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1. Introduction

Disrupt mechanisms are important to model many realisstesys and have hence found their way into
various process algebras [2, 3, 14, 15]. The disrupt opeodtcOTOS [11], called disabling operator, is
denoted byB; [> B,. Here, any action executed 183 disablesB; as long ag3; has not terminated. It
is important to understand disruption in order to handleetot adequately. Timeouts are an important
concept in many applications.

For the description of the disrupt operator, in the definitban operational semantics it is necessary
to specify when a process terminates. This can be achievwinways:

e By introducing an additional internal actioyf, which will be executed in order to terminate the
process. An additional syntactical expressiois also provided to indicate the process that may
terminate immediately. In particular the process comngjstif actiona results inl by executingz
and thereafter actiofy can be executed. This approach is for example taken in tieeafdOTOS
[11].

e An alternative approach to deal with termination is to sfyettiat a process terminates when it ex-
ecutes its ‘final’ action [8, 2]. For example the procegs, which denotes the parallel composition
of actionsa andb, terminates by executingif b was executed before or it terminates by executing
b if a was executed before. In this approach, which is cdbedpproachin the following, there is
no need to extend the syntactical expressions by furtheesgjpns, at, to handle termination.

The \/-approach can be easily imbedded in the fa-approach by asirapditional action/. For
example, a procesB of the \/-approach corresponds to the procg&ss/, where; denotes the sequential
composition. On the other hand, the fa-approach allows spédoify a broader class of models as can be
seen in the following example:

Example 1.1. We want to model a nuclear power plant. Lf&f; be a process that controls the shut down
of the reactor and leP,,. be the process that describes the normal running behavibeatactor. The
processP,,. is controlled automatically and only informs the envirommabout its activity. In other
words, in our model the actions of proceBs. are observable but not accessible for the environment
and in particular they must not be used for synchronizatigtside P,,,.. In processP,,,. an actionstop
indicates that the normal running is terminated and therobist given immediately to the process that
controls the shut down of the reactor. Then a simple spetditaf a nuclear power plant is given by

Py Py

where; denotes the sequential composition. A more realistic fipatibn of a nuclear power plant may
invoke the shut down proced’,; for various other reasons, e.qg. if the temperature reacluesical
point. In addition, the shutting down may be combined witleotactivities as, e.g., setting an alarm off.

Let us consider a nuclear power plant with the actiosp and a temperature triggered shut down
that also invokes an alarm. Then in any system run either maldiermination ofP,,,. by stop or a
disruption of P,,,. by an external critical temperature message may happernt shubuld be prevented
that both occur. In particular, once the stop action is ebastno alarm should be set off. Let action
denote that the temperature of the reactor reaches a tpticg and let actior denote that an alarm is
set off. The natural representation of the reactor contr/@TOS is given by

((Par [>1); Psa)ll sy (5 )
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where By || 4 B2 denotes the parallel execution B and By with synchronization on the actions i.
However, according to the semantics of LOT@8an happen aftestop. This originates in the fact that
the / action and not thetop action terminates’,,.. Hence, an alarm with expensive consequences may
be unnecessarily set off.

Furthermore, the fa-approach is more appropriate to madebut expressions in time extensions. For
example, we want to model a timeout operator where a timadumat shall occur during the execution
of processB as long asB is not terminated. In th¢/-approach the environment has no means to prevent
the timeout, since the/-action is an internal action and therefore the system ctay diee termination
until the timeout takes place. The only possibility to cimorent this situation is to use an urgency
approach, i.e. time may not proceed if for examplg/action is enabled. But urgency increases the
complexity and should be avoided if possible. On the othadhé is easily seen that the fa-approach is
suitable to model the mentioned timeout operator.

Event structures are a suitable model for the denotaticgralastics of, e.g., process algebras. In
particular they are useful to give a deeper insight to theality of the event-execution of processes. For
example, this was helpful to establish an operational séosaof process algebras with respect to action
refinement, e.g. [13] and the citation within. For t{eaction termination approach, [22] provided an
event based denotational semantics that is consistenthétbperational one. But it is not clear how to
obtain an event based denotational semantics for a prolgedsra that contains a disrupt operator and
that follows the fa-philosophyPrime event structuref26], flow event structuregl2] andstable event
structures[29] require a symmetrical conflict relation which makesatdhto model disruption.

Extended bundle event structuf@®], which are used to give a denotational semantics to L&TO
dual event structureR21] andasymmetric event structur¢g] allow the modelling of disruption, since
the symmetry condition for the conflict relation is droppéthibitor event structure§s] can also model
disruption. If (and how) these types of event structuresddcba used to define a denotational semantics
that also incorporates the fa-philosophy is highly questide. E.g. it is not possible to model the process
(a]|b) [> ¢ with only three events.

Also configurations[17] do not provide a smooth way to model disruption. Consfde example
the process3, which consists of the disruption af b (a sequentially followed by) by the actiorr (i.e.

B = (a;b) [>¢). An intuitive approach is to assume tHathas three events denoted day, c. Then the
setsl), {a},{c},{a,b} can be considered as configurations, but what aeut}? Assuming it is not

a configuration contradicts the existing executidh—. On the other hand, assuming tHat c} is
also a configuration leads to the interpretation that thewti@n — — is legal, which contradicts the
branching structure aB, since after the disruption (by no further actions from the left process may be
executed. Event automata [28], which consist of a set of gordtion with an explicit event execution
relation between the configurations, dadal event structureR20], which are event automata where the
execution relation also considers step execution, can husleiption with respect to the fa-approach.
But they do not describe the dependency between the evertssionally, i.e. they do not describe
causalities or conflicts between events by using relationsvents. An intentional representation has
usually the advantage of making the extension with time@spess expensive.

In [19] a logical approach to causalities of events is presgrwhere each event is assigned to a
formula, which indicates when this event is enabled. In #pigroach, it is not easy to model disabling.

py the definition of [17]



4 Fecher, Majster-Cederbaum / Event Structures for ArbitrBisruption

Another drawback is that it is hard to find a suitable graghicdation for this approach. On the other
hand most classes of event structures have a suitable gahpliation, which increases readability.

In this paper, we present a new class of event structuresstsaitable to model the fa-philosophy,
introduce a graphical representation for these eventtstiess and study their properties. This new class
of event structures, callgorecursor event structuress a generalization of Winskel's event structures
[29] in the sense that a relationbetween sets of events and events+.€. P(E) x E, is used to model
disabling. The meaning of this relation is analogous to teammng of the causality relation of Winskel's
event structures [29], i.e. a conditio# (- ¢) indicates that event is disabled in a system run if every
event ofZ appears in the system run.

The result of this paper are:

e We present an fa-based denotational semantics of a prolggssa that contains disruption in
terms of precursor event structures and we show its consigigith an operational semantics.

e We show that the class of precursor event structures has expressive power with respect to
event traces than the class of prime [26], flow [12], stab8],[Bundle [23], extended bundle [22]
and dual event structures [21].

e We give a classification of the expressive power of the clagsazursor event structures in terms
of sets of event traces.

Parts of the results of this paper appeared in [16].

The paper is organized as follows. Section 2 presents thesamd Section 3 presents the opera-
tional semantics of our process algebra. The denotati@mahastics is given in Section 4, where also the
class of precursor event structures is introduced. Thisosealso examines the expressive power of this
class of event structures and contains the consistencit teatithe transition system derived from the
denotational semantics is bisimilar to the operationalasdios.

2. Syntax of the Process Algebra

Let 7 denote thenternal action Furthermore, leObs be a set such that ¢ Obs. We call Obs the set
of observable actionsTheset of all actionsAct is defined byAct = {7} U Obs. A relabelling function
fis afunction fromAct to Act such thatf(7) = 7. We denote the set of all labelling functions By..
Furthermore, assume a fixed countable sgiro€ess variable¥ar which is disjoint from.Act.

The process algebra expressi@é® are defined by the following BNF-grammar.

B u= 0|a|B+B|B;B|B[>B|B|4B|B[f]| B\ | z

wheref € Fr, x € Var,a € Act andA C Obs. A process with respect tBXP is a pair(decl, B)
consisting of a declaratiodiecl : Var — EXP and an expressioB € EXP. Let PA denote the set of all
processes. We sometimes call an expressian EXP a process iflecl is clear from the context.

The expressions have the following intuitive meani@gs the inactive process, i.e. it cannot execute
any action.a is the process that executesnd terminatesB; + B, is a choice between the behaviors
described byB; and Bs. By; Bs is the sequential compaosition, i.B; proceeds until it terminates, after
which B takes overB; [> Bs is the disruption of3; by B,, i.e. any action fronB; disablesB; as long
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asB; has not terminatedB; || 4 B2 describes the parallel execution Bf and B2 where both processes
have to synchronize on actions fram The process terminates if both sides terminate in the chse o
synchronization or if one terminates and the other one hraa@ terminated. The relabelling process
B([f] executes actiotf (a) if B executes action. The restriction procesB\\ A executes action if B
executes action provideda is not contained imMl. The behavior of: is given by the declaration.

Process algebras, like [18, 11], that are based on the peessynchronization and contain an ex-
pression for a termination process (denoted pgan model a restriction operator in terms of the parallel
operator B]|41). Since we do not introduce an expression for a terminatimegss, we include the
restriction operator, as in [9, 25]. As it turns out, the rieibn operator plays also a crucial role for the
operational definition of the parallel operator in our seti

3. Operational Semantics forPA
The operational semantics of a process is given by a transgistem.

Definition 3.1. (Transition System)
A labelled transition systertwith predicates) is a tupleS, L, —,{P; | i € Z}, 5) with

e S, anon-empty set of states
e [, asetof labels
e —C S x L xS, atransition relation
e VicZ: P, CS,acollection of predicates over the predicate index/set
e 5 c S, theinitial state.
We will write p —* ¢ rather thar(p, a, ¢) €—.

As stated in the introduction we adopt the philosophy that‘fimal’ action terminates the process.
Therefore, we have to distinguish between ‘final’ actiond @on-final’ actions. In transition systems,
the fa-philosophy is usually modelled by using a predicate / with respect to action [8, 2], where
B €% |/ indicates thatB terminates by executing. Instead of using a transition system of the
form (S, L,—,{-% \/ | a € Act},5), we encode the predicate directly in the transition refatio
by —C S x L x (SU{y/}), whereB -%+ / meansB €-*+ /. In the following, a transition
system will be a quadrupléS, L, —, 5) where—C S x L x (S U {y/}). The transition rules of
—4ea1C EXP x Act x (EXP U {,/}) with respect talecl : Var — EXP are presented in Figure 1.

In the following, we explain the rules which deviate from ttandard ones: The processcan
executea and terminates by executing this action. The process thatoody execute actiom and
evolves into a non-terminated process that is unable toepbcan be modelled, for example, day0.
The transition rule for the choice operator is the standa@Bule [25]. If the first process of the
sequential composition terminates by executingule Ss), then By; By evolves toB, by executinga.
The rules for the disrupt operator are as expected, in pétid B; terminates by executing then so
doesB; [> Ba.
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Here — is a abbreviation of — 4o

A c . B—B B =
a2/ By + By % B B+ By, %/
By + B - B’ By + B %/
a / a
g —BL— B} Sy : Bl——;\/
By; By — Bj; Bo By; By — Bs
D, - B, - B B -5/
" Bi[>By % B|[> By Bi[>B; %/
B2[>BIL’B£ BQ[>BlL)\/
Py Bli}Bj ag 4 Py Bli}\/a af A
BluABQ — BNABQ Bl||ABg — B2\\A
BallaB1 - Ba|laBj BallaB1 == By\4
Pg.Bli>B{ By By, acA P4_Bli>\/ By Bl acA
Bi|[aBy —* Bi||aBj Bi||aBy = B5\A
Bs||aBy = B5\A
P5’Bli)\/ Bgi)\/ acA
Bil[aBs ==/
Lab: —B i’ B’ B Lf(ay
Blf| = B'lf]  Blf]—V
Res: BB _a¢A B>y a¢A
B\A % B'\A B\A %/
Rec - decl(z) % B’ decl(z) % /

a
x — B’

r -5/

Figure 1. Transition Rules for— gec
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In the case of the parallel operator, we distinguish thecageether the subprocesses terminate by
executing the actions or not. The second rule states thatlibprocess terminates by executing a non-
synchronizing action, then this process has to be remowedlaactions in the synchronization set have
to be forbidden for the remaining process. In the case thtit pacesses terminate by executing an
action from the synchronization set, the whole processitert®es by executing this action.

The rules for the relabelling operator and the restrictiparator only depend on the action name and
preserve termination, as expected.

4. Denotational Semantics foPA

Classical event structures are not appropriate to define-baged denotational semantics for our process
algebra. To make this clear, we consideial event structurég21], which are strictly more expressive
than prime, flow, stable and extended bundle event strie{@dg. Before we present the definition of
dual event structures we introduce the following notatigAs)/ ) denotes the powerset of, Py (M)
denotes the set of all finite subsets/df and M; — M, denotes the set of all partial functions from
M; to M,. Furthermore, the domain of a partial functignis the set{m | f(m) is defined, and is
denoted bydom(f). The functionf | M{, whereM; C M, denotes the restriction of functiohto
the domainM;. We write f(m1) ~ f'(m)) to denote thaff (m;) is defined< f'(m}) is defined and
f(my) is defined= f(m;) = f'(m}). Functionr; denotes the projection to th& icomponent. For any
binary relation® we writep ® ¢ if and only if (p,q) € ®. The setM \ M’ denotes the set where all
elements of\/’ are removed fromi/.

We assume a fixed countable set of evéitsuch thatve,e’ € U : (e, €), (x,e),(e,*x) € U and
e ¢ Y andx ¢ U. The constraints on séf result from technical reasons, i.e. they guarantee the
well-definedness of the presented operators (Subsec)n 4.

Definition 4.1. (Dual event structure)
A dual event structur€? = (E4,~»4 2 14 is an element 0P (U) x P(UXU) x P(P(U) xU) x (U —
Act) such that

o ~IC (E? x E%) and~9 is irreflexive
o —IC P(Ed) x Fd
e dom(%) = E¢
A sequence of distinct eventsy, ..., ¢,,) is anevent trace of? if and only if
- every event is well caused, i < n:VX;: X; —% e = X; N {e1,...,e;} #0and
- every event is not disabled at its execution position¥iec n : Vj < i : (e ~? €j41)-

The intuitive meaning of a dual event structure is the foltayv If e is in conflict toe/, i.e.e ~% ¢/,

thene’ disablese forever, but not vice versaX —? e means that before may be executed an event
from X has to be executed. The labelling function indicates whatloa is observable when the event
is executed. In dual event structures, it is implicitly assd that an event is disabled by its execution.

2Dual event structures are obtained from extended bundle streictures [22] by dropping the bundle stability coristra
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Usually, termination is modelled in dual event structurgsrroducing events labelled witly, which
corresponds to the operational semantics using an adalitioternal action,/. In the case of the fa-
philosophy, it is more natural to encode termination infation in event structures by predicates on
events in order to stay close to the operational semantics.

However, event structures including information aboutrieation are not powerful enough to handle
disruption in an fa-setting, which is illustrated in theléo¥ing: The procesg(a|gb) [> ¢);d can be
modelled by dual event structures if we base our modellindpemmperational semantics of LOT& S his
is done by using an eveant labelled byr and by requesting ~ ¢, wheree is the event corresponding
to (labelled by)c. Dual event structures are not appropriate to model theeabapression in an fa-
setting: If we put ¢ in conflict with a, thenc can be disabled beforfehappens and by symmetry the
same argument holds fér But ¢ has to be in conflict with some action since otherwisemains enabled
after the execution aof andb.

Therefore, a conflict relation that is based on a binaryimlabn events is not appropriate to model
this kind of disrupt operator in the context of the fa-phipky. In the following, we introduce a class
of event structures, which allows for the modelling(6f||3b) [> ¢); d in an fa-setting by using a relation
between sets of events and events.

4.1. Precursor event structures

Precursor event structuresre a generalization of Winskel's event structures [29ybontain an addi-
tional set of event setd() to model termination. Furthermore, sets of events (rathem single events)
disable other events.

Definition 4.2. (prees)
A precursor event structuréprees)é = (E, >,—,T,l) is an element ofP(U/) x P(P(U) x U) x
P(PU) xU) x P(P(U)) x (U — Act) such that

o ~C Pi(E)x EandVe € E: ~()) = e) andVe € E : {e} = e°

o =C Py(E)xE

e TCPsyE)andd ¢ T

e dom(l) = F

A sequence of distinct events, ..., e,,) is anevent trace of if and only if
- every event is well caused, i¥¢ < n: 3X; C {e1,....e;} : X; — €11,

- every event is not disabled at its execution position,viie< n : VX; C {e1,....,e;} : =(X; =
ei+1) and

- itis not terminated during its execution, ieX C {e1,...,en—1}: X ¢ T.

3After the execution ofi andb in ((al|gh) [> ¢); d, aT-action can be executed, which disabtes
*Action c becomes immediately disabled(itu||¢b) [> c); d after actions: andb have been executed.
SPlease note that we reversed the order of the conflict relaged in dual event structures.
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An event tracdey, ..., e,) of £ is terminatedif and only if 3X € T': X C {ey, ..., e, }.
LetTr(€) denote the set of all event tracestofIr,(£) denote the set of all terminated event traces
of £ and letPREES denote the set of all precursor event structures.

We call £’ the set of events- the conflictrelation,— the causalityrelation, T’ the set of termination
setsand! theaction-labellingfunction. SetX is called precursor (with respectdpif X e Tor X = ¢
orX —e.

The intuitive meaning of the conflict relation is that evens disabled in a system run (event trace)
if there is a conflict precursak of e (Z > e) such that the system run contains all elements ffom
The intuitive meaning of the causality relatiem and of the set of termination séfsis similar to>-. For
example, a system run of a prees is terminated if there isaamegltX of T' where every element of
appears in the system run.

The constraints imposed on the conflict relation are: notegemmediately disabled(0 >~ ¢)),
since otherwise the event can be omitted. Furthermorexgwigon of an event disables itseft( >~ e),

i.e. every event can happen only once. The constfaitT” on the set of termination sets ensures that
a precursor event structure may not terminate immediatelyjt can only terminate by executing an
action. It is also reasonable to consider only finite setsvefits, since a system run can only contain
finite sets.

Note that causality, disabling and termination are ortmada@oncepts. In particular, termination
cannot be modelled through disabling, since then no difiezdetween deadlock and termination, which
is essential for the sequential operator, can be made.

Example 4.1. Some precursor event structures are shown in Figure 2. Her&vents are depicted as
dots, where their corresponding action names are showe ttothe dots (we do not name the events
explicitly and identify them with the action names if no cosibn arises). The conflict relation is illus-
trated by wavy lines. More precisely, a confli€t- e is depicted by a wavy arrow from the elements of
Z to e. Furthermore, we do not draw the conflict precursors of th@ g - e wheree € Z. Sometimes,
the same (wavy) lines are used in different precursors,Xample the wavy line ir€3 corresponds to
{a} = band{b} > a. The causality relation is depicted similarly to the conftiglation, except that
straight lines are used instead of wavy lines. A terminasienX is displayed by surrounding its events
by a closed line. Furthermore, we omit supersets, e.§; ime do not draw the causality:} — b, since
the constraint specified by this causality can be derivenh fioe constraint specified by the causality
0 0.

The set of event traces 6f is Tr*(&4) = {(a), (b), (¢), (a,b), (b, a), (a,c), (b, c)}.

Hereafter£ is considered to beE, -, —, T, 1) and&; to be(E;, =;,—;, T;, ;).

4.1.1. Expressive Power

We say that a seV of finite sequences of events (set of event traces) is deschly a class of event
structures if there is an event structure of this class whahexactly the event traces ¥fas its event
traces.

The expressive power of classes of event structures can asumeel by comparing the set of event
traces described by them. This is a more discriminating oreatan that of event automata [27], which
are based on configurations. For simplicity, we neglect ¢heination information when we compare
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Figure 2. Some Precursor Event Structures

the expressive power. The termination information can séyeimcluded by using a predicate indicating
which of the event traces are terminated.

Theorem 4.1. Every set of event traces that is described by a prime [26}; [1®], stable [29], bundle
[23], extended bundle [22] or dual event structure (Definitd.1) is also described by an precursor event
structures, but not vice versa.

Proof:
The proof is given in Appendix A. O

We also give a classification of the set of event traces thaesponds to a prees. In order to have
a termination sensitive classification, we first introdueerination sensitive and labelled sets of event
traces.

Definition 4.3. A termination sensitive, labelled set of event traises triple (V, V, 1) such that
e V is aset of event traces, i.e. a set of finite sequences oficigiements off,

e V is the set of the terminated event traces Withc V \ {¢} and all elements iV are maximal
(cannot be a prober prefix of an event trace¥¢fand

e | : U — Act where every event appearsWhhave to be in the domain of
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The set of all termination sensitive, labelled set of eveatds are denoted By

The termination sensitive, labelled set of event traceaingtl from a pree§ is denoted byIr (&),
Le. Tr(&) = (Tx(&), Tr/(€),1).

Definition 4.4. A termination sensitive, labelled set of event trat¥s 'V, 1) is
e non-emptyif V £ 0.
e is prefix closedf V(eq,..,e,) € Vi (e1,..,en-1) € V.

e is history-order independent V(eq, ..., e,41), (¢}, ...,€},) € V :
{e1,..,en} ={e€],....el,} = (€},....¢el,,ent1) € V.

e istermination-order independeiitV(e1, ..., e;), (¢}, ...,e),) € V :
{e1,...,eq} CH{el,....e, } A(er,...,eq) €V = (€],....e,) € V.

e isinterrupt freeif V(ey,...,enq1), (€], ... e, €) € Vel el € U = ((e1, . enq1,e) € VA
{el, et Clernen} Afer,yengi} C{el,.el}) = (€], ....ele) ¢ V.

The prefix closedness means that each event has to be exasudesingleton, i.e. there is no step
execution enforced (this would be for example the casedfn only execute together with everi).
The non-emptiness together with the prefix closedness giggmsthat the empty sequence is contained.
The history-order independence means that the future met@My depends on the executed events and
not on the order of the executed events. The terminatioardartlependence states that termination is
determined by sets of events, i.e. if a set of events indigataination then every execution sequence
that contains the events of the set has to be a terminateditexesequence. The interrupt-freeness
states that an event that was enabled and that becomesdi$atd to stay disabled forever. Similarly to
termination the enabling and the disabling is determinad bg sets of events.

Theorem 4.2. Let (V,V, 1) be a termination sensitive, labelled set of event traceenTN,V, 1) is
non-empty, prefix closed, history-order independent, irggition-order independent and interrupt free if
and only if 3¢ € PREES : V = Tr(£) AV = Tr¢ (€).

Proof:
The proof is given in Appendix A. O
4.1.2. Transition Systems fromPREES

Here, we describe how to obtain an action-labelled trawsglystem from a prees. This construction will
be used to establish a consistency result for the denocthizo the operational semantics.

First, we define the initial events of a prees, i.e. thosetsweghich are ready to execute and we define
a termination predicate to indicate when a prees termirngtexecuting an evert

Definition 4.5. Let £ be a prees. Then the setinitial eventsof £, denoted bynit(£) and the termina-
tion predicate€l’ C P(P(U)) x U are defined by

init(§) ={ec E |0+ e} YT(T,e) < {e} €T.
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In order to obtain a transition system from a prees, we defiagéemainder [4, 23, 24] of a prees with
respect to an initial event. The remainder with respect émevdescribes the system after the execution
of e. All events which are disabled byare removed. Please remember that >~ e, hencee disables
itself. After the execution of, we remove also those precursors that contain a disabled, siece these
precursors cannot be contained in further system runs amzkheave no impact on the behavior.

Definition 4.6. (Remainder of a prees)
Let& € PREES ande € init(€). Then the remaindeffy of £ is given by(E', ', ', T",1") where

E = {deE[-({e} - e}

~ = {(Z2,¢) | e BN CEN3Z:Z = NZ =27\ {e}}
~ = {(X,¢)|d € FAX'CEAIX: X & AKX =X\ {e}}
T = {(X'|X'CEAIXeT: X' =X\{e}}

' = 1F

Please note that the remaind®y; is a prees whenevetY (7', ¢). In the other case, the empty set
is an element of the set of termination sets and thereforeetnainder is not a prees. This is useful for
our theory, since we forbid further event execution aftemieation. The definition of the remainder
coincides with the definition of event traces in the follog/isense:

Proposition 4.1. Suppose& € PREES. Then for alleq, ..., e,, € U we have
(61, ..,en) S Tre(E) <~ 5[61]__.[%} is defined

Proof:
The proof is given in Appendix A. O

The remainders are used in the following definition to ob&airaction based interleaving semantics
for PREES.

Definition 4.7. The transition relation—~C PREES x Act x (PREES U {/}) is defined by
—={(&,l(e),&) | e € mit(E) A=Y (T, e)} U{(E,l(e), /) | e €init(E) AT(T,e)}.

The transition system obtained frafp of Figure 2 is presented in Figure 3.

4.1.3. Complete Partial Order (<) on PREES

In order to give a denotational semanticsPtd we turnPREES into anw-complete partial order. The
order onPREES is given by:

Definition 4.8. Let € PREES andE’ € P;(U) such thatE” C E. Then the restriction of to £’ is
ENE =(E,»-n(PrE) x E'),~N(Pr(E") x E"), TNPsE"),l | E').

A prees&; is smaller than a pre€%, written&, < &, if £y C Ey and&; = & | E.
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bwc c

a 0 0 y K
c ¢ (0,0,0,0,0)
0 0
b
(Z)g k awc %
4

Figure 3. Transition System Derived fraBREES

Please note, that the above definition is an adaption of #melatd order on Winskel's event struc-
tures [29]. In particular-1=>2 N(P(£1) x 1) holds wheneveg; < &,. Itis easily seen that the
restriction of a prees is again a prees.

Theorem 4.3. The set of all prees ordered By is anw-complete partial order, where the least upper
bound of anv-chain(&;);cv is given byl |, & = (U, Ei,U; =i.U,; —i.U,; T, U, l)-

Proof:
The proof is given in Appendix A. O

4.2. Operators onPREES

Here, we present the operatorsBREES that are later used to define the denotational semantics. For
simplicity, it is not explicitly defined in these operatolrat a termination set disables every other event,
since in the meaning of event structures this is implicitly tase.

Definition 4.9. (Operators onPREES)
Let A C Obs. Then define

+ : PREES x PREES — PREES with £,+& ~ (El U Es, ;—, —1 U=, Th UTh, 1 U lg) where
- = =1 U > U{({ﬁi},ej) ’ e; € E; A ej € Ej A {Z,j} = {1,2}}

; : PREES x PREES — PREES with &; ; & ~ (El U Es, >-, =, 15,11 U lg) where
- = =1 U= U(T1 x Ey)
Po= o U{(Xg,e2) | Xo —9 €2 Aeg € init(E)} U (T X init(&))

[> : PREES x PREES — PREES with 51[>52 ~ (El U FEs, >-, 1 U9, ThUTS, [y Ulg) where
- = =1 U >9 U{({eg},el) | e1 € E1Ney € Eg}
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|4 : PREES x PREES — PREES with & ||4& = (F, =,+,T,1) where
E = (Bl x ) u(*} x B))UE*

Bl = {ecEi|l(e) ¢ 4}
Es = {(61,62) € F1 x Ey | ll(el) = 12(62) S A}

= = {(Z (61,62))G’Pf(~)XE~‘E|Z"7TZ(Z~) >—Z‘€Z‘}U
{(Z,(e1,e2)) € Ps(E )XE\EIZ 77,(Z)€T,—/\ei;zré*}~

o= {( ,(e1,e2)) € Pr(E )><E|Vz.ez-—*\/E|Xi§7TZ-(X):Xi»—>l-ei}

T = {XePpE)|Vi:3X; Cm(X): X; € T}

R@@m={“@§”@:*

la(e2) otherwise
Lab : (PREES x 1) — PREES with Lab(&, f) = (E, =, —,T, f o l).
\\A4 : PREES — PREESwithE \\A=E& [ {ec E|l(e) ¢ A}

To simplify our presentation we introduce two auxiliary cgers:
Shift, : PREES — PREES with Shift,(£) = (E,=,+,T,l) where

E = Ex{*}

- {(Z x {x},(e,%)) | Z = e}
S = (X x (o) | X )
T (X x %} | X €T}

(e, %) =I(e)

Shifty : PREES — PREES with Shift,(£) = (E,=,+,T,) where
= {x}xFE
{({x} x Z,(x€)) | Z > e}
= {({} x X, (xe)) [ X e} .
= {{x}xX|XeT}
ve) =l(e)

Please note that, ; and[> are defined if the involved; and&; have disjoint set of events, i.e.
Ey N Ey = (. We are only interested in such cases. The operator symtmlsvarloaded, which does
not cause any problems, since they can be uniquely detedrfriomm the context.

We will give some comments on the definition of these opesatdfor the sequential compaosition,
we have to ensure that all events from the first event streicte disabled in the sequential composition
(which is done by} x E; C =), since otherwise there exist traces that contain evertteedirst event
structure after the execution of a terminating set of evehthe first event structures. For example,
(a, b, c,d) would become a trace @fa||yb) [>c); d, which contradicts the operational semantics. Please
note, that the sequential operator is the only operatordbatrates sets in the left hand side-af
since for the other operators the disabling character ofatmination is sufficient. Furthermore, in the
sequential compaosition the initial events of the secondgse can only be executed if the first process
has terminated.

’;(_\Z ~. Il Y o
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The events of the parallel operator are those which resuth ynchronization £*) together with
the events that cannot synchronize!(x {x}) U ({x} x EJ). Anevente = (e;,es) of & [|4&; is
disabled if one of its component is disabled. Consequendyevent of a component can synchronize
with more than one component, since it disables itself. Haurhore, if one component terminates, then
all its events and the events that results from synchrdnizatre disabled. Such a constraint is necessary,
since otherwise the denotation @f [> b)||yc would be able to perform actiohafter the execution of
a. An event obtained from synchronization is only enabledsiftivo components are enabled, hence
each projection of the precursor to a component has to besaltguor this component. A process is
terminated if and only if both sides are terminated, whiaflened analogously to the causality relation.

The restriction operator removes all forbidden eventsth@se labelled with elements frorh Fur-
thermore, only those precursors are considered that dontdio events that are labelled with elements
from A, since these precursors can never be contained in a system ru

Lemma 4.1. All operators of Definition 4.9 are well defined, i.e. theylhegield elements oPREES
(if they are defined), and they are continuous with respest.to

Proof:
Straightforward, where theontinuity on eventf29] technique can be used to verify continuity. O

In order to argue that the above operators match the intyitiee additionally introduce operators
on termination sensitive, labelled set of event traces aond/ghat they corresponds to the operators on
PREES. We write w;w, to denote the concatenation of two finite sequences. Theatemation of
two sets of finite sequencéé; andV, is defined byV; - Vo = {wiwy | w1 € Vi Awy € Vol
Furthermore, the empty sequence is denotee by

Definition 4.10. (Operators on)))
Let A C Obs. Then define

+: VYV x VY — )Y with (Vl,Vl,l1)+(V2,V2,l2) (V1 U V2,V1 U Vg,ll U 12)
; ;Y x VY — Vwith (Vl,Vl,ll) ;(VQ,VQ,ZQ) (V1U(V1 ),vl'VQ,llUlg).
[> :YPxY — Vwith (Vl,vl,ll)[>(V2,V2,lg) ( (( 1\V1) Vg) V1U((V1\V1) Vg) llUlQ)

la:V x V= Vwith (V1, V1, 1)[|a(Va, Va, lo) ~ (V, V, 1) where

Vv = (@0 0@aN a0 - oM el b | JuPwl? - wiMwl e vy,
3P uf ) € Vv <n
(wf =enif” =e)v i et Al = @) Al (w”) ¢ )
(W) =en wU) €) V (wy Ve AN = (k,w§) N (w§)) ¢ A))A
((wéj) = e/\w(]) = e/\w(J) =€)V

(wéj) eUN wfl D e U A w(” (wé ),wi])) A ll(wéj)) = lg(wflj)) € A)}
Vis analogously defined & except thaiV; is used instead oV;
- N{ li(er) ifex=x

I((e1,e2)) =~ lo(es) otherwise
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Lab : V x F, — Vwith Lab((V, V,1), f) = (V,V, f o l).

WA : V — Vwith
(V,.V,) \A=({eg---e, €V |Vji<n:l(ej) & A}, {eo- e, € V|Vj<n:l(ej) & A} 1).

We give some comments on the definition of these operatorg chhice operator combines the
possibilities of both arguments. An event trace of the setigleoperator is either an event trace of the
first process or a concatenation of a terminated event trfaibe dirst process with an event trace of the
second process, where the resulting event trace is temiifathe event trace from the second process is
terminated. Event traces of the disrupt operator are odddny taking all event traces of the first process
together with the concatenation of event traces from thedird the second process, where the first one
must not be terminated (termination disables the disraptidlhe parallel operator takes those event
traces that are obtained by the interleaving of event triroes the first and the second process, where
the synchronization condition has to be satisfied. The lghi@berator also renames the events in order
to be consistent with respect to the event denotation ofthased parallel operator. The relabelling
operator just relabels the events and the restriction tgeast removes all event traces that contain an
event that is labelled with an element frofn

Proposition 4.2. Supposefy, &, £ € PREES such thatE; N Ey = ) then

Tr(51+52) = Tr(51)+Tr(52) Tl‘(gl ; 52) = Tr(Sl) ; TI‘(EQ) Tr(51[>52) = Tr(El)[>Tr(52)
Tr(&1]]a€2) = Tr(&1)||aTr(E) Tr(Lab(E, f) = Lab(Tr(€), f) Tr(E \\A) = Tr(&) \\4

Proof:
The proof is given in Appendix A. O
4.3. Denotational Meaning

First, we define the denotational semantics of expressieX®) with respect to variable assignments.
Then variable assignments are derived from declaratiohghnare used to define the denotational se-
mantics of processe®A).

Definition 4.11. Let [_]_ : EXP x (Var — PREES) — PREES be defined as follows (where :
Var — PREES)

[al, = ({e}: {({e}, 0)}, {(D, @)}, {{e}}, {(e,a)}) [0], = (0,0.0.0,0)

[B1 + Ba], = Shift, ([Bil,)+Shifty([Ba],) [B1; Bal, = Shift, ([Bily) 5 Shifty([Be],)
[B1[> Bal, = Shifty([B1],)[>Shifty([B2] ) [BillaB2], = [BilpllalB:],

[B(f]l, = Lab([B],. f) [B\4], = [B], \\A

[[x]]p = p(x)

Remark 4.1. [B]_ is continuous with respect td for every B € EXP.

Assumedecl : Var — EXP. Then defineFye : (Var — PREES) — (Var — PREES) with
Faea(p)(zy = [decl(x)],. From Remark 4.1 it follows thaFg. is continuous. Therefore, from the
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complete partial order theory [1] we gét]} : (Var — EXP) — (Var — PREES) with {[decl]} =
fix(Faec) = L, Fitg (L) is well defined.

Definition 4.12. (Denotational Semantics)
Define[] : PA — PREES by [(decl, B)] = [B] qdcc-

Example 4.2. The denotational semantics of some processes is illudtiateigure 2.

4.4. Consistency of both Semantics

Here, we show that the transition system derived from the@ional semantics and the operational
semantics yield bisimilar transition systems.

Definition 4.13. (Bisimilarity)

Two transition systemsgS, L, —, 5) and (S’, L, —',§') over the same set of labels disimilar if
there is ebisimulation i.e. a relatioriR C S x S” such tha(s, 5') € R and for which for all(s1, s}) € R
we have:

o if 51— s then there s, such that(ss, sb) € R ands| — s, andsy = / < s} = /
o if s~ s, then there is, such that(ss, sb) € R ands; —2 sy andsy = v/ < s} = /.

Theorem 4.4. (Consistency)
Supposegdecl, B) € PA. Then the transition systemi&XP, Act, —qec1, B) and(PREES, Act, —
, [{decl, B)]) are bisimilar.

Proof:
The proof is given in Appendix B. It uses a new proof technitiied can also handle unguarded recursion,
which is not the case for example in the consistency resuit]of O

The two transition systems of Theorem 4.4 are not isomoriphieneral. Consider for examplecl
with decl(z) = a;2z. Then the expression yields a finite transition system with respect to—gecl,
whereaqd(decl, )] yields an infinite transition system with respectta

A. Proofs

Theorem 4.1. Every set of event traces that is described by a prime [26}; [i2], stable [29], bundle
[23], extended bundle [22] or dual event structure (Defini#.1) is also described by an precursor event
structures, but not vice versa.

Proof:

From [21] we know that every set of event traces describedrbgvent structure of a cited class is
also described by a dual event structure. That a set of erames described by a dual event structure
can also be described by an precursor event structure isnshgwnapping the dual event structure
£l = (B4~ -1 1) 10 QEY) = (B, =, 1—,0,1%) where== {({¢'},e) | e ~% ¢/ Ve = ¢} and
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—={(X,e) € Py(BE?) x B4 | VX9 e P(EY) : X% e = X NXT£ P}

Itis easily checked tha&®(£9) ¢ PREES.

In the following, we show thaf? and2(£%) have the same set of event traces.

Supposéey, ..., e,) is an event trace af?. ThenVi < n : {eq,...,e;} — e;11, SinceVi < n : VX, :
X; =% e = X;N{eq,...,e;} # 0 have to hold. Furthermor&; < n : VX; C {e1,...,e;} : =(X; >
eit1), SINCEVi < n :Vj < i:—(ejp1 ~% eji1) have to hold. Hencdey, ..., e,) € Tr¢(Q(EY)).
Suppos€e, ..., e,) € Tré(Q(EY)) then for alli we have the existence 6f; C {ey, ..., e;} such that
X; > eiq1. Thus ¥ X4 € P(EY) : X =l e;p = X; N XY # (). HenceVXy: Xg— e = XgN
{e1,...,e;} # 0, which shows the causality constraint. Furthermot®, C {e;,...,e;} : =(X! > e;41)
holds. Hence/j < i : —=(e;+1 ~% ej11). Thus,(ey, ..., e,) is an event trace .

We showed thaPREES can describe all sets of event traces that are describaldedyevent struc-
tures. On the other hand, the set of event traces obtained&mf Figure 2 cannot be described by a
dual event structure. O

Theorem 4.2. Let (V,V, 1) be a termination sensitive, labelled set of event traceenTW, V1) is
non-empty, prefix closed, history-order independent, ireation-order independent and interrupt free if
and only if3€ € PREES : V = Tr*(£) AV = Tre (€).

Proof:

We verify every direction separately:

<: Let£ € PREES. The non-emptiness, prefix closedness history-order emnt#gnce and the ter-
mination order independency is easily seen.

Now assume
(617 LR en-i-l) € ﬁE(g) (l)
(€hy.vel,,e) € Tr¢(€) (2)
(e1, ..y ent1,€) & Tré(E) (3)
{el, et Cler,neny AMer, . en} C{el, . e

From the definition of event traces &fand (3) we obtain

(Fi<n+1:3X; C{er, e} (X —eip1))V 4)
(3X C{eryenent1} (X —e))V (5)
(3i<n+1 :3X; C {61,...,62'} : X >‘€i+1)\/ (6)
(EIX C {elv "'>€TL+1} t X - 6) (7)

From (1) we obtain that (4) and (6) is not possible. Furtheen(b) cannot be valid, since (2) holds.
Thus (7) has to hold, i.e. there i§ C {ej,...,en4+1} such thatX > e. But this X shows that
(e],- e, €) & Tr®(E), hence the interrupt freeness is proved.

The maximality of the terminated event traces is an immedansequence of the definition of
Tre(E).

=: Let(V,V,I) have the stated properties. Defifie= (U, -, +,T,1) by
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- = {({e1,..,ent ) | 3e}, .. el {e],....el} C{er,...,en} A (€], ..., el e) € VA
(e1,..,en) E VA(er,...,en,e) € VIU{({e},e) |ec U}
— = {({e1,....,en},€e) | (e1,...,en,e) €V}
T = {{e1,....,en} | (e1,....,en) €V}
Itis easily seen thaf € PREES.
In the following, we show that for alkg, ..., e, we have((eo, wnen) €V <= (e,....,en) €
Tr*(€)) A ((€0s v en) €V = (e0, .., en) € Tr¢(E)). This is done by induction on.

(€0, ...en) € V = (eg,...,en) € Tr¢(E): The case ifn € {0,1} is easily seen. Now suppose
(e0,...,ent2) € V. Then(eg,...,ent1) € V, sinceV is prefixed closed. And so by induction
Vi<n+4+1:VX; C{eg,...,ei}: 7(X; > eir1). Now letX C {eq,...,en+1}-

Assume thatX' - e, 2. Then there existsy, ..., ¢; andeg, ..., ej such thatX = {eg, ..., e} } A
{eps €} C {eg, - ept Aleg, €y ent2) € VA (g, .nef) € VA (ef, €, enia) ¢ V.
From the interrupt freeness & we obtain(ey, ..., e,+2) ¢ V, which is a contradiction. Hence,
VX C{egyoeynit}: (X = eptq).

The causality constraints are an immediate consequente pféfix closedness &f.

By the maximality constraint oV we get(eo, ...,en+1) ¢ V. Hence,(eq, ..., ent1) ¢ Trf/(a)
by induction. Therefore, for alk C {eg,...,en+1} : X ¢ T, which establish the termination
constraint. Hencéey, ..., e,42) € V.

(€0, ...,en) € V <= (e, ...,en) € Tr(E): The casen = 0 is easily seen. Supposey, ..., en+1) €
Tr¢(€). Then we hav€ey,...,e,) € V by induction, sinceey, ...,e,) € Tré(E). From the
causality constraint of an event trace, we obtain &t ....e; : {e),....e} C {eo,....,en} A
(€, s € ent1) € V.

Assume thateq, ...,e,+1) ¢ V. Then by the definition of we have{eq, ...,e,} = e,4+1. Hence
(€0, ..., ent1) & Tré(E), which is a contradiction. Thugeo, ..., en+1) € V.

(€0, s €n) € V = (e, ..., €n) € Tr$/(E): Let (eg,....en) € V then we have already shown that
(€0, .-, en) € Tr(€). Thus,(eo, ..., en) € Tr, () by the definition off".

(€0 -r€n) €V <= (€0, ..., ) € TrS/(€): Let (e, ...,en) € Tre/(€). Then by definition there is
X c {eo,-sen—1} : (X U{en}) € T. Hence, there exists,, ..., e; such that(e’o,...,efien) €
V A {ep; - €y} = X. From the termination order independency we obtaip)...,e,,) € V.

|

Theorem 4.3. Suppos€ € PREES. Then for alleq, ..., e,, € U we have

(61, ..,en) S Tl‘e(g) — 5[61} [en] is defined

Proof:
First we state thaf.,| [.,] = (E',~',=/,T',1") with
E = {¢e€E|VZC{e,...,en}: (X =€)}

- {(Z'e)| e e EENZ CENIZ:Z = NZ' =Z\{e1,...,ent}
== {(Xe) ]| e EANX CEANIX X ANX' =X \{e1,...,en}}
T = (X'|X'CEAIXET: X =X\ {e1,..en})

Vo= I E
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if it is defined. This can be shown by induction anwhich is omitted here.

The main statement is shown by inductionmgrwhere the base case= 0 is easily seen.

= If (e1,.,ent1) € Tr(€) then(ey,..,e,) € Tr(E). Hence, by inductiorfy,;. [, is defined.
From the non disabling condition of event tracesCofie obtaine,,,; € E’, from the well causality
constraint we geft —’ e,,.1 and from the termination constraint we obtain thaf).. ., € PREES.

Thus&,;.. [ is defined.

7L+1]

< I €1y, jeny, IS defined therE, ;. (., is defined and so by inductidfey, .., e,) € Tr(E). There-

fore, it is only left to show that

o VX C{e1,...,en}: =(X = enq1), which has to be the case, since otherwise, ¢ F,
e X C {ey,...,en} : X — ey41, Which has to be the case, since otherwise; is not enabled
in 5[61} [en] and

e VX C {e1,...,en} : X ¢ T, which has to be the case, since otherviigg  |.,| ¢ PREES.
O

Theorem 4.4. The set of all prees ordered ky is anw-complete partial order, where the least upper
bound of anv-chain(&;);cv is given byl |, & = (U, £i,U; =i, U; —i.U; T, U, L)-

Proof:

It is easily seen thatl is a partial order with{(), 0, 0, 0, 0) as its least element. Furthermoée= | |, &;
is a prees. In the following we only considér The cases- and— follow analogously.
upper bound: Obviously; C J, T;.

Let X C |J, E; suchthatX C E; and3i : X € T;. ThusX C E; and from&; <&, or &; < E; we get
X € Tj, as required.

least upper bound: L&t be a prees such th&f < £’ for all : € IN. ThenlJ, E; C E'.
LetX € T. Thendj : X € T;. Hence, X € 1", since&; 1 &',

Let X € T’ such thatX C U; £i. SinceX is finite, there existg € IN such thatX C E;. Hence,
X € T;. Then by definitionX’ € T'.
O

Proposition 4.2. Supposef, £, £ € PREES such thatF, N By = () then

Tr(Sl—i—Eg) Tr(51)+Tr(52) Tl‘(gl ; 52) = Tr(Sl) ; TI‘(EQ) Tr(51[>52) = Tr(El)[>Tr(52)
Tr(&1]|a€2) = Tr(&1)||aTr(E) Tr(Lab(E, f) = Lab(Tr(€), f) Tr(E \\A) = Tr(&) \\4

Proof:

We present the proof ofr(€1(|a&2) = Tr(&1)||aTr(E2). The other cases are simpler and hence are
omitted.
Suppos€eéy, ..., é,) € Tré(E1]|4&2). Define fori < n:

(i) _{ e ifé& = (e x) () _{ e ifé =(e¢)

e otherwise e otherwise
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Now, we will argue thatwgo)wéo) e w&")wé") € Tr¢(&): the causality and the conflict constraint is
easily seen. Suppose the termination constraint is viblakten by the definition of 4 all events corre-
sponds taF; are disabled, hend@y, ..., €,) ¢ Tr(&1]|4&2). Contradiction.

wéi) andwff) can be analogously defined. Hen(®, ..., é,) € Tr(&1)]|aTr(&2) is an immediately con-
sequence of the definitions ojg.l).

It is also straightforwardly checked that every terminattcace ofTr¢(&;]|4€2) is also a termination
trace of Ir(&;) || aTr(&2).

supposei” PV w© - MM H™ € Tr(&)||4Tr(E;). We use induction on.

It " = ¢ thend”wPw© ... "™ € Tr¢(&1] 4&) by induction. Ifi'™ = (e, ) then the in-
dex of the causality set obtained & can be used to obtain a causality setTirf (€| 4&2). Sup-

pose sV wVi© ...\ ¢ Tre(£;)|4&) because of conflicts. But this cannot be the case, be-

cause otherwisajgo)wéo) : --wi”) € Tr¢(&) would be contradicted by the disabling or by the ter-

mination constraint. The termination constraintf’w{”w(© ... (" can be easily seen. Hence,
D0 O - € Té (| a).
The other cases@é") andwé"), are shown analogously. O

B. Proof of Theorem 4.4

The main problem in verifying Theorem 4.4 is to handle reiaurssince it will be hard to appropri-
ately relate an action execution in the SOS-transitionesggb an action execution in the corresponding
PREES-denotation. The technique used in [4] cannot be appliedesihere recursion is handled via
metric spaces, and not via complete partial orders. Thigh®sonsequence that it is not even possi-
ble to give a denotation to unguarded processes, since stende function will not be contractive in
these cases. The technique used in [18] has the disadvahttgevent identifiers are introduced at the
language level and therefore finite systems can never beneltd recursion is present.

In order to solve the problem of relating action executiorevent execution, we first introduce an
event-based SOS-transition system, where every actiocugare is annotated by the event-name of
its PREES-denotation. Then we show that the event-based transijister® of procesgdecl, B) is
bisimilar to (EXP, Act, —qea, B) and also tqPREES, Act, —, [(decl, B)]). Hence, Theorem 4.4
follows by the transitivity of the bisimilarity [25].

The advantage of our approach is that we can handle unguprdeesses.

B.1. Event Based Transition System.

Let EXP¢ be the set that contains exactly the elements generated by
C == B|CGB[C[>B|C[aC|Cf][CN\A][C];

whereB € EXP, f € Fr,i € {1,2} andA C Obs. Let PA® = (Var — EXP) x EXP¢. Please note
that variables are still assigned to the standard expmssio Figure 4 the event-based transition rules
—h S EXPE x (Act x U) x (EXP® U {,/}) are presented. In the following denotes an element of
EXPe U {\/} and B denotes an element &XP U {/}.
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Here — s a abbreviation of—/,_

B, — ('

A —— C -

St C —C Sy - 2
C;B @y [Bl2

" C;B @ OB

By + By e [C'h
By + By ey [C']2

C <

B </

Bi+ By @iy /
By + By o v/

I C B (' C oy B~
Y OB C'[>B  C[>Ba [Cs Cl>B¢yy C[>Bayy
P C, =~ C] a¢A P C, <~y a¢A
Ci]|aCa @ C1l|aCs Ci[laCa @ ([C2]2)\ A
Cal|AC1 ma C2||aCy CollaC1 mer ([C2]1)\\A
Pé:ca%c{ Cy % Ch acA P4:01%>¢ Co % Ch acA
Ch|aCaerem) C1 | aC5 C1llaCarez ([Cyl2)\\A
Call aCierez ([C511)\A
p Oy CGrEary acd g o C =y
C1l[4Ckr) v/ ey onty
Rest . C#2C'_agA C <7y agA
C\A <= C"\A C\A <=/

Red - decl(z) == C'

decl(z) </

x = iV
N C = C =y
[Cy @ [C'1 [Ch e v/
[C2 ce [C']2 [Cl2 s

Figure 4. Event Based Transition Rules with respeette]

ecl
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B.2. The First Bisimilarity Result

In order to verify the bisimilarity, we introduce the follamg relation betweereXP¢ and EXP. An
expression”' from EXP¢ and an expressiof from EXP are related ifB results fromC by removing
all [_] expressions irC. This is formalized by the following function, where we alsount the|_]
symbols inC', which is done in order to allow induction verification withig relation. The relation is
more precisely described as follows: combined with a natural numbermaps to the set of all’ that
containn [_]-expressions and the removing of these expressioasyiields B.

Definition B.1. = : IN x EXP — P(EXP¢) is defined as follows, where= {1, 2}.

)} if B e {0,(1, Bi + BQ,ZL’}

i |i e INC € E(n,
2(n,B1; By)} U{C1;By | C1 € E(n+1,B)}

(

E(

)= {B
)= A{lC
E(n+1,B1;By) = {{Crl ’ZGI/\CG
) {{C~| ’ZGI/\CGHnBl[>BQ)} U{C1[>BQ‘C1€ (n+1,Bl)}
Z(n+1,B1aB2) = {[Ci|i€IACEZ(n,BaBs)} U
{C1|aC2 | Im e IN-m <n+1ACL € ZE(m,B1)NCy € E(n+1—m,Ba)}
E(n+1L,B[f))= {[ClilieIACeE(n,B[f)}U{C[f]|C €E(n+1,B)}
S+ 1,BN\A) = {[Ci|i€IAC eZ(n, BA\A)}YU{C\A |C €E(n+1,B)}

The well-definedness & is easily seen. Now we are ready to verify the first bisimalatiesult.

Lemma B.1. SupposeB € EXP. Then(EXP, Act, —qeq1, B) and(EXP®, Act, —_ ., B) are bisim-
ilar, whereC' —.. C & e €U : C ~Shea C.

Proof:
DefineR = {(B,C) € EXP x EXP¢ | 3n : C € Z(n, B)}. To verify thatR is a bisimulation, we show

(B “54ed BAC € E(n,B)) = 3e,C,m : C <=4 CA(C €E(m,B)VC =B=,/) (8)

The proof of (8) works by induction on the depth of inferenéeBo - 4., B combined with the value
of n. Then (8) can be easily checked with the following procedure

e applying rule N’ wheneverC = [C’L-. In these cases is reduced by one an 4., B
remains unaffected and therefore the hypotheses yieldesioé.

e applying the corresponding rules 8 —-,4.; B wheneverC is different from [C’L—. In these
cases the depth of inference is reduced amtbes not get increased and therefore the hypotheses
yield the result.

Another fact is
(C =4 CANC €E(n,B)) = 3IB,m:B “s4eqa BA(C' € E(m,B)VC =B=,/) (9

This equation can be proved by induction on the depth ofémfee ofC' <. C.
Now we are ready to verify thak is a bisimulation:
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n "
aect T T~ geet [2]2 " gea [[2]2]2 -

Figure 5. Transition System akcl(z) = a;

e Itis clear that B, B) € R.

e Suppos€B;,Cy) € RandB; —geq By. Thende, Co,m : C1 <—hea Ca A Cy € E(m, By)
by (8). ThusC; i>gcd Cy and(By, Cy) € R, as required. And analogously fé 2 geq /.

° Suppose(Bl,Cl) € R and(C; —>d0d Cy. ThenCy =—ea Co for somee Hence, 3By, m
By %4ea B2 A Co € Z(m, By) by (9). And analogously fo€ —>dec1 V-

Remark B.1. The transition systems mentioned in Lemma B.1 are not ispmor Consider for exam-
ple decl with decl(z) = a;z. Then the expression yields a finite transition system with respect to
— dect, Whereas an infinite one is derived with respectte’]_,. This is illustrated in Figure 5.

B.3. The Second Bisimilarity Result.

We extend the denotational semantic$AS.

Definition B.2. (Denotational semantics 0PA®)
Define[_]’ : PA* — PREES by

[(decl, B)]' = [(decl, B)]

[{decl, C; B)]" = Shift,([{decl, C)]') ; Shifty([(decl, B)]')

[{decl, C [> B)]' = Shift;([{decl, C)]')[>Shifty([{decl, B)]')

[{dec, CLNY = Lab([{dec, )Y, ) [(decl, CyllaC)Y’ = [(decl, Co)]llal(decl, Co)]
[(decl, WA = [{decl, G WA [{decl, [CI)) = Shift,([{dect, O))

It is easily checked thdt]’ is well defined. The next lemma illustrates how the differepérators
behave on event execution. This lemma is essential to ridatevent-based transition system with the
event execution iIPREES.
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Lemma B.2. Suppose, &1, &> € PREES such thatE; N E, = (). Then

El[e] if e € By
E1+E) =~ .
(E1t+E2)ig { &) Otherwise
& if e € init(&1) A Y (T, e
(&1; &) = 52 £ . (E)AY(T1e)
1[e] 5 €2 otherwise
Eole ifee FE
(E[>E)y ~ 2[e] 2

Eij)[>€2  otherwise
51[61]”,452 if —\T(Tl, 61) A ll(el) §7§ A
Shthz(gg) \\A if e € init(é’l) N T(Tl, 61) VAN ll(el) ¢ A

{ 51“1452[@2] if —\T(Tg,eg) A\ 12(62) §7§ A

(E1lla&2)((er )

12

12

AT _
(E1llag2) o Shift (E) A if e € nit(E2) A T(Th, e2) Ala(es) ¢ A

51[61} HAEQ[BQ] if —\T(Tl, e1) A —\T(TQ, €2)

Shiftz (52[62]) \\A if e; € 1n1t(51) A T(Tl, 1) A —\T(TQ, 62)

Shifty(Eife,) WA if €2 € init(E2) A Y (T, e2) A =Y (T1,e1)

(0,0,0,{0},0) if Vi€ {1,2} : e; € init(&) A Y (T}, e;)
whenever;(e1) = la(e2) € A

(E1lla&2)((er,e0))

12

Lab(cf’, f)[e} = Lab(g[e]y f)
[ Eg\A i) ¢ A
(ENA)e = { undefined otherwise

Shiftl(g)[(e,*)} = Shzftl(g[e})
Shifty(E)(xe)) = Shifty(Ee))

Proof:
Straightforward. O

Now we show that a transition labelled with evenof the event-based transition system can be
matched in th REES-denotation by executing this

Lemma B.3. Supposédecl, C) € PA® andC <—3.q C. Then
ecmit(E)ANle) =aAN(C#V=E=Ey) AN(C =& T(T,e)
with & = [(decl, C)]’ and€ = [(decl, C)]'.

Proof:

We use induction on the depth of inference(df<—4.. C. Then the equation can be verified by case
analysis on the derivation rules, where Lemma B.2 is usethdrtase of2ec’ we make use of the fact
that[(decl, z)] = [(decl, decl(z))] for anyz € Var. 0



26 Fecher, Majster-Cederbaum / Event Structures for ArbitrBisruption

The converse of Lemma B.3 also holds, i.e. the executiona@ftervin the PREES-denotation of”
can be matched by a transition fraththat is labelled witle.
Lemma B.4. Let (decl, C) € PA®, £ = [(decl, O)]’ ande € init(£). Then3C : C l(ei)’éed C.

Proof:
First we show ifn € IN, B € EXP and&,, = [B]#n (1) then

¢ € init(&,) = 3C € EXP : B "y © (10)
This is done by induction om combined with the structure a8 where the lexicographical order is
used. Furthermore, a case analysis on the structuieisfused. We only present here the cése- z:
Suppose € init([z]zn (1)) thenn > 0. Therefore[x]zn (1) = Floa(L)(2) = [[decl(m)]]ﬁe;ll(l).
The rest follows by induction, sineeis reduced. Thus (10) is established.
The main statement follows now by structural induction(énWe only present the caseé = B €
EXP. By Remark 4.1 we gef(decl, B)] = ||, [B] = (1)- Then itis easily seen that thereris such
thate ¢ init([[B]]fgéd(l)) and the labels oa coincide. And so the result follows by (10). O

Now we are ready to verify the second bisimulation resultcWizoncludes the proof.

Lemma B.5. Supposgdecl, C') € PA®. Then the transition systentPREES, Act, —, [(decl, C)]’)
and(EXP¢, Act, —/_;, C) are bisimilar, where—_ , is defined as in Lemma B.1.

Proof:

DefineR = {(C’, [(decl, C")]') | C" € EXP¢}. Then(C, [(decl, C)]’) € R by definition.

SupposeC; € EXP® and(Cy —%y., C. ThenCy —“~h.q C for somee. By Lemma B.3, we get
C € EXPe = [(decl, C1)] < [(decl, C)] andC = / < Y(m([(decl, C1)]'), ), as required.
SupposeC; € EXP¢ and [(decl, C1)]' <% €. Then there is: € init([(decl,C1)]’) such thatf =
[(decl, C1) {e} andrs([(decl, C1)]')(e) = a. By Lemma B.4 there i€’ such that®; <. C. More-
over,C € EXP® = [(decl, C'1>]]’[e] = [(decl, C)]' andC = / < Y (m4([{decl,C1)]'),e) by Lemma
B.3, which concludes the proof. O
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