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√
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1. Introduction

Disrupt mechanisms are important to model many realistic systems and have hence found their way into
various process algebras [2, 3, 14, 15]. The disrupt operator of LOTOS [11], called disabling operator, is
denoted byB1 [>B2. Here, any action executed byB2 disablesB1 as long asB1 has not terminated. It
is important to understand disruption in order to handle timeout adequately. Timeouts are an important
concept in many applications.

For the description of the disrupt operator, in the definition of an operational semantics it is necessary
to specify when a process terminates. This can be achieved intwo ways:

• By introducing an additional internal action
√

, which will be executed in order to terminate the
process. An additional syntactical expression1 is also provided to indicate the process that may
terminate immediately. In particular the process consisting of actiona results in1 by executinga
and thereafter action

√
can be executed. This approach is for example taken in the case of LOTOS

[11].

• An alternative approach to deal with termination is to specify that a process terminates when it ex-
ecutes its ‘final’ action [8, 2]. For example the processa‖b, which denotes the parallel composition
of actionsa andb, terminates by executinga if b was executed before or it terminates by executing
b if a was executed before. In this approach, which is calledfa-approachin the following, there is
no need to extend the syntactical expressions by further expressions, as1, to handle termination.

The
√

-approach can be easily imbedded in the fa-approach by usingan additional action
√

. For
example, a processB of the

√
-approach corresponds to the processB;

√
, where; denotes the sequential

composition. On the other hand, the fa-approach allows us tospecify a broader class of models as can be
seen in the following example:

Example 1.1. We want to model a nuclear power plant. LetPsd be a process that controls the shut down
of the reactor and letPnr be the process that describes the normal running behavior ofthe reactor. The
processPnr is controlled automatically and only informs the environment about its activity. In other
words, in our model the actions of processPnr are observable but not accessible for the environment
and in particular they must not be used for synchronization outsidePnr. In processPnr an actionstop
indicates that the normal running is terminated and the control is given immediately to the process that
controls the shut down of the reactor. Then a simple specification of a nuclear power plant is given by

Pnr;Psd

where; denotes the sequential composition. A more realistic specification of a nuclear power plant may
invoke the shut down processPsd for various other reasons, e.g. if the temperature reaches acritical
point. In addition, the shutting down may be combined with other activities as, e.g., setting an alarm off.

Let us consider a nuclear power plant with the actionstop and a temperature triggered shut down
that also invokes an alarm. Then in any system run either a normal termination ofPnr by stop or a
disruption ofPnr by an external critical temperature message may happen, butit should be prevented
that both occur. In particular, once the stop action is executed no alarm should be set off. Let actiont
denote that the temperature of the reactor reaches a critical point and let actiona denote that an alarm is
set off. The natural representation of the reactor control in LOTOS is given by

((Pnr [>t);Psd)‖{t}(t; a)
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whereB1‖AB2 denotes the parallel execution ofB1 andB2 with synchronization on the actions inA.
However, according to the semantics of LOTOS,t can happen afterstop. This originates in the fact that
the

√
action and not thestop action terminatesPnr. Hence, an alarm with expensive consequences may

be unnecessarily set off.

Furthermore, the fa-approach is more appropriate to model timeout expressions in time extensions. For
example, we want to model a timeout operator where a timeout at time t shall occur during the execution
of processB as long asB is not terminated. In the

√
-approach the environment has no means to prevent

the timeout, since the
√

-action is an internal action and therefore the system can delay the termination
until the timeout takes place. The only possibility to circumvent this situation is to use an urgency
approach, i.e. time may not proceed if for example a

√
-action is enabled. But urgency increases the

complexity and should be avoided if possible. On the other hand, it is easily seen that the fa-approach is
suitable to model the mentioned timeout operator.

Event structures are a suitable model for the denotational semantics of, e.g., process algebras. In
particular they are useful to give a deeper insight to the causality of the event-execution of processes. For
example, this was helpful to establish an operational semantics of process algebras with respect to action
refinement, e.g. [13] and the citation within. For the

√
-action termination approach, [22] provided an

event based denotational semantics that is consistent withthe operational one. But it is not clear how to
obtain an event based denotational semantics for a process algebra that contains a disrupt operator and
that follows the fa-philosophy:Prime event structures[26], flow event structures[12] andstable event
structures[29] require a symmetrical conflict relation which makes it hard to model disruption.

Extended bundle event structures[22], which are used to give a denotational semantics to LOTOS,
dual event structures[21] andasymmetric event structures[7] allow the modelling of disruption, since
the symmetry condition for the conflict relation is dropped.Inhibitor event structures[6] can also model
disruption. If (and how) these types of event structures could be used to define a denotational semantics
that also incorporates the fa-philosophy is highly questionable. E.g. it is not possible to model the process
(a‖b) [>c with only three events.

Also configurations[17] do not provide a smooth way to model disruption. Consider for example
the process̃B, which consists of the disruption ofa; b (a sequentially followed byb) by the actionc ( i.e.
B̃ = (a; b) [>c). An intuitive approach is to assume thatB̃ has three events denoted bya, b, c. Then the
sets∅, {a}, {c}, {a, b} can be considered as configurations, but what about{a, c}? Assuming it is not
a configuration contradicts the existing execution

a−→ c−→. On the other hand, assuming that{a, c} is
also a configuration leads to the interpretation that the execution

c−→ a−→ is legal1, which contradicts the
branching structure of̃B, since after the disruption (byc) no further actions from the left process may be
executed. Event automata [28], which consist of a set of configuration with an explicit event execution
relation between the configurations, andlocal event structures[20], which are event automata where the
execution relation also considers step execution, can model disruption with respect to the fa-approach.
But they do not describe the dependency between the events intensionally, i.e. they do not describe
causalities or conflicts between events by using relations on events. An intentional representation has
usually the advantage of making the extension with time aspects less expensive.

In [19] a logical approach to causalities of events is presented, where each event is assigned to a
formula, which indicates when this event is enabled. In thisapproach, it is not easy to model disabling.

1by the definition of [17]
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Another drawback is that it is hard to find a suitable graphical notation for this approach. On the other
hand most classes of event structures have a suitable graphical notation, which increases readability.

In this paper, we present a new class of event structures thatis suitable to model the fa-philosophy,
introduce a graphical representation for these event structures and study their properties. This new class
of event structures, calledprecursor event structures, is a generalization of Winskel’s event structures
[29] in the sense that a relation≻ between sets of events and events, i.e.≻⊆ P(E)×E, is used to model
disabling. The meaning of this relation is analogous to the meaning of the causality relation of Winskel’s
event structures [29], i.e. a condition (Z ≻ e) indicates that evente is disabled in a system run if every
event ofZ appears in the system run.

