termination set of the refined system is
the union of termination sets of the corresponding refinements obtained from a termination-bundle of the process that
is refined. Formally:
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Fig. 4. End-Based Refinement in ETBES

Definition 3.1. The event refinement operator Ref : ETBES x (U — ETBES) — ETBES is given by
Ref(€,9) = (E,=,=,T,I) where

E = {(l)|eEE/\e€E,9€)} ) )
- = {(Z( ))\az Z=eN3If:Z—=PU):Z={(¢,&)eE|cZNe e (’)}/\A )

Ve (( e f(e )ETﬂ(e) ~( =eA XETﬂ(e),Z Z>—,9 6/\f( N = ZUX))}
o= {({e}xX’,(e,é)HX l—me)e}u{(X(,é))|~é61mt(19( e)ANIX : X»—>e/\§|f X —->PU):
) ) X={(c,¢)eE|ecXNeEf(e NPAVE € X : f(€) € Ty}

= {X|IXeTAIf: X >PU): X = {( e)eE|ec XNée f(e)}AVee X : fe) € Ty}

I(e,€) = Ly(e) ()

It is easily checked that the event refinement operator is well defined, i.e. it really yields an element of ETBES.
Suppose A C Act. The action refinement operator Ref , : ETBES x (A — ETBES) — ETBES is derived
from the event refinement operator by

0(l(e)) ifee ENl(e) e A
Ref 4(€,0) = Ref (€,0) where d(e) = { ({o}, {({o},0)},0,{e},{(e.l(e))}) ifecEAle)E A .
(@, (2)7 05 {Q}a (Z)) otherwise

We omit index A in Ref 4, if A is clear from the context. An example that illustrates how the refinement operator
Ref behaves is given in Figure 4. There &,, denotes the alternative between two events that have the same action label
a. Note that in the refined system F,, both events labelled with a; may occur in a single system run. Furthermore, if
an event ¢’ is a necessary causality of e, i.e. e can only be executed after the execution of ¢/, we sometimes omit e in
the witness bundles of €/, since it has no consequence for the behavior. For example, in F,, of Figure 4, the witness
bundles to events labelled with a; have to contain both events labelled with as.

Remark 3.2. Our refinement operator allows the modelling of a disrupt mechanism (if a choice mechanism exists) as
it is used, for example, in LOTOS [BB87], which is illustrated by the following example: Suppose we want to model a
process G where process F from Figure 3 can be interrupted by the process &, consisting of the single event labelled
with action b. This process is obtained by taking a choice between &, and the process consisting of the single event
labelled with the fresh action name a and having {a} as the only termination bundle. This yields &, from Figure 3
with the additional termination set {a}. Refining in this eTbes action a by F with the end-based refinement operator
yields the eTbes that describes process G, where F can be interrupted by &.

4. Equivalences for ETBES

First, we give a short overview over some standard equivalence notions and argue that they are not reasonable for
an end-based action refinement operator, since they are not preserved by the end-based refinement operator. Then we
introduce two new equivalences that are preserved by the end-based refinement operator. Moreover, each of them is
the coarsest equivalence with respect to a standard equivalence notion (trace and bisimulation equivalence). These new
equivalences are also examined with respect to their discriminating power. Before we continue, we present a formal
definition of coarsest congruence for an operator with respect to an equivalence.

Definition 4.1. Suppose M is a set and ~cquiv i an equivalence relation on M. Furthermore, suppose Op is an
operator from a (possible infinite) tuple of elements from M into M. Then an equivalence relation ~, is a congruence
for Op if ~, is preserved by Op, i.e., for all tuples (mg, my,...), (mg, m}, ...) such that m; ~., m, fori € IN, we
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have Op(mg,m1,...) ~co Op(mg,my,...). An equivalence relation ~., is a coarsest congruence for Op with
respect 10 ~¢quyiy if

® ~coco 18 an equivalence relation on M contained in ~¢quyiv,
® ~.oco 18 @ congruence for Op, and
e every congruence for Op that is contained in ~cgyiy 1S also contained in ~¢oco-

4.1. Standard Equivalence Notions

Trace equivalence for ETBES is defined as follows, where we distinguish between non-terminating and terminating
traces. We take as traces the action label sequence obtained from an event sequence of a possible execution based on
the remainder definition.

Definition 4.2 (Trace Equivalence). Let £ € ETBES. Then the action traces of £ are defined by
Tr(€) = {U(e:))ic<n [n € NAIEy, -+, Eny1:E0=E ANV < Eife,) = Eip1 AT (Eiye)} U
{(l(el))lgn\/ ‘ neINAIE, -, &1 :E&=ENVi<n: 51[67] =& N T(gn7 en)}
Two &,&" € ETBES are trace equivalent, denoted by & ~; &', if Tr(€) = Tr(E).

For strong bisimulation equivalences each possible execution of each side has to be matched by the other process
leading again to bisimilar processes. Furthermore, a non-terminating execution has to be matched by a non-termination
one and a terminating one by a terminating one.

Definition 4.3 (Strong Bisimulation Equivalence). A bisimulation R is a subset of ETBES x ETBES such that
whenever (&1, &) € R, then

e ¢; € init(&€) implies that there is ey such that /; (e1) = l2(e2) and Y(T1, e1) < Y (T2, e2) and (Eye,], Eofes]) € R
e ey € init(&y) implies that there is e; such thatly(e1) = l2(e2) and Y(T1, e1) & Y (T2, e2) and (Ee,], Eofes]) € R

We say that &1, & are strong bisimilar (or strong bisimulation equivalent), denoted by & ~y Eo, if and only if there
is a bisimulation R such that (&1, &) € R.

Equivalences that lie between the trace and the bisimulation equivalence are given in [GlaO1, VD98].

ST semantics, originally defined in [GV87], turns out to be the coarsest congruence for action refinement in the
start-based setting [AH94, Gla90, GL95, Vog93]. In the ST-approach, actions are not considered to be atomic, as in
standard interleaving semantics. Instead, the execution of an action is split into the two distinguished events of the
start and the ending (termination) of an action, where the ending is uniquely related to its start.

Further true concurrency equivalences are:

Step equivalence: Here, a finite multiset of actions, i.e. a finite set of events, may be executed in one step, as opposed
to the interleaving approach, where only single actions may be executed. In [Pom86] trace and bisimulation versions
of this equivalence have been proposed.

Pomset equivalence: Here a finite, labelled and partially ordered set of events, more precisely a pomset [Pra86], may
be executed. Pomsets are equivalence classes with respect to the action labelling and the order, i.e. two labelled
and partial ordered sets are equivalent if there exists a label and order preserving bijection between the sets. The
order of a pomset corresponds to the causality order of the events. In [BC87] trace and bisimulation versions of this
equivalence have been proposed.

History preserving equivalence: Here, the causal order in which events have been executed is additionally taken into
account. There are different versions depending on to what degree the past information is taken into account. There
exists weak, normal and hereditary history preserving bisimulations [Bed91, DNM87, GGO1].

[GGO1] examines which equivalence notions are preserved by a start-based action refinement operator in a configu-
ration structure setting. There it is shown that pomset trace equivalence, history preserving bisimulation and hereditary
history preserving bisimulation are preserved by a start-based action refinement operator. As mentioned before, the
ST-equivalence is also preserved by a start-based action refinement. All other equivalences of this subsection are not
preserved by a start-based action refinement.

The action refinement operator in an end-based setting is not compatible with the equivalence notions mentioned
above. This can be seen as follows: In the case of the end-based refinement operator (Ref) any equivalence that implies
trace equivalence (Definition 4.2) and that identifies £, from Figure 5 and &,, from Figure 4 (like all the equivalences
mentioned do) is not preserved. This is the case, because F, from Figure 5, which refines a in £, by F, and F,, from
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Fig. 6. Some Further Extended Termination Bundle Event Structures

Figure 4, which refines a in &,, by F, are not trace equivalent. Resource bisimulation [CDL99, CNL99], which is
only defined on process algebra terms, is the only equivalence known to us that does not identify the process algebra
terms corresponding to £, and &,,, which are a, respectively a + a, by using the notation from the introduction.

In the following subsections, we present new equivalences which are indeed congruences for our refinement op-
erator. For simplicity, we introduce the following definition, which determines the initial events of an event structure
with respect to their labels.

Definition 4.4. Define init4(€) = {e € init(€) | I(e) € A}, where A C Act. Furthermore, we write init, () as a
short hand for init ¢, ().

4.2. ICT-Equivalence on ETBES

The first considered equivalence notion is derived from trace equivalence. An equivalence notion which is a congruence
for the end-based refinement operator has to distinguish between &,,, from Figure 4 and &, from Figure 5. One way to
achieve this is to guarantee that the number of the initial events which are labelled by the same action have to be equal,
i.e. £ and &£’ can only be equivalent if |init, (£)| = |init,(E’)| for all a € Obs. Moreover, we also have to guarantee a
relationship between the numbers of the initial events with the same label of the corresponding remainders of the event
structures. For example, consider £, and &5 from Figure 6, where two alternative a actions may be executed after b in
&, and no alternative exists after the execution of b in &. Then (b, a1, a1) is a possible trace of Ref (€4, (a — F)) but
not of Ref (€5, (a — F)). Hence, Ref (€4, (a — F)) and Ref (€5, (a — F)) are not trace equivalent.

Further difficulties become evident by a closer look at & and &7 from Figure 6, where £ models the parallel
execution of a and b and £; models the alternative between (a followed by b) and (b followed by a): & and &7 satisfy
our above criterion, but not of Ref (£7, (a — F)) and (a1, b, a1) is not a possible trace of Ref (&g, (a — F)), i.e. our
tentative relation is not a congruence for the refinement.

Therefore, we introduce the initial event traces of an eTbes. They consist of an event execution sequence and of a
finite subset of the initial events for every execution step (these events can be considered as those events that are partly
executed during the step). Two eTbes, £ and &,, are considered to be equivalent if every initial event trace of £; can
be mapped by an injective function f to an initial event trace of & and vice versa. Furthermore, this function has to be
label preserving, i.e. Vey € Ey : li(e1) = la(f(e1)). The equivalence is precisely given by the following definition,
where £ is defined in Definition 2.5.

Definition 4.5 (ICT-equivalence). Let £ € ETBES. Then the initial event traces of £ are defined by
Tr*(€) =
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a a a a a a
mb me

Fig. 7. Non ICT-Equivalent eTbes
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Fig. 8. ICT-Equivalent eTbes

{(es,Vi)i<n M €INAIEy, -+, Enr1: &0 =EAVI <N : Ejfe,) = &H A € Prin(initops(E:)) A=Y (Enyen)} U
{(es,Vi)i<nV/ | M EINAIEy, -+, Eng1:E0=EAVIi<n: 5 1= Eir1 N € Prin(initops(&:)) A Y (Ensen)}-
Two &,& € ETBES are initial corresponding trace eqmvalent (ICT-equivalent), denoted by £ ~;cor &, if
e for every (e;,;)i<n € Tr*°(€) there is an injective, label preserving function f : (Uicn(vi U{ei})) — E' such
that (f(e;), f(7i))i<n € Tr**(E’) (analogously for (e;,7;)i<ny/ € Tr'¢(E)) and
e forevery (e}, 7})i<n € Tr'°(E’) there is an injective, label preserving function f’ : (Ui<n(viU{ei})) — E such
that (f'(¢}), f'(7}))i<n € Tr'*(€) (analogously for (¢}, 7))i<ny/ € Tr*(E))
&4 and &5, and also & and &; from Figure 6 are not ICT-equivalent. In addition, the event structures from Figure
7 are not ICT-equivalent either. This holds, since in & it is possible that both events labelled by b become enabled,
which is not the case for &. Two ICT-equivalent event structures are shown in Figure 8, where the left one models the

alternative of a single a execution and an a execution followed by b and where the right one models the alternative of
the two identical processes where a is followed by b.

Proposition 4.6. Two ICT-equivalent eTbes are also trace equivalent, i.e. ~;opCr~y.
Proof. Obvious. [

Theorem 4.7. ICT-equivalence is a congruence for the refinement operator Ref, i.e. for any A C Obsand 6§ : A —
ETBES we have £ ~jor &' AVa € A: 0(a) ~ror ¢ (a) implies Ref (€,0) ~rcr Ref(E',6").

Proof. The proof is given in Appendix A.1. []

Remark 4.8. The ICT-equivalence is also a congruence for the standard operators on event structures, like the choice,
the sequential and the parallel operator.

Theorem 4.9. ICT-equivalence is the coarsest congruence for Ref with respect to trace equivalence, i.e. ~jc7Crvy
and ~ o7 is a congruence for Ref and for every equivalence =C~; that is a congruence for Ref we have =C~jcorp.
Moreover, if VA C Obs, 6§ : A — ETBES : Ref(€,0) ~; Ref(£',0) then £ ~jcor E'.

Proof. The proof is given in Appendix A.1. [

We are also interested in a congruence which implies strong bisimilarity (Definition 4.3). ICT-equivalence does
not yield such an equivalence.

Lemma 4.10. Strong bisimilarity does not follow from ICT-equivalence.
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Fig. 9. FIC-Equivalent eTbes (1)

Proof. The eTbes from Figure 8 are not bisimilar but ICT-equivalent. [

4.3. FIC-Equivalence on ETBES

An equivalence that is derived from bisimulation equivalence and that is a congruence for the end-based refinement
operator has to relate the initial events, as it is done by the ICT-equivalence. Therefore, we extend the definition of a
bisimulation relation by a third component which denotes a (label preserving) bijection between the initial events. This
bijection has to be maintained (on the remaining initial events) after event executions. More precisely, it is sufficient
that the bijection is maintained for any finite subset of the initial events, since only a finite number of events can be
active (started and not finished). This is formalized by the following definition.

Definition 4.11 (FIC-equivalence). A finite-initial corresponding bisimulation (FIC-bisimulation)® R is a subset of
ETBES x ETBES x (U — U) such that whenever (&1, &2, f) € R, then

e dom(f) = initops(&1),
e fis alabelling preserving isomorphism between initops(€1) and initops(E2)
e ¢; € init(E1)AL € Pyip(initops(E1)) implies that there exist e; and f’ such that I (e1) = la(e2) and Y(T71,€1) &
(Tg,eg) and l1(e1) € Obs = ey = f(e1) and (E1(c,), E2fey)> f') € Roand f [ (1 N initows(E1fe,))) = f' [ I and
[ (f(I) Ninitobs(Eapen))) = f~1 1 F(T)
e ¢y € init(E) AL € Py (initops(E2)) implies that there exist e and f’ such that I (e1) = la(e2) and Y(T71,€1) <
Y (T3, e2) and [y (e1) € Obs = ez = f(e1) and (Ee,]; Eofe,), f/) € Rand f [ (I Ninitops(Erfe,1)) = f' [ 1 and
F7HT () Ninitows(Exe,))) = f71 T F(D)
We say that &1, &, are FIC-bisimilar (or FIC-equivalent), denoted by & ~prc &s, if and only if there is a FIC-
bisimulation R and an f : & — U such that (&1,&, f) € R.

The eTbes from Figure 8 are not FIC-equivalent, whereas the eTbes from Figure 9 are FIC-equivalent. The left
eTbes from Figure 9 models the alternative between a and ¢ and whenever one of them is completely executed a
unique event labelled with b may be executed. The left eTbes from Figure 9 is similar to the right one except that two
different events labelled with b may be executed depending if a or ¢ is completely executed. The eTbes from Figure
10 are also FIC-equivalent. The eTbes depicted there models the possible execution of arbitrary a actions in parallel
and they only differ in the case that one a event is dependent on the complete execution of another one in the eTbes
depicted on the right hand side.

Proposition 4.12. Two FIC-equivalent eTbes are also strong bisimulation equivalent, i.e. ~prcC~yp.
Proof. Follows from the fact that ignoring the third component of a FIC-bisimulation yields a bisimulation. [

Theorem 4.13. FIC-equivalence is a congruence for the refinement operator Ref, i.e. forany A C Obsand 0 : A —
ETBES we have £ ~p;c &' AVa € A:0(a) ~prc 0'(a) implies Ref (€,60) ~prc Ref(E',0").

Proof. The proof is given in Appendix A.2. [

6 The finite-initial corresponding (FIC) bisimulation is called finite unique initial (FUI) bisimulation in [FMCO02].
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6o ap Go ag ---infinitely
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Fig. 10. FIC-Equivalent eTbes (2)
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~ICT ~b
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Fig. 11. Relations Between the Equivalences

Remark 4.14. The FIC-equivalence is also a congruence for the standard operator on event structure, like the choice,
the sequential and the parallel operator.

Theorem 4.15. FIC-equivalence is the coarsest congruence for Ref with respect to bisimulation equivalence, i.e.
~prcC~yp and ~prc is a congruence for Ref and for every equivalence =C~, that is a congruence for Ref we have
=C~rprc.

Moreover, if VA C Obs, 6§ : A — ETBES : Ref(€,0) ~p Ref(E',0) then & ~pic E'.

Proof. The proof is given in Appendix A.2. []
Proposition 4.16. Two FIC-equivalent eTbes are also ICT-equivalent, i.e. ~p;cC~yor.

Proof. Suppose € ~prc E', then by Theorem 4.13 we have V0 : Ref(£,0) ~prc Ref(E',0). From the inclusions
~prcCr~pCry we obtain VO : Ref (€,0) ~; Ref (€', 0). Thus by Theorem 4.9 it follows that & ~;eor £ [

5. Conclusion

We considered the view that a choice is triggered by the ending of actions. In particular, we investigated an action
refinement operator with respect to the end-based choice view. This operator is defined on a new class of event struc-
tures called extended termination bundle event structures. Furthermore, we investigated two new equivalences, called
ICT- and FIC-equivalence, since non of the standard equivalences is preserved by the end-based refinement operator.
In particular, a process consisting of a single action a is distinguished from the process consisting of the alternative
of two events labelled with a (expressed as process algebra terms: a and a + a are distinguished). We showed that
ICT-equivalence is the coarsest congruence for the end-based refinement operator with respect to trace equivalence
and FIC-equivalence is the coarsest congruence for the end-based refinement operator with respect to bisimulation
equivalence. The relation between these equivalences is summarized in Figure 11: If two equivalences are connected
via a line, then the lower one identifies strictly more elements than the upper one.

The comparison of ICT- and FIC-equivalence with resource bisimulation [CDL99, CNL99], which also distin-
guishes a and a + a, is not straightforward, since resource bisimulation is only defined on process algebra terms and
the adaption to event structures is not straightforward. In particular, the process algebra expressions on which the
resource bisimulation is defined do not contain parallel composition and it is unclear how resource bisimulation can
be extended to handle parallel composition adequately. Nevertheless, if our equivalence is interpreted on such simple
process algebra terms we obtain that FIC-equivalence is contained in resource bisimulation but not vice versa. The
latter point follows from the fact that the process a followed by a deadlock will be identified with the deadlock-process
via the resource bisimulation but not via ICT- and FIC-equivalence. The inclusion of FIC-equivalence in the resource
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bisimulation equivalence follows from the fact that the equations that completely characterize FIC-equivalence on
such a kind of simple process algebra are also valid for the resource bisimulation equivalence. ICT-equivalence is
incomparable with resource bisimulation equivalence, since (i) the process a followed by a deadlock will be identified
with the deadlock process via resource bisimulation and (ii) the process modelling the alternative between a single
a execution and an a execution followed by b (denoted as process algebra term by a + a;b) is distinguished by re-
source bisimulation from the process modelling the alternative of the two identical processes where a is followed by b
(denoted as process algebra term by a; b + a; b).
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A. Proofs

In the following, let function 7; denote the projection to the i*" component. Suppose f, f' : M; — My, then we write
f(mq) ~ f’(m}) to denote that f(m;) is defined < f’(m}) is defined and f(m;) is defined = f(m1) = f'(m}).
The following lemma states how the event execution of Ref (€,v) can be reduced to event execution of £ and .

Lemma A.1. Suppose £ € ETBES, 9 : Y/ — ETBES. Then

Ref(€10,9) (T, €)
Ref (€,9)c = { Ref(6.0le — 9()g)} it ~T(Tyn.¢)

Furthermore, Ve € U \ E : Ref (€,9[e — £']) ~ Ref(£,9) holds for any £’ € ETBES.
Moreover, T(Tﬂ(g’ﬁ), (e,€)) & (Y(T,e) NY(Ty(e),€))
Proof. Straightforward. [

A.1. Proofs of the ICT-statements

To simplify the proof we introduce a variant of the initial corresponding traces for which the equivalence notion
coincides.

Definition A.2. Let £,&’ € ETBES. Define
’frw(é') ={((e,Yi)i<ns M) INE€INAIE, -+, Ep & =ENVI<n—1:E ) =E N
;i € Prin(initobs(£5)) A (Y (En,en) Vn = 0) = v € Prin(initobs(En))) A (Y(Ens€n) = 1 = {V}H}-
Furthermore, define £ ~jc &' if
o for every ((e;,,%i)i<n,Vn) € ’IN‘riC(S) there is an injective, labelling (and /) preserving function f : (v, U

Uicn (i U{e})) — (B'U{\/}) such that ((f(e;), £ (%))icn, f(7a)) € Tr" (£);

e and symmetrical as in Definition 4.5.
Lemma A.3. The initial corresponding trace equivalence coincides with the equivalence defined in Definition A.2,
ie. ~jor=~jCT"
Proof. Suppose (e;,7;)i<n € Tr'°(€) and € ~cr E. Then ((ei, i )i<n, ) € f‘ric(é') and so there is f : (U<, (7 U

{ei})) — (£ U {V/}) such that ((f(e;), f(7i))i<n, 0) € Te'“(£7). This implies (f(e:), f(7:))i<n € TH(£') as
required. The case if (e;,7;)i<nv/ € Trlf(g) and £ ~rcr &' can be analogously shown.

Now suppose ((€;,Vi)i<nsVn) € ’f‘rw(f)) and € ~ror E'. We proceed by making a case analysis:
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Yo =0V v, = {4/}: Similar to the above reasoning.
Y # 0: Let e, € . Then (e;,7;)i<n € Tr'“(€) or (€i,7Vi)i<nV/ € Tr'“(£). So there is a function f : (Uign(%’ U
{e:})) — E' such that (f(e;), f(7:))i<n € Tr**(E") (respectively (f(ei), f(7i))i<ny/ € Tr**(E')). This implies

LT S00)) € (€ which completes theprootsince Uy, (1 Ufer}) = 30 Ul (e e

Theorem (4.7). ICT-equivalence is a congruence for the refinement operator Ref, i.e. forany A C Obsand 6 : A —
ETBES we have £ ~;or &' AVa € A: 0(a) ~ror ¢ (a) implies Ref (€,0) ~icr Ref (E',6").

Proof. For simplicity, we write £ for Ref 4(£,0) = Ref (E,9) and &£ for Ref 4(£',60") = Ref (£',%'), where ¥ and
¥’ are defined as in Section 3. o o

Suppose ((e;,€;),7i)i<n € Tr'“(E). The case when an element is taken from Tr*“(£’) follows by symmetrical
arguments. As an immediate consequence of Lemma A.1 we get the existence of &, ..., £,+1 and of ¥y, ..., ¥, 41 such
that for 7 < n we have

Eo=ENIy=0Ne; € init(é’i) Neé; € init(ﬁi(ei)) AN (T(Tg7(el)7 él) = (6i+1 = gz[el] AN 79i+1 = 191>) A
(Y (T, (1), &) = (Eiyr = E Nig1 = Viles = Vi(ed)e]) A~ (V(T,en) A (Toe,), én))
Define I = {i € {0,---,n} | Y(Ty,(,),é:)}. Assume {ko,...,k;j—1} = I and k; < k;;1. Then we have &, = &

PR (01 (30) U {ei}) ) O imitons(E, ) for j < |1] where

and Skj lex,] = Ekj +.1- Furthermore, define g, = (U
k_1=—1and k| = n + 1. Hence, ((ex, W, )j<r Ynr1) € Tt (E).

From £ ~jor £ and Lemma A.3 we get the existence of an injective, labelling preserving f : (Uj<|1|(’71gj U{er, HU
Ynt1) — E' such that ((f(ex,), f(vk:))j< 1), f (nt1)) € Tr' (E7).

Now define I° = {j € {0,---,n} | e = ¢;} forany e € E. Assume I° = {kf, ..., kf;.|_,} and kf < Kf, ;.

min{kj,n}

Define vie = (J;~pe . {é] (e,é) € #;} for j < |I¢| where k¢, = —1 and kf;e) = n + 1. Furthermore, we have
i i— )
s (e) = 0(I(e)) and Uxs (e)je,e) = Vs, (e). Hence, e ¢ {e; | i € I} = ((€ks, Ve )j<irel, Ynsa) € T (0(U(e)))

and e € {e; | 1 € I} = ((€rs, 75 )j<ireps {v/3) € T (0(1(€))) Ay = 0.
From the fact that 6(I(e)) ~;cr 6'(I(e)) and from Lemma A.3 we know that there exists an injective, labelling
preserving function f 1 (77,41 UUj < e (7k, U{8ks 1)) — Eor(u(ey) such that ((F(8xs ), f(vie))j<ires [ (V1)) €

Tr'(0/(I(e))), respectively ((f*(ers), Fo (e Dj<izen V) € (0 (1(e)).
Define f : (Uign(% U{(ei, é:)})) — E as f(€7 é) = (f(e), f(e)).

Then it is easily seen that f is an injective and labelling preserving function. Furthermore, define &) = £, ¥, = o
and

/

o 52{[]“(61)} if T(Tﬁi(ei)y éz) 9 _ 19; if T(Tﬁ,;(ei)v él)
i+l &l otherwise i+l ;[ f(ei) — 05(f(ei))ei ey otherwise

From ((F(ek.) FOw))y<in Fen)) € T“(€) and (P £ Dy S 0) € T (), e
spectively ((f€(€xe), f€(Vie))j<ire), {V}) € Tr'“(0(I(e))). it is easily checked that &} and ¥'; are well defined. More

precisely, for any j ar~1d any e € Ewehave & = 8,’%_ (e, ) an~d ﬁ;c;ﬂ(f(e)) = ﬁﬁﬂ;(f(e))[fe(ék;)].
Furthermore, define £/ = Ref (€],) fori <n + 1. Then & = £ and £;yy = €]z .\ by Lemma A.1.

Suppose (e,é) € ;. Let m € {0,...,|I|} such that k,,_1 < ¢ < ky,. Hence, e € =, , which implies f(e) €
f(Vk,,) € init(&; ). And so from the definition of £} we get f(e) € init(&]), since kyp,—1 < i < ky,. Furthermore,
take i < [1¢| such that kg, ;| < i < kg; . Hence, é € v, which implies f°(é) € f(v; ) C init(ﬂ;c%l(f(e))). And
so from the definition of ¥J; we get f¢(¢) € init(;(f(e))). Therefore, fe,é) € init(&)).
Additionally, we have ~Y'(Ref (£],,7},), f(en, €,)). Thus, we showed (f(es, €;), f(7))i<n € Tr"(E").

The case ((e;,é:),%i)i<ny/ € Tr*(€) follows by similar arguments. ]
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Theorem (4.9). ICT-equivalence is the coarsest congruence for Ref with respect to trace equivalence, i.e. ~jopCrvy
and ~ ;o7 is a congruence for Ref and for every equivalence =C~; that is a congruence for Ref we have =C~jorp.
Moreover, if VA C Obs,# : A — ETBES : Ref(£,0) ~; Ref(£,0) then & ~ror &'

Proof. Suppose (€;,7i)i<ny/ € Tr'*(E). We define a refinement 6’ which is used to construct a corresponding trace.

Therefore, let s : U — IN be an isomorphism. Furthermore, define £ = J,, (v; U {e;}) and E, = {e € E | I(e) =

a}. Additionally, define 6 : E — IN by d(e) = 1+|{i | e € 7;}|. Moreover, let A C Act be the set of all action-names
occurring in € or in &', i.e. A = {l(e)le € E} U {l'(¢)]e’ € E'}. And let u : E x IN — Obs \ A be an injective
function. Such a function exists, since Obs is uncountable.

Our idea of 8’ is that we replace any event e of E by the sequential composition of actions u(e, 1), ..., u(e, d(e) + 1).

Since 6’ only maps action-names instead of events, we take the sum of all the corresponding events, i.e. 6'(a) = &,

where
5':({*5(6)*{O|66EA A1 <j<6(e)},
{({(#x 0| k£ R} Uk ] o}, 45 wd @) |e€ By A1 < j<b(e)]
{({*g(e) o}, 45 Wt o) e e By 1<) < é(e)},
({5 6(e)o|e€Ea}},
{654 o, e, 4) | e € B 1< j <6(e)}).
k

and %, %2 be two distinct elements of ¢/. Furthermore, the sequence *5 *{ e is considered to be right bracketed (i.e.
*k %] @=(xa(- -+ (k2 (%1 (- - (%1, ) - - -)) and therefore is an element of /.
N N——

k J
Letm =n+ Y . |v| and define I_y = o and s_; = 0 and for i € {0, ...,m — 1}:

o if I; 1 #0,thens; =s;,_1,1; =I; 1\ {e}and & = (e,*’;(e) *g{j‘jgsi’”eew}l o), wheree € I;
(€si_1>®) if l(es,_,) =7

"Q(esifl) 6(esi,1)

o if I, _y =0, thens; =s;_1+1,1; =7, and &; = :
/ (€s;_1s%9 *q o) otherwise

B (en,®) ifl(en) =7
and &m, = { (e, %51 x5() ) otherwise
It is easily seen that {m(¢;) | i € {0,...,m}} = E. Define & = Ref ,(£,60') and &4, = é &, fori < m. The &
are well defined which, can be seen by induction, as follows. Obviously for ¢ = 0. Suppose &; = (e, *2( °) x| o). By
Lemma A.1 we obtain that & = Ref (& %), where 9(e) = 6'(l(€)), e o], (5 4] forl(e) # 7
with g = |[{j | e = m1(&;) A j < i}|. It is easily seen that (e, *g(e) o), ..., (e, *S(e) * 1 e) appears in the sequence
© * o € init(1)(e)). Furthermore, e,, , € 1n1t(€[eo ), since (ej,7;)j<n € Tr(E).

leo]--[es;_q—1]> [

before &;. Thus x5 Tea,_y—1])s
Hence, &; € &;. Furthermore, by Lemma A.1 we obtain T(En, €n).

From the definition of &; it follows that (cv;)(i<m) € Tr(Ref o(€,0)), where a; = lgef , (£,0/)(€;). Therefore, we
get () (i<m) € Tr(Ref 4(£',0)), since Ref 4(£,0") ~¢ Ref 4(£',0"). Hence, there exists (€;) ;<) such that &=
Ref o(£',0")and &/ | = E’[ /p are well defined and a; = lgey , (£7,67)(€7)-

From the injectivity of u we get Vi < m : m1(€;) # T = m2(€&;) = m2(€]). Define €} = m1(€]) where i is chosen such

that (&; (ej,*g(ej) *1 0)) V (I(e;) = T A& = (ej,)). Now, we verify by induction that

&l = Ref (€] epllel D> ,97), where (1)
94(m1(¢5)) if (¢!, %5 +} o) = &
or(ey =4 0U()) if1(c)) € ANY]: (¢, %5 xf o) £ &
({o}.{({e}. Hﬁ&%&@ﬂdﬂ)iﬁeEAﬂdéA
0,0,0,{0},0) otherwise

Obviously for ¢+ = 0. We proceed by making a case analysis:
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I(71(€;)) = 7 By induction and Lemma A.1 we get &, = Ref(é'[eo} e lim @, )],19;,/)’ which is equal to
—-1—
Ref (€], ol--lef, ]aﬂz/ﬂ)

& = (ej, %5\ ) 209 o). Then Y (9}, ma(é! )) since &; and €&, have the same label and 4 is injective. Thus by induc-
tion and Lemma Alwegetél | = Ref (€] 97).

epl-lel, , _m@) Vi
Furthermore, there is k < i such that &}, = (71 (€}), 2( ) x1 @), since otherwise ¢/ ¢ init(£!). From the injectivity
of 11 we obtain that 7, (&;) = 1 (éy), since & and &, have the same label. Hence, £/, | = Ref(c‘,'[’e(,)]“[e, L 07 1),
as required. '

Otherwise: Then =Y (v}, m2(€})). Hence, EZ“ Ref( 0 [m1(&;) — U7 (m1(€})) [z (e;y)]) by induction

epl-lel, 10V
and Lemma A.1. Furthermore, there is & < i such that &), = (m (€] ) *2( °) x| ®), since otherwise &, ¢ init(E}).
From the injectivity of ;4 we obtain that 7 (é;) = 71 (€ ). Hence, 5 = Ref (5[’6 e, Y7, 1), as required.

From (1) we obtain that 71 (&;) = 71(€;) < m1(€}) = m1(€&}). Hence, the function f : E — E’ with f(e) = m1(é))
whenever e = 71 (€;) is well defined, labelling preserving and injective.

Additionally, (1) becomes £/ = Ref ( (Feo)]-[F(eny 1)],191 ), where ¥/ is defined by
AT ()] if f=1(e’) is defined
9(e') = o' (l'(e")) ifl’(e/) € AN f=1(¢) is undefined
‘ ({o}, {({e}, )}, 0, {e},{(e,i(e))}) ife'€ E"NI(e)) ¢ A '
(0,0,0,{0},0) otherwise

Furthermore, by Lemma A.1 and from T(én, €,) we obtain YT (&/

[Feo)l-[fea, -0 F
follows that (f(e:), f(7:))iny/ € Tr(E).
The case when (e;,7;)i<n € Tr*“(E) follows by similar arguments, in particular chose §(e,,) = 24 |{i | e, € 7i}|-
The cases where a trace is taken from Tr’(£’) follows by symmetrical arguments. []

(es,_,)). From this and (1) it

A.2. Proofs of the FIC-statements
Theorem (4.13). FIC-equivalence is a congruence for the refinement operator Ref, i.e. forany A C Obsand 6§ : A —
ETBES we have £ ~pjc &' AVa € A:0(a) ~prc 0'(a) implies Ref (€,0) ~prc Ref(E',0").

Proof. Let R and R, be finite-initial corresponding bisimulations such that (£,£’, ¢g) € R and (6(a),6'(a), g4) € Ra.
Let cons : &/ — U be the function that maps e to e and is undefined elsewhere. Define

Rpes = { (Ref (,9), Ref (£',9"), f) | 3f : 3 € Ppin(initops(€)) : IF : U — (U = U) :
(Ve e ENT:(I(8) € A= 9(&) = 0(I(¢)) A (¢ € init(E) = F(&) = i) A
(ve' eE \Nf(f): (&) eA= 19’(”) =0'(I"(&))) A
(Vé € I: (9(e),9'(f(€)), F(&) € Ryz)) A (Ve € init(€) : (I(é) ¢ A= F(&) = cons) A
a7 . f if (e, é) € initops(Re 519
(€&, f) €R N fle) = { l(lflfie)ﬁne((i ) otl(lerw)lsi or=( B (£:9) }

For all (Ref( ), Ref(é" 9'), f) € Rres we have: f is always an isomorphism between initObs(ﬂ(S, ¥)) and
initops(Ref (£',7")), f is labelling preserving and

FHEE) = (U PN THED) )
where f, F are its corresponding function. This holds, since f(f (e’),F(f‘l(e’))_l(é’)) (e/,é).

Suppose (Ref (&,0), Ref (§',9"), f) € Rpey. Let I be the corresponding set and let f, F be the corresponding
functions.
In the following we will show that Rz is a FIC-bisimulation. Therefore, suppose (e, é) € init(Ref (€,9)) A1 €

Pin(initobs (Ld(& 19))). We proceed by making a case analysis:
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I(e) ¢ A: Then é = e and from Lemma A.1 we get
Ref (€, ﬁ)[(e &) = Ref (€. ¥) and Y (T Ref (£,) (e, 6)) & Y(T,e). (3)
Define I’ = Iiu (). Since (£, f)eRAT € me(imtObs(SN)) we have .
Eie’,f::l(e):l( )/\T(T e)<:>T(T’ e A (e /],f)eR/\l()EOpséf(e):e’/\ @
F 1" Ninitows (1)) = F T 1A F7H T (F(T) mmtom( D) =TT,
We have [(e) ¢ A implies I'(e ) ¢ A. And so by Lemma A.1 we obtaln Ref( (1] W) = M(‘é/’g/)[(eﬂ-)] and
Y(1",€') < Y(Tgep 51y (€';0)). Furthermore, the labels of (e’, o) and (e, ®) coincide and Iy s 5 (¢, ®) €

ObS = f(e7.) = (f 6),.) - (6 a.)'
Now define F’ and f’ by

o J cons ifl(e”) ¢ AAe" € init(E)
Fi(e") = { F(e) otherwise )
/N AN (fl( ”) F/( ”)(A//)) if( " A“) S 1nit0b5(Ref( 15)
Fet,ef) = { undefined otherw1se ’ ©)

Then (Ld(g[e], ), Ref( (] D), f') € Rpes where I' N initObs(E[ 1) is its corresponding set and f'.F" are its
correspondent functions. ~ o o
Furthermore, from f | (I’ Ninitows(El¢))) = f' [ I’ we get that f" and f coincide on I Ninitops(Ref (€, 9)((e,e)])-
Suppose (e, ¢é") € initObs(Ld(g’,ﬁ’)[(e,’,)]) N f(I). Then from (2) and from the fact that f=1 | (f(I') N
initObs(g[’e,])) = f'=1 | f(I') we obtain

f/ 1( " A///) _ (f/ 1( ///) F/(f/ 1( ///)) 1(é///)) — (f—l(e///) F(f—l(elll))—l(é///)) — f—l(e/// é///)

which completes this case.

I(e) € ANTY(T; () €): We get that (3) holds. Define I'=TUm(I). From (£,&', f) € RAT € Ppip(initops(£))
we obtain (4). R R
Furthermore, (J(e), 9 ( "), F(e)) € Ry and é € init(J(e)), since ¢’ = f(e). Hence, there exists ¢’ € init (1))
such that [, (€) = L5 ( "y and Y(T, () € é) < (T ey € é’) and 5 (é) € Obs = F(e)(é) = €'.
By LemmaA 1 R ( ) Ref(g/ ) (e é )] and (T( )/\T( 19/(6/)7 )) = T( Ref(f’ 19/ ( 5
labels of (¢/, é") and (e, e) coincide and [, . ¢ 5) (€, €) € Obs implies that f(e,é) = (f(e), F(e)(&)) = (e
Define I’ and f’ as in (5) and (6). From the definition of R g, F we obtain
(Ref (€, D) (e, Ref (€', )er o), [) = (Ref (€11, 9), Ref (€[, '), ') € Riey

where I’ N 1n1t0b5(8[€]) is its correspondlng set and f,F’ are 1ts corresponding functions (please note that e ¢

¢’)). The

,€').

Ez ).

[e] .
Similar to the above case we conclude that f” and f coincide on initows(Ref (€,9)((e,e) N I and that f'~! and
f~1 coincide on initops(Ref (£, ~’) eren)) N f(I)

I(e) € AN = (T, €): By Lemma A.1, Ref (€, )((c.cy) = Ref (€, J]e — D(e)e]) and =X (T p .5 (€, €))-
Define I¢ = {A” | (e,é"”) € I}. Since I¢ € me(lnlt()bs( J(e))) and (I(e), V' (f(e)), F(e)) € Ry, there
exists ¢/ € init(J'(f(e))) and f such that (J(e )[e], "(f(e e ,f) € Ry and l5\(€) = L5 f.(€') and
Lje)(€) € Obs = F(e)(é) = & and Y (T, ) & ﬁ,(f(e)),é') and F(e) | (I¢ N initops(d(e)e)) = f | I¢
and F(€) 1 (F(€)(I") Minitou (7 (F(©)e) = £ T Fle)(1). )

By Lemma A.1, Ref(é' 19) (Fle)en] = Rief( [ f(e ) V' (f(e e))ien)) and =Y (g, ;2 5y, (f(€),€)). The
labels of (f(e), ') and (e, &) coincide and l@(é,&)( ,€) € Obs implies f(e,é) = (f(e), F(e)(&)) = (f(e),&).
Now define [’ by

(f;(e),f(é”)) if (¢”,€") € initops(Re f(é'[e],ﬂ) Ne'=e
(e €") =S (f(e"),F(e")(€")) if (¢”,é") € initops(Re f(é'[e], D) Ae' #e

undefined otherwise
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Then (Ref( e — V(e e)al), (ﬁ(é’ﬁ’[f(e) — ﬁ'(f(e))[é/}]), f') € Rpey where I U {e} is its corresponding
setand f,F' = Fle — f] are its corresponding functions.

From F'(e) | (1¢ N initows(V(e)jg)) = f 1 I¢ we get that f” and f coincide on initObs(Rief(éN‘,ﬁ)[(e,é)]) NnI.
Suppose (', ¢"") € initObS(Ref(g’ 5’)[(8/76/)]) N f(I). Then from (2) and from the fact that f~' | F(e)(I¢) =
Fle)~t [ (F(e)(I®) N 1n1t0b5(19’(f( ))[é/])) we obtain i i

f/—l(e///7é///) — (f ( ///) F/(f ( //I))—l(e///)) — (f—l(e///)7F(f—l(e///))—l(e///)> — f—l(e///7é///)'

The last condition of the FIC-bisimulation can be derived by symmetrical arguments. Thus, we proved that R g ¢ is a
FIC-bisimulation.
By definition Ref 4(£,0) = Ref (£,9) and Ref 4(£',6') = Ref (£,19") for the corresponding ¥, ¥'. Define

Fle) :{ gy ifl(e) € ANe” €imit(€)

cons otherwise
fe.e) = {00 PO@) i (e.6) € initom(Ref (€.1)
’77 71 undefined otherwise ’
Then it is easy to check that (Ref 4(€,0), Ref 4(€',8), f) € Rres, where 0 is its corresponding set and g, F’ are its
corresponding functions. [

Theorem (4.15). FIC-equivalence is the coarsest congruence for Ref with respect to bisimulation equivalence, i.e.
~proC~yp and ~pre is a congruence for Ref and for every equivalence =C~y, that is a congruence for Ref we have

=C~rprc.
Moreover, if VA C Obs, 0 : A — ETBES : Ref(£,0) ~, Ref(E',0) then & ~prc &'.

Proof. Define A C Act to be the set of all action-names occurring in £ orin £, i.e. A = {l(e)le € E} U {l'(¢')]¢’ €
E'}. Let i : {1,2} x A x IN — Obs \ A be an injective function. Such a function exists, since Obs is uncountable.
We define for all ¢ € A an eTbes &,, which corresponds to the process algebra term X = p(1, a,0); (2, a,0) + X[¢],
where £(p(i, a,n)) = p(i, a,n+1). Let 1, x2 be two distinct elements of /. In the definition the Sequences k %1 x;®
are considered to be right bracketed and therefore to be elements of ¢/ (compare with the proof of Theorem 4.9).

E, = ({*g*l*io|n€ll\1/\i€{1,2}},
{({xh %1 %10 |1 € IN\ {j}} U {xh %1 %0}, %5 %1 x;0) | j € NAG € {1,2}},
{({#5 %1 %10}, %5 %1 x20) [ n € N},
{{*5 *1 20 | n € IN}},
{ (5 %1 %0, pu(i,a,m)) | n e INAd € {1,2}})
Define ¢’ : A — ETBES by 0’(a) = &,. Furthermore, define £(*™) by
EM) = ({x %1 xo0}, {({x5 %1 k2o }, %5 x1 %20)}, 0, {55 1 %20} }, {(x5 #1 %20, (2, a,m))}).

Let R, be a strong bisimulation such that (Ref 4(€,0), Ref 4(£7,0")) € R,. Without loss of generality, Ry, contains
only elements which can be derived from (Ref 4(€,8), Ref 4(£',0")). Furthermore, let x : Y — IN be an isomor-
phism. We define the relation Ref ;- by

Rric = {(5, 51’, f) | f: initObs@) — init0b5(5 ) is a labeling preserving isomorphism A
VI € Pyin(initops(£)) : 3J € me(lmtObs(S)) ICJA 319 9

o } ifée € £ \ J
Bl fo
Ve € E:9(é) W@ k(@) ifeeJ ) :
~ ~ 17 (& if 2 E/ (7
Ve € B 0'(¢) = gl!ﬁ, » 1 C e }ﬂj) A
sW@w@E) it e f(J)

(Ref (€,9), Ref (£',9")) € Ry}

In the following we show that Ref ;¢ is a FIC-bisimulation. Therefore, suppose (8 & f ) € Ref prco-
Then f is such a required 1som0rph1sm by definition. Now suppose € € 1n1t(5 ) and I € me(lmtc)bs(g ))- Then there

is J such that T U {¢} C J, and (Ref(E,7), Ref (',9")) € Ry, where 9,9’ are the corresponding functions. We
proceed by making a case analysis: o
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) u(2,[(é),_f€£f(é)))

I(€) € Obs A =Y(E,€): Then Ref(é’ J R f( GE ) by Lemma A.1, s1nce I(¢) € A. Furthermore,

because of the fact that R, is a strong bisimulation, there exists ¢’ such that (Ref ( ), Ref (&0 )ie) € Ry
and lp.q g g (€") = (2, 1(é), k(f(€))). Thus, 7T1(€/) = f(&) and I'(m1(€')) = I(€) by the injectivity of « and p.
Moreover, we have Ref(g" 15’) ] = Ref( et 9'), where & = w1 (€).

I(¢) =7 A=T(£,€): Then Ref(S 9) Ref(é'[8 ) by Lemma A.1. From the fact that Ry, is a strong bisimu-
lation, there exists e’ such that (ﬁ(é'[e s ),ﬁ(ﬁ’, 0" 1)) € Ry and lp ¢z 54 (€’) = 7. Thus, I'(¢) = 7 and
Ref(é" 19’)[6/] = Ref( (o) '), where & = 7, (¢/).

The cases when T'(£, ) holds are carried out analogously. Furthermore, we have T (€, €) < Y(£’,€’) by Lemma A.1.
So it remains to find a function f : initops(Efe) = initObS(S[’é,]) that satisfies the necessary constraints. Therefore,
define functions fi and eTbes &;,&; with i € IN as follows: fo = f n (j N initObs(é[é])) E = Ref (E[e], ) and
&= Ref(é” ,],19’).

for2n+1: If 5~ '(n) ¢ initObs(g[e]) V fon (k71 (n)) is defined, then fa, 1 = fon, Eont1 = Ean and £, = b,
If K~ 1(n) € initows(Eg) A fan(k~1(n)) is undefined, then (k=1 (n), x5 %1 *1) € initops(E2n ). Hence, there is
éh,, with the same label such that (Egn [Ean]> 5%[6 ]) € Ry, where €, = (K71(n),x3 %1 *1e). Define f2n+1 =

Fon U{(K7H (), m1(E50) ) Ezntt = Eznfey) and Eyy = €510 .

for 2n + 2: If k= 1(n) ¢ initops(&, [e,]) V forl (k71 (n)) is defined, then fa, 1 = fon, Eony1 = Eay and Eir =4
If k~(n) € initObs(g[’é,]) A fol(k71(n)) is undefined, then (k1 (n), x5 x; 1) € initops(E},,). Hence, there is
€9y, With the same label such that (5’2,1 [Ean]> é’%[e ]) € Ry, where &, = (k=1 (n), 2 x, 10). Define fon,1 =
Fan U{(m1(E20), 571 ()} Eanr = Eanfey,) and Ebyyy = Ef 1o -

f is defined by f = Unen fo.

f is a partial function, since fz(n_l(n)) is defined implies that its corresponding refinement (&;) does not possess
events labelled by (1, 1(k~(n)), n). Hence, it is not defined twice. Moreover, f is a labelling preserving isomorphism
between initObs(S[é]) — initObs(ff[’é,]), since every event of both sides will be considered in the definition.

By definition, the restriction of f to JN initObs(g &) is equal to f if it is restricted to this set. This restriction constraint
also holds for f~?, since otherwise Ref (g ) and Ref ( (1] 0') can not be bisimilar.

It remains to prove that (5[5],5[’é,],f) € Rric. Therefore, let I € Prin(initops(Ee)). Define m = max({2n + 1 €
N L(n ) € I}) and J = dom(fy,). Furthermore, (£, &y,) € Ry and Ey,, £, satisfies the requirements. Hence,

(ge]a I]7f)€RFIC

The th1rd requirement of the FIC-bisimulation follows by symmetrical arguments. Thus we have proved that Ref ;-
is a FIC-bisimulation. R

The construction of a function f such that (£,&’, f) € Ref p¢ is analogous to the construction of f. Hence, £ ~pjc
g O