The result of this paper are:

• We present an fa-based denotational semantics of a process algebra that contains disruption in
terms of precursor event structures and we show its consistency with an operational semantics.

• We show that the class of precursor event structures has moreexpressive power with respect to
event traces than the class of prime [26], flow [12], stable [29], bundle [23], extended bundle [22]
and dual event structures [21].

• We give a classification of the expressive power of the class of precursor event structures in terms
of sets of event traces.

Parts of the results of this paper appeared in [16].
The paper is organized as follows. Section 2 presents the syntax and Section 3 presents the opera-

tional semantics of our process algebra. The denotational semantics is given in Section 4, where also the
class of precursor event structures is introduced. This section also examines the expressive power of this
class of event structures and contains the consistency result that the transition system derived from the
denotational semantics is bisimilar to the operational semantics.

2. Syntax of the Process Algebra

Let τ denote theinternal action. Furthermore, letObs be a set such thatτ /∈ Obs. We callObs the set
of observable actions. Theset of all actionsAct is defined byAct = {τ} ∪ Obs. A relabelling function
f is a function fromAct to Act such thatf(τ) = τ . We denote the set of all labelling functions byFL.
Furthermore, assume a fixed countable set ofprocess variablesVar which is disjoint fromAct.

The process algebra expressionsEXP are defined by the following BNF-grammar.

B ::= 0 | a | B + B | B;B | B [>B | B‖AB | B[f ] | B\\A | x

wheref ∈ FL, x ∈ Var, a ∈ Act andA ⊆ Obs. A process with respect toEXP is a pair〈decl, B〉
consisting of a declarationdecl : Var → EXP and an expressionB ∈ EXP. Let PA denote the set of all
processes. We sometimes call an expressionB ∈ EXP a process ifdecl is clear from the context.

The expressions have the following intuitive meaning:0 is the inactive process, i.e. it cannot execute
any action.a is the process that executesa and terminates.B1 + B2 is a choice between the behaviors
described byB1 andB2. B1;B2 is the sequential composition, i.e.B1 proceeds until it terminates, after
whichB2 takes over.B1 [>B2 is the disruption ofB1 by B2, i.e. any action fromB2 disablesB1 as long
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asB1 has not terminated.B1‖AB2 describes the parallel execution ofB1 andB2 where both processes
have to synchronize on actions fromA. The process terminates if both sides terminate in the case of
synchronization or if one terminates and the other one has already terminated. The relabelling process
B[f ] executes actionf(a) if B executes actiona. The restriction processB\\A executes actiona if B
executes actiona provideda is not contained inA. The behavior ofx is given by the declaration.

Process algebras, like [18, 11], that are based on the presented synchronization and contain an ex-
pression for a termination process (denoted by1) can model a restriction operator in terms of the parallel
operator (B‖A1). Since we do not introduce an expression for a termination process, we include the
restriction operator, as in [9, 25]. As it turns out, the restriction operator plays also a crucial role for the
operational definition of the parallel operator in our setting.

3. Operational Semantics forPA

The operational semantics of a process is given by a transition system.

Definition 3.1. (Transition System)
A labelled transition system(with predicates) is a tuple(S,L,−→, {Pi | i ∈ I}, s̄) with

• S, a non-empty set of states

• L, a set of labels

• −→⊆ S × L × S, a transition relation

• ∀i ∈ I : Pi ⊆ S, a collection of predicates over the predicate index setI

• s̄ ∈ S, the initial state.

We will write p
a−→ q rather than(p, a, q) ∈−→.

As stated in the introduction we adopt the philosophy that the ‘final’ action terminates the process.
Therefore, we have to distinguish between ‘final’ actions and ‘non-final’ actions. In transition systems,
the fa-philosophy is usually modelled by using a predicate

a−→ √
with respect to actiona [8, 2], where

B ∈ a−→ √
indicates thatB terminates by executinga. Instead of using a transition system of the

form (S,L,−→, { a−→ √ | a ∈ Act}, s̄), we encode the predicate directly in the transition relation
by −→⊆ S × L × (S ∪ {√}), whereB

a−→ √
meansB ∈ a−→ √

. In the following, a transition
system will be a quadruple(S,L,−→, s̄) where−→⊆ S × L × (S ∪ {√}). The transition rules of
−→decl⊆ EXP ×Act × (EXP ∪ {√}) with respect todecl : Var → EXP are presented in Figure 1.

In the following, we explain the rules which deviate from thestandard ones: The processa can
executea and terminates by executing this action. The process that can only execute actiona and
evolves into a non-terminated process that is unable to proceed can be modelled, for example, bya;0.
The transition rule for the choice operator is the standard CCS-rule [25]. If the first process of the
sequential composition terminates by executinga (rule S2), thenB1;B2 evolves toB2 by executinga.
The rules for the disrupt operator are as expected, in particular if B1 terminates by executinga then so
doesB1 [>B2.
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Here −→ is a abbreviation of−→decl

A1 :
a

a−→ √ C1 : B1
a−→ B′

B1 + B2
a−→ B′

B2 + B1
a−→ B′

C2 :
B1

a−→ √

B1 + B2
a−→ √

B2 + B1
a−→ √

S1 :
B1

a−→ B′
1

B1;B2
a−→ B′

1;B2

S2 :
B1

a−→ √

B1;B2
a−→ B2

D1 :
B1

a−→ B′
1

B1 [>B2
a−→ B′

1 [>B2

B2 [>B1
a−→ B′

1

D2 :
B1

a−→ √

B1 [>B2
a−→ √

B2 [>B1
a−→ √

P1 :
B1

a−→ B′
1 a /∈ A

B1‖AB2
a−→ B′

1‖AB2

B2‖AB1
a−→ B2‖AB′

1

P2 :
B1

a−→ √
a /∈ A

B1‖AB2
a−→ B2\\A

B2‖AB1
a−→ B2\\A

P3 :
B1

a−→ B′
1 B2

a−→ B′
2 a ∈ A

B1‖AB2
a−→ B′

1‖AB′
2

P4 :
B1

a−→ √
B2

a−→ B′
2 a ∈ A

B1‖AB2
a−→ B′

2\\A
B2‖AB1

a−→ B′
2\\A

P5 :
B1

a−→ √
B2

a−→ √
a ∈ A

B1‖AB2
a−→ √

Lab : B
a−→ B′

B[f ]
f(a)−→ B′[f ]

B
a−→ √

B[f ]
f(a)−→ √

Res : B
a−→ B′ a /∈ A

B\\A a−→ B′\\A
B

a−→ √
a /∈ A

B\\A a−→ √

Rec :
decl(x)

a−→ B′

x
a−→ B′

decl(x)
a−→ √

x
a−→ √

Figure 1. Transition Rules for−→decl
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In the case of the parallel operator, we distinguish the cases whether the subprocesses terminate by
executing the actions or not. The second rule states that if asubprocess terminates by executing a non-
synchronizing action, then this process has to be removed and all actions in the synchronization set have
to be forbidden for the remaining process. In the case that both processes terminate by executing an
action from the synchronization set, the whole process terminates by executing this action.

The rules for the relabelling operator and the restriction operator only depend on the action name and
preserve termination, as expected.

4. Denotational Semantics forPA

Classical event structures are not appropriate to define an fa-based denotational semantics for our process
algebra. To make this clear, we considerdual event structures2 [21], which are strictly more expressive
than prime, flow, stable and extended bundle event structures [21]. Before we present the definition of
dual event structures we introduce the following notations: P(M) denotes the powerset ofM , Pf (M)
denotes the set of all finite subsets ofM andM1 ⇀ M2 denotes the set of all partial functions from
M1 to M2. Furthermore, the domain of a partial functionf is the set{m | f(m) is defined}, and is
denoted bydom(f). The functionf ↾ M ′

1, whereM ′
1 ⊆ M1, denotes the restriction of functionf to

the domainM ′
1. We writef(m1) ≃ f ′(m′

1) to denote thatf(m1) is defined⇔ f ′(m′
1) is defined and

f(m1) is defined⇒ f(m1) = f ′(m′
1). Functionπi denotes the projection to the ith component. For any

binary relation⊙ we writep ⊙ q if and only if (p, q) ∈ ⊙. The setM \ M ′ denotes the set where all
elements ofM ′ are removed fromM .

We assume a fixed countable set of eventsU such that∀e, e′ ∈ U : (e, e′), (⋆, e), (e, ⋆) ∈ U and
• ∈ U and ⋆ /∈ U . The constraints on setU result from technical reasons, i.e. they guarantee the
well-definedness of the presented operators (Subsection 4.2).

Definition 4.1. (Dual event structure)
A dual event structureEd = (Ed,;d, 7→d, ld) is an element ofP(U)×P(U×U)×P(P(U)×U)×(U ⇀
Act) such that

• ;d⊆ (Ed × Ed) and;d is irreflexive

• 7→d⊆ P(Ed) × Ed

• dom(ld) = Ed

A sequence of distinct events(e1, ..., en) is anevent trace ofEd if and only if

- every event is well caused, i.e.∀i < n : ∀Xi : Xi 7→d ei+1 ⇒ Xi ∩ {e1, ..., ei} 6= ∅ and

- every event is not disabled at its execution position, i.e.∀i < n : ∀j < i : ¬(ei+1 ;d ej+1).

The intuitive meaning of a dual event structure is the following: If e is in conflict toe′, i.e.e ;d e′,
thene′ disablese forever, but not vice versa.X 7→d e means that beforee may be executed an event
from X has to be executed. The labelling function indicates which action is observable when the event
is executed. In dual event structures, it is implicitly assumed that an event is disabled by its execution.

2Dual event structures are obtained from extended bundle event structures [22] by dropping the bundle stability constraint.
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Usually, termination is modelled in dual event structures by introducing events labelled with
√

, which
corresponds to the operational semantics using an additional internal action

√
. In the case of the fa-

philosophy, it is more natural to encode termination information in event structures by predicates on
events in order to stay close to the operational semantics.

However, event structures including information about termination are not powerful enough to handle
disruption in an fa-setting, which is illustrated in the following: The process((a‖∅b) [> c); d can be
modelled by dual event structures if we base our modelling onthe operational semantics of LOTOS3. This
is done by using an evente′ labelled byτ and by requestinge ; e′, wheree is the event corresponding
to (labelled by)c. Dual event structures are not appropriate to model the above expression in an fa-
setting4: If we put c in conflict with a, thenc can be disabled beforeb happens and by symmetry the
same argument holds forb. Butc has to be in conflict with some action since otherwisec remains enabled
after the execution ofa andb.

Therefore, a conflict relation that is based on a binary relation on events is not appropriate to model
this kind of disrupt operator in the context of the fa-philosophy. In the following, we introduce a class
of event structures, which allows for the modelling of((a‖∅b) [>c); d in an fa-setting by using a relation
between sets of events and events.

4.1. Precursor event structures

Precursor event structuresare a generalization of Winskel’s event structures [29]: They contain an addi-
tional set of event sets (T ) to model termination. Furthermore, sets of events (ratherthan single events)
disable other events.

Definition 4.2. (prees)
A precursor event structure(prees)E = (E,≻, 7→, T, l) is an element ofP(U) × P(P(U) × U) ×
P(P(U) × U) × P(P(U)) × (U ⇀ Act) such that

• ≻⊆ Pf (E) × E and∀e ∈ E : ¬(∅ ≻ e) and∀e ∈ E : {e} ≻ e 5

• 7→⊆ Pf (E) × E

• T ⊆ Pf (E) and∅ /∈ T

• dom(l) = E

A sequence of distinct events(e1, ..., en) is anevent trace ofE if and only if

- every event is well caused, i.e.∀i < n : ∃Xi ⊆ {e1, ..., ei} : Xi 7→ ei+1,

- every event is not disabled at its execution position, i.e.∀i < n : ∀Xi ⊆ {e1, ..., ei} : ¬(Xi ≻
ei+1) and

- it is not terminated during its execution, i.e.∀X ⊆ {e1, ..., en−1} : X /∈ T .

3After the execution ofa andb in ((a‖∅b) [>c); d, aτ -action can be executed, which disablesc.
4Action c becomes immediately disabled in((a‖∅b) [>c); d after actionsa andb have been executed.
5Please note that we reversed the order of the conflict relation used in dual event structures.



Fecher, Majster-Cederbaum / Event Structures for Arbitrary Disruption 9

An event trace(e1, ..., en) of E is terminatedif and only if ∃X ∈ T : X ⊆ {e1, ..., en}.
Let Tre(E) denote the set of all event traces ofE , Tre√(E) denote the set of all terminated event traces

of E and letPREES denote the set of all precursor event structures.

We callE theset of events, ≻ theconflict relation, 7→ thecausalityrelation,T theset of termination
setsandl theaction-labellingfunction. SetX is called precursor (with respect toe) if X ∈ T or X ≻ e
or X 7→ e.

The intuitive meaning of the conflict relation is that evente is disabled in a system run (event trace)
if there is a conflict precursorZ of e (Z ≻ e) such that the system run contains all elements fromZ.
The intuitive meaning of the causality relation7→ and of the set of termination setsT is similar to≻. For
example, a system run of a prees is terminated if there is an elementX of T where every element ofX
appears in the system run.

The constraints imposed on the conflict relation are: no event is immediately disabled (¬(∅ ≻ e)),
since otherwise the event can be omitted. Furthermore, the execution of an event disables itself ({e} ≻ e),
i.e. every event can happen only once. The constraint∅ /∈ T on the set of termination sets ensures that
a precursor event structure may not terminate immediately,i.e. it can only terminate by executing an
action. It is also reasonable to consider only finite sets of events, since a system run can only contain
finite sets.

Note that causality, disabling and termination are orthogonal concepts. In particular, termination
cannot be modelled through disabling, since then no difference between deadlock and termination, which
is essential for the sequential operator, can be made.

Example 4.1. Some precursor event structures are shown in Figure 2. Here,the events are depicted as
dots, where their corresponding action names are shown close to the dots (we do not name the events
explicitly and identify them with the action names if no confusion arises). The conflict relation is illus-
trated by wavy lines. More precisely, a conflictZ ≻ e is depicted by a wavy arrow from the elements of
Z to e. Furthermore, we do not draw the conflict precursors of the form Z ≻ e wheree ∈ Z. Sometimes,
the same (wavy) lines are used in different precursors, for example the wavy line inE3 corresponds to
{a} ≻ b and{b} ≻ a. The causality relation is depicted similarly to the conflict relation, except that
straight lines are used instead of wavy lines. A terminationsetX is displayed by surrounding its events
by a closed line. Furthermore, we omit supersets, e.g. inE1 we do not draw the causality{a} 7→ b, since
the constraint specified by this causality can be derived from the constraint specified by the causality
∅ 7→ b.
The set of event traces ofE4 is Tre(E4) = {(a), (b), (c), (a, b), (b, a), (a, c), (b, c)}.

Hereafter,E is considered to be(E,≻, 7→, T, l) andEi to be(Ei,≻i, 7→i, Ti, li).

4.1.1. Expressive Power

We say that a setV of finite sequences of events (set of event traces) is described by a class of event
structures if there is an event structure of this class whichhas exactly the event traces ofV as its event
traces.

The expressive power of classes of event structures can be measured by comparing the set of event
traces described by them. This is a more discriminating measure than that of event automata [27], which
are based on configurations. For simplicity, we neglect the termination information when we compare
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Figure 2. Some Precursor Event Structures

the expressive power. The termination information can be easily included by using a predicate indicating
which of the event traces are terminated.

Theorem 4.1. Every set of event traces that is described by a prime [26], flow [12], stable [29], bundle
[23], extended bundle [22] or dual event structure (Definition 4.1) is also described by an precursor event
structures, but not vice versa.

Proof:
The proof is given in Appendix A. ⊓⊔

We also give a classification of the set of event traces that corresponds to a prees. In order to have
a termination sensitive classification, we first introduce termination sensitive and labelled sets of event
traces.

Definition 4.3. A termination sensitive, labelled set of event tracesis a triple(V,V, l) such that

• V is a set of event traces, i.e. a set of finite sequences of distinct elements ofU ,

• V is the set of the terminated event traces withV ⊂ V \ {ǫ} and all elements inV are maximal
(cannot be a prober prefix of an event traces ofV) and

• l : U ⇀ Act where every event appears inV have to be in the domain ofl.
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The set of all termination sensitive, labelled set of event traces are denoted byV.

The termination sensitive, labelled set of event traces obtained from a preesE is denoted byTr(E),
i.e.Tr(E) = (Tre(E),Tre√(E), l).

Definition 4.4. A termination sensitive, labelled set of event traces(V,V, l) is

• non-emptyif V 6= ∅.

• is prefix closedif ∀(e1, .., en) ∈ V : (e1, .., en−1) ∈ V.

• is history-order independentif ∀(e1, ..., en+1), (e
′
1, ..., e

′
n) ∈ V :

{e1, ..., en} = {e′1, ..., e′n} ⇒ (e′1, ..., e
′
n, en+1) ∈ V.

• is termination-order independentif ∀(e1, ..., eq), (e
′
1, ..., e

′
n) ∈ V :

{e1, ..., eq} ⊆ {e′1, ..., e′n} ∧ (e1, ..., eq) ∈ V ⇒ (e′1, ..., e
′
n) ∈ V.

• is interrupt freeif ∀(e1, ..., en+1), (e
′
1, ..., e

′
m, e) ∈ V, e′′1 , ..., e

′′
q ∈ U :

(

(e1, ..., en+1, e) /∈ V ∧
{e′1, ..., e′m} ⊆ {e1, ..., en} ∧ {e1, ..., en+1} ⊆ {e′′1 , ..., e′′q}

)

⇒ (e′′1 , ..., e
′′
q , e) /∈ V.

The prefix closedness means that each event has to be executedas a singleton, i.e. there is no step
execution enforced (this would be for example the case ife can only execute together with evente′).
The non-emptiness together with the prefix closedness guarantees that the empty sequence is contained.
The history-order independence means that the future behavior only depends on the executed events and
not on the order of the executed events. The termination-order independence states that termination is
determined by sets of events, i.e. if a set of events indicatetermination then every execution sequence
that contains the events of the set has to be a terminated execution sequence. The interrupt-freeness
states that an event that was enabled and that becomes disabled has to stay disabled forever. Similarly to
termination the enabling and the disabling is determined here by sets of events.

Theorem 4.2. Let (V,V, l) be a termination sensitive, labelled set of event traces. Then (V,V, l) is
non-empty, prefix closed, history-order independent, termination-order independent and interrupt free if
and only if∃E ∈ PREES : V = Tre(E) ∧ V = Tre√(E).

Proof:
The proof is given in Appendix A. ⊓⊔

4.1.2. Transition Systems fromPREES

Here, we describe how to obtain an action-labelled transition system from a prees. This construction will
be used to establish a consistency result for the denotational and the operational semantics.

First, we define the initial events of a prees, i.e. those events which are ready to execute and we define
a termination predicate to indicate when a prees terminatesby executing an evente:

Definition 4.5. Let E be a prees. Then the set ofinitial eventsof E , denoted byinit(E) and the termina-
tion predicateΥ ⊆ P(P(U)) × U are defined by

init(E) = {e ∈ E | ∅ 7→ e} Υ(T, e) ⇐⇒ {e} ∈ T.
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In order to obtain a transition system from a prees, we define the remainder [4, 23, 24] of a prees with
respect to an initial event. The remainder with respect to evente describes the system after the execution
of e. All events which are disabled bye are removed. Please remember that{e} ≻ e, hencee disables
itself. After the execution ofe, we remove also those precursors that contain a disabled event, since these
precursors cannot be contained in further system runs and hence have no impact on the behavior.

Definition 4.6. (Remainder of a prees)
Let E ∈ PREES ande ∈ init(E). Then the remainderE[e] of E is given by(E′,≻′, 7→′, T ′, l′) where

E′ = {e′ ∈ E | ¬({e} ≻ e′)}
≻′ = {(Z ′, e′) | e′ ∈ E′ ∧ Z ′ ⊆ E′ ∧ ∃Z : Z ≻ e′ ∧ Z ′ = Z \ {e}}
7→′ = {(X ′, e′) | e′ ∈ E′ ∧ X ′ ⊆ E′ ∧ ∃X : X 7→ e′ ∧ X ′ = X \ {e}}
T ′ = {X ′ | X ′ ⊆ E′ ∧ ∃X ∈ T : X ′ = X \ {e}}
l′ = l ↾ E′

Please note that the remainderE[e] is a prees whenever¬Υ(T, e). In the other case, the empty set
is an element of the set of termination sets and therefore theremainder is not a prees. This is useful for
our theory, since we forbid further event execution after termination. The definition of the remainder
coincides with the definition of event traces in the following sense:

Proposition 4.1. SupposeE ∈ PREES. Then for alle1, ..., en ∈ U we have

(e1, .., en) ∈ Tre(E) ⇐⇒ E[e1]...[en] is defined.

Proof:
The proof is given in Appendix A. ⊓⊔

The remainders are used in the following definition to obtainan action based interleaving semantics
for PREES.

Definition 4.7. The transition relation֒→⊆ PREES ×Act × (PREES ∪ {√}) is defined by
→֒= {(E , l(e), E[e]) | e ∈ init(E) ∧ ¬Υ(T, e)} ∪ {(E , l(e),

√
) | e ∈ init(E) ∧ Υ(T, e)}.

The transition system obtained fromE4 of Figure 2 is presented in Figure 3.

4.1.3. Complete Partial Order (�) on PREES

In order to give a denotational semantics toPA we turnPREES into anω-complete partial order. The
order onPREES is given by:

Definition 4.8. Let E ∈ PREES andE′ ∈ Pf (U) such thatE′ ⊆ E. Then the restriction ofE to E′ is

E ↾ E′ = (E′,≻ ∩(Pf (E′) × E′), 7→ ∩(Pf (E′) × E′), T ∩ Pf (E′), l ↾ E′).

A preesE1 is smaller than a preesE2, writtenE1 � E2, if E1 ⊆ E2 andE1 = E2 ↾ E1.
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Figure 3. Transition System Derived fromPREES

Please note, that the above definition is an adaption of the standard order on Winskel’s event struc-
tures [29]. In particular,≻1=≻2 ∩(Pf (E1) × E1) holds wheneverE1 � E2. It is easily seen that the
restriction of a prees is again a prees.

Theorem 4.3. The set of all prees ordered by� is anω-complete partial order, where the least upper
bound of anω-chain(Ei)i∈IN is given by

⊔

i Ei = (
⋃

i Ei,
⋃

i ≻i,
⋃

i 7→i,
⋃

i Ti,
⋃

i li).

Proof:
The proof is given in Appendix A. ⊓⊔

4.2. Operators onPREES

Here, we present the operators onPREES that are later used to define the denotational semantics. For
simplicity, it is not explicitly defined in these operators that a termination set disables every other event,
since in the meaning of event structures this is implicitly the case.

Definition 4.9. (Operators onPREES)
Let A ⊆ Obs. Then define

+ : PREES×PREES ⇀ PREES with E1+E2 ≃ (E1 ∪ E2, ≻̃, 7→1 ∪ 7→2, T1 ∪ T2, l1 ∪ l2) where

≻̃ = ≻1 ∪ ≻2 ∪{({ei}, ej) | ei ∈ Ei ∧ ej ∈ Ej ∧ {i, j} = {1, 2}}

; : PREES × PREES ⇀ PREES with E1 ; E2 ≃ (E1 ∪ E2, ≻̃, ˜7→, T2, l1 ∪ l2) where

≻̃ = ≻1 ∪ ≻2 ∪(T1 × E1)

˜7→ = 7→1 ∪{(X2, e2) | X2 7→2 e2 ∧ e2 /∈ init(E2)} ∪ (T1 × init(E2))

[> : PREES×PREES ⇀ PREES with E1[>E2 ≃ (E1 ∪E2, ≻̃, 7→1 ∪ 7→2, T1 ∪T2, l1 ∪ l2) where

≻̃ = ≻1 ∪ ≻2 ∪{({e2}, e1) | e1 ∈ E1 ∧ e2 ∈ E2}
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‖A : PREES × PREES → PREES with E1‖AE2 = (Ẽ, ≻̃, ˜7→, T̃ , l̃) where

Ẽ = (Ef
1 × {⋆}) ∪ ({⋆} × Ef

2 ) ∪ Es

Ef
i = {e ∈ Ei | li(e) /∈ A}

Es = {(e1, e2) ∈ E1 × E2 | l1(e1) = l2(e2) ∈ A}
≻̃ = {(Z̃, (e1, e2)) ∈ Pf (Ẽ) × Ẽ | ∃i : πi(Z̃) ≻i ei} ∪

{(Z̃, (e1, e2)) ∈ Pf (Ẽ) × Ẽ | ∃i : πi(Z̃) ∈ Ti ∧ ei 6= ⋆}
˜7→ = {(X̃, (e1, e2)) ∈ Pf (Ẽ) × Ẽ | ∀i : ei = ⋆ ∨ ∃Xi ⊆ πi(X̃) : Xi 7→i ei}
T̃ = {X̃ ∈ Pf (Ẽ) | ∀i : ∃Xi ⊆ πi(X̃) : Xi ∈ Ti}

l̃((e1, e2)) =

{

l1(e1) if e2 = ⋆

l2(e2) otherwise

Lab : (PREES×FL) → PREES with Lab(E , f) = (E,≻, 7→, T, f ◦ l).

\\A : PREES → PREES with E \\A = E ↾ {e ∈ E | l(e) /∈ A}

To simplify our presentation we introduce two auxiliary operators:
Shift1 : PREES → PREES with Shift1(E) = (Ẽ, ≻̃, ˜7→, T̃ , l̃) where

Ẽ = E × {⋆}
≻̃ = {(Z × {⋆}, (e, ⋆)) | Z ≻ e}
˜7→ = {(X × {⋆}, (e, ⋆)) | X 7→ e}
T̃ = {X × {⋆} | X ∈ T}
l̃(e, ⋆) = l(e)

Shift2 : PREES → PREES with Shift2(E) = (Ẽ, ≻̃, ˜7→, T̃ , l̃) where

Ẽ = {⋆} × E

≻̃ = {({⋆} × Z, (⋆, e)) | Z ≻ e}
˜7→ = {({⋆} × X, (⋆, e)) | X 7→ e}
T̃ = {{⋆} × X | X ∈ T}
l̃(⋆, e) = l(e)

.

Please note that+, ; and [> are defined if the involvedE1 andE2 have disjoint set of events, i.e.
E1 ∩ E2 = ∅. We are only interested in such cases. The operator symbols are overloaded, which does
not cause any problems, since they can be uniquely determined from the context.

We will give some comments on the definition of these operators: For the sequential composition,
we have to ensure that all events from the first event structure are disabled in the sequential composition
(which is done byT1 × E1 ⊆ ≻̃), since otherwise there exist traces that contain events ofthe first event
structure after the execution of a terminating set of eventsof the first event structures. For example,
(a, b, c, d) would become a trace of((a‖∅b) [>c); d, which contradicts the operational semantics. Please
note, that the sequential operator is the only operator thatgenerates sets in the left hand side of≻,
since for the other operators the disabling character of thetermination is sufficient. Furthermore, in the
sequential composition the initial events of the second process can only be executed if the first process
has terminated.
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The events of the parallel operator are those which result from synchronization (Es) together with
the events that cannot synchronize (Ef

1 × {⋆}) ∪ ({⋆} × Ef
2 ). An evente = (e1, e2) of E1‖AE2 is

disabled if one of its component is disabled. Consequently,no event of a component can synchronize
with more than one component, since it disables itself. Furthermore, if one component terminates, then
all its events and the events that results from synchronization are disabled. Such a constraint is necessary,
since otherwise the denotation of(a [> b)‖∅c would be able to perform actionb after the execution of
a. An event obtained from synchronization is only enabled if its two components are enabled, hence
each projection of the precursor to a component has to be a causality for this component. A process is
terminated if and only if both sides are terminated, which isdefined analogously to the causality relation.

The restriction operator removes all forbidden events, i.e. those labelled with elements fromA. Fur-
thermore, only those precursors are considered that do not contain events that are labelled with elements
from A, since these precursors can never be contained in a system run.

Lemma 4.1. All operators of Definition 4.9 are well defined, i.e. they really yield elements ofPREES

(if they are defined), and they are continuous with respect to�.

Proof:
Straightforward, where thecontinuity on events[29] technique can be used to verify continuity. ⊓⊔

In order to argue that the above operators match the intuition, we additionally introduce operators
on termination sensitive, labelled set of event traces and show that they corresponds to the operators on
PREES. We writew1w2 to denote the concatenation of two finite sequences. The concatenation of
two sets of finite sequencesV1 andV2 is defined byV1 · V2 = {w1w2 | w1 ∈ V1 ∧ w2 ∈ V2}.
Furthermore, the empty sequence is denoted byǫ.

Definition 4.10. (Operators onV)
Let A ⊆ Obs. Then define
+ : V × V ⇀ V with (V1,V1, l1)+(V2,V2, l2) ≃ (V1 ∪ V2,V1 ∪ V2, l1 ∪ l2).

; : V × V ⇀ V with (V1,V1, l1) ; (V2,V2, l2) ≃ (V1 ∪ (V1 · V2),V1 · V2, l1 ∪ l2).

[> : V×V ⇀ V with (V1,V1, l1)[>(V2,V2, l2) ≃ (V1∪((V1\V1)·V2),V1∪((V1\V1)·V2), l1∪l2).

‖A : V × V ⇀ V with (V1,V1, l1)‖A(V2,V2, l2) ≃ (V̂, V̂, l̂) where

V̂ = ({ŵ(0)
1 ŵ

(0)
2 ŵ(0)ŵ

(1)
1 ŵ

(1)
2 ŵ(1) · · · ŵ(n)

1 ŵ
(n)
2 ŵ(n) | ∃w

(0)
1 w

(0)
3 · · ·w(n)

1 w
(n)
3 ∈ V1, :

∃w
(0)
2 w

(0)
4 · · ·w(n)

2 w
(n)
4 ∈ V2 : ∀j ≤ n :

(

(w
(j)
1 = ǫ ∧ ŵ

(j)
1 = ǫ) ∨ (w

(j)
1 ∈ U ∧ ŵ

(j)
1 = (w

(j)
1 , ⋆) ∧ l1(w

(j)
1 ) /∈ A)

)

∧
(

(w
(j)
2 = ǫ ∧ ŵ

(j)
2 = ǫ) ∨ (w

(j)
2 ∈ U ∧ ŵ

(j)
2 = (⋆,w

(j)
2 ) ∧ l2(w

(j)
2 ) /∈ A)

)

∧
(

(w
(j)
3 = ǫ ∧ w

(j)
4 = ǫ ∧ ŵ(j) = ǫ)∨

(w
(j)
3 ∈ U ∧ w

(j)
4 ∈ U ∧ ŵ

(j)
2 = (w

(j)
3 , w

(j)
4 ) ∧ l1(w

(j)
3 ) = l2(w

(j)
4 ) ∈ A)

)

}
V̂ is analogously defined aŝV except thatVi is used instead ofVi

l̃((e1, e2)) ≃
{

l1(e1) if e2 = ⋆

l2(e2) otherwise
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Lab : V × FL ⇀ V with Lab((V,V, l), f) = (V,V, f ◦ l).

\\A : V ⇀ V with
(V,V, l) \\A = ({e0 · · · en ∈ V | ∀j ≤ n : l(ej) /∈ A}, {e0 · · · en ∈ V | ∀j ≤ n : l(ej) /∈ A}, l).

We give some comments on the definition of these operators. The choice operator combines the
possibilities of both arguments. An event trace of the sequential operator is either an event trace of the
first process or a concatenation of a terminated event trace of the first process with an event trace of the
second process, where the resulting event trace is terminated if the event trace from the second process is
terminated. Event traces of the disrupt operator are obtained by taking all event traces of the first process
together with the concatenation of event traces from the first and the second process, where the first one
must not be terminated (termination disables the disruption). The parallel operator takes those event
traces that are obtained by the interleaving of event tracesfrom the first and the second process, where
the synchronization condition has to be satisfied. The parallel operator also renames the events in order
to be consistent with respect to the event denotation of theE-based parallel operator. The relabelling
operator just relabels the events and the restriction operator just removes all event traces that contain an
event that is labelled with an element fromA.

Proposition 4.2. SupposeE1, E2, E ∈ PREES such thatE1 ∩ E2 = ∅ then

Tr(E1+E2) = Tr(E1)+Tr(E2) Tr(E1 ; E2) = Tr(E1) ; Tr(E2) Tr(E1[>E2) = Tr(E1)[>Tr(E2)

Tr(E1‖AE2) = Tr(E1)‖ATr(E2) Tr(Lab(E , f) = Lab(Tr(E), f) Tr(E \\A) = Tr(E1) \\A

Proof:
The proof is given in Appendix A. ⊓⊔

4.3. Denotational Meaning

First, we define the denotational semantics of expressions (EXP) with respect to variable assignments.
Then variable assignments are derived from declarations, which are used to define the denotational se-
mantics of processes (PA).

Definition 4.11. Let [[ ]] : EXP × (Var → PREES) → PREES be defined as follows (whereρ :
Var → PREES)

[[a]]ρ = ({•}, {({•}, •)}, {(∅, •)}, {{•}}, {(•, a)}) [[0]]ρ = (∅, ∅, ∅, ∅, ∅)
[[B1 + B2]]ρ = Shift1([[B1]]ρ)+Shift2([[B2]]ρ) [[B1;B2]]ρ = Shift1([[B1]]ρ) ; Shift2([[B2]]ρ)

[[B1 [>B2]]ρ = Shift1([[B1]]ρ)[>Shift2([[B2]]ρ) [[B1‖AB2]]ρ = [[B1]]ρ‖A[[B2]]ρ

[[B[f ]]]ρ = Lab([[B]]ρ, f) [[B\\A]]ρ = [[B]]ρ \\A
[[x]]ρ = ρ(x)

Remark 4.1. [[B]] is continuous with respect to� for everyB ∈ EXP.

Assumedecl : Var → EXP. Then defineFdecl : (Var → PREES) → (Var → PREES) with
Fdecl(ρ)(x) = [[decl(x)]]ρ. From Remark 4.1 it follows thatFdecl is continuous. Therefore, from the
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complete partial order theory [1] we get{[ ]} : (Var → EXP) → (Var → PREES) with {[decl]} =
fix(Fdecl) =

⊔

n Fn
decl(⊥) is well defined.

Definition 4.12. (Denotational Semantics)

Define[[ ]] : PA → PREES by [[〈decl, B〉]] = [[B]]{[decl]}.

Example 4.2. The denotational semantics of some processes is illustrated in Figure 2.

4.4. Consistency of both Semantics

Here, we show that the transition system derived from the denotational semantics and the operational
semantics yield bisimilar transition systems.

Definition 4.13. (Bisimilarity)
Two transition systems(S,L,−→, s̄) and (S′, L,−→′, s̄′) over the same set of labels arebisimilar if
there is abisimulation, i.e. a relationR ⊆ S×S′ such that(s̄, s̄′) ∈ R and for which for all(s1, s

′
1) ∈ R

we have:

• if s1
a−→ s2 then there iss′2 such that(s2, s

′
2) ∈ R ands′1

a−→′
s′2 ands2 =

√ ⇔ s′2 =
√

• if s′1
a−→′

s′2 then there iss2 such that(s2, s
′
2) ∈ R ands1

a−→ s2 ands2 =
√ ⇔ s′2 =

√
.

Theorem 4.4. (Consistency)
Suppose〈decl, B〉 ∈ PA. Then the transition systems(EXP,Act, −→decl, B) and(PREES,Act, →֒
, [[〈decl, B〉]]) are bisimilar.

Proof:
The proof is given in Appendix B. It uses a new proof techniquethat can also handle unguarded recursion,
which is not the case for example in the consistency result of[4]. ⊓⊔

The two transition systems of Theorem 4.4 are not isomorphicin general. Consider for exampledecl
with decl(x) = a;x. Then the expressionx yields a finite transition system with respect to−→decl,
whereas[[〈decl, x〉]] yields an infinite transition system with respect to→֒.

A. Proofs

Theorem 4.1. Every set of event traces that is described by a prime [26], flow [12], stable [29], bundle
[23], extended bundle [22] or dual event structure (Definition 4.1) is also described by an precursor event
structures, but not vice versa.

Proof:
From [21] we know that every set of event traces described by an event structure of a cited class is
also described by a dual event structure. That a set of event traces described by a dual event structure
can also be described by an precursor event structure is shown by mapping the dual event structure
Ed = (Ed,;d, 7→d, ld) to Ω(Ed) = (Ed,≻, 7→, ∅, ld) where≻= {({e′}, e) | e ;d e′ ∨ e = e′} and
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7→= {(X, e) ∈ Pf (Ed) × Ed | ∀Xd ∈ P(Ed) : Xd 7→d e ⇒ X ∩ Xd 6= ∅}.
It is easily checked thatΩ(Ed) ∈ PREES.
In the following, we show thatEd andΩ(Ed) have the same set of event traces.
Suppose(e1, ..., en) is an event trace ofEd. Then∀i < n : {e1, ..., ei} 7→ ei+1, since∀i < n : ∀Xi :
Xi 7→d ei+1 ⇒ Xi ∩ {e1, ..., ei} 6= ∅ have to hold. Furthermore,∀i < n : ∀Xi ⊆ {e1, ..., ei} : ¬(Xi ≻
ei+1), since∀i < n : ∀j < i : ¬(ei+1 ;d ej+1) have to hold. Hence,(e1, ..., en) ∈ Tre(Ω(Ed)).
Suppose(e1, ..., en) ∈ Tre(Ω(Ed)) then for alli we have the existence ofXi ⊆ {e1, ..., ei} such that
Xi 7→ ei+1. Thus,∀Xd ∈ P(Ed) : Xd 7→d ei+1 ⇒ Xi ∩ Xd 6= ∅. Hence,∀Xd : Xd 7→d ei+1 ⇒ Xd ∩
{e1, ..., ei} 6= ∅, which shows the causality constraint. Furthermore,∀X ′

i ⊆ {e1, ..., ei} : ¬(X ′
i ≻ ei+1)

holds. Hence∀j < i : ¬(ei+1 ;d ej+1). Thus,(e1, ..., en) is an event trace ofEd.
We showed thatPREES can describe all sets of event traces that are describable bydual event struc-
tures. On the other hand, the set of event traces obtained from E4 of Figure 2 cannot be described by a
dual event structure. ⊓⊔

Theorem 4.2. Let (V,V, l) be a termination sensitive, labelled set of event traces. Then (V,V, l) is
non-empty, prefix closed, history-order independent, termination-order independent and interrupt free if
and only if∃E ∈ PREES : V = Tre(E) ∧ V = Tre√(E).

Proof:
We verify every direction separately:
⇐: Let E ∈ PREES. The non-emptiness, prefix closedness history-order independence and the ter-

mination order independency is easily seen.
Now assume

(e1, ..., en+1) ∈ Tre(E) (1)

(e′1, ..., e
′
m, e) ∈ Tre(E) (2)

(e1, ..., en+1, e) /∈ Tre(E) (3)

{e′1, ..., e′m} ⊆ {e1, ..., en} ∧ {e1, ..., en} ⊆ {e′′1 , ..., e′′q}

From the definition of event traces ofE and (3) we obtain

(∃i < n + 1 : ∃Xi ⊆ {e1, ..., ei} : ¬(Xi 7→ ei+1)) ∨ (4)

(∃X ⊆ {e1, ..., en+1} : ¬(X 7→ e)) ∨ (5)

(∃i < n + 1 : ∃Xi ⊆ {e1, ..., ei} : Xi ≻ ei+1) ∨ (6)

(∃X ⊆ {e1, ..., en+1} : X ≻ e) (7)

From (1) we obtain that (4) and (6) is not possible. Furthermore, (5) cannot be valid, since (2) holds.
Thus (7) has to hold, i.e. there isX ⊆ {e1, ..., en+1} such thatX ≻ e. But this X shows that
(e′′1 , ..., e

′′
q , e) /∈ Tre(E), hence the interrupt freeness is proved.

The maximality of the terminated event traces is an immediate consequence of the definition of
Tre(E).

⇒: Let (V,V, l) have the stated properties. DefineE = (U ,≻, 7→, T, l) by
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≻ = {({e1, ..., en}, e) | ∃e′1, ..., e
′
i : {e′1, ..., e′i} ⊆ {e1, ..., en} ∧ (e′1, ..., e

′
i, e) ∈ V∧

(e1, ..., en) ∈ V ∧ (e1, ..., en, e) /∈ V} ∪ {({e}, e) | e ∈ U}
7→ = {({e1, ..., en}, e) | (e1, ..., en, e) ∈ V}
T = {{e1, ..., en} | (e1, ..., en) ∈ V}.

It is easily seen thatE ∈ PREES.
In the following, we show that for alle0, ..., en we have

(

(e0, ..., en) ∈ V ⇐⇒ (e0, ..., en) ∈
Tre(E)

)

∧
(

(e0, ..., en) ∈ V ⇐⇒ (e0, ..., en) ∈ Tre√(E)
)

. This is done by induction onn.

(e0, ..., en) ∈ V ⇒ (e0, ..., en) ∈ Tre(E): The case ifn ∈ {0, 1} is easily seen. Now suppose
(e0, ..., en+2) ∈ V. Then(e0, ..., en+1) ∈ V, sinceV is prefixed closed. And so by induction
∀i < n + 1 : ∀Xi ⊆ {e0, ..., ei} : ¬(Xi ≻ ei+1). Now letX ⊆ {e0, ..., en+1}.
Assume thatX ≻ en+2. Then there existse′0, ..., e

′
j ande′′0 , ..., e

′′
k such thatX = {e′′0 , ..., e′′k} ∧

{e′0, ..., e′j} ⊆ {e′′0 , ..., e′′k} ∧ (e′0, ..., e
′
j , en+2) ∈ V ∧ (e′′0 , ..., e

′′
k) ∈ V ∧ (e′′0 , ..., e

′′
k , en+2) /∈ V.

From the interrupt freeness ofV we obtain(e0, ..., en+2) /∈ V, which is a contradiction. Hence,
∀X ⊆ {e0, ..., en+1} : ¬(X ≻ en+1).
The causality constraints are an immediate consequence of the prefix closedness ofV.
By the maximality constraint onV we get(e0, ..., en+1) /∈ V. Hence,(e0, ..., en+1) /∈ Tre√(E)

by induction. Therefore, for allX ⊆ {e0, ..., en+1} : X /∈ T , which establish the termination
constraint. Hence(e0, ..., en+2) ∈ V.

(e0, ..., en) ∈ V ⇐ (e0, ..., en) ∈ Tre(E): The casen = 0 is easily seen. Suppose(e0, ..., en+1) ∈
Tre(E). Then we have(e0, ..., en) ∈ V by induction, since(e0, ..., en) ∈ Tre(E). From the
causality constraint of an event trace, we obtain that∃e′0, ..., e

′
i : {e′0, ..., e′i} ⊆ {e0, ..., en} ∧

(e′0, ..., e
′
i, en+1) ∈ V.

Assume that(e0, ..., en+1) /∈ V. Then by the definition ofE we have{e0, ..., en} ≻ en+1. Hence
(e0, ..., en+1) /∈ Tre(E), which is a contradiction. Thus,(e0, ..., en+1) ∈ V.

(e0, ..., en) ∈ V ⇒ (e0, ..., en) ∈ Tre√(E): Let (e0, ..., en) ∈ V then we have already shown that
(e0, ..., en) ∈ Tre(E). Thus,(e0, ..., en) ∈ Tre√(E) by the definition ofT .

(e0, ..., en) ∈ V ⇐ (e0, ..., en) ∈ Tre√(E): Let (e0, ..., en) ∈ Tre√(E). Then by definition there is
X ⊆ {e0, ..., en−1} : (X ∪ {en}) ∈ T . Hence, there existse′0, ..., e

′
q such that(e′0, ..., e

′
q , en) ∈

V ∧ {e′0, ..., e′q} = X. From the termination order independency we obtain(e0, ..., en) ∈ V.
⊓⊔

Theorem 4.3. SupposeE ∈ PREES. Then for alle1, ..., en ∈ U we have

(e1, .., en) ∈ Tre(E) ⇐⇒ E[e1]...[en] is defined.

Proof:
First we state thatE[e1]...[en] = (E′,≻′, 7→′, T ′, l′) with

E′ = {e′ ∈ E | ∀Z ⊆ {e1, ..., en} : ¬(X ≻ e′)}
≻′ = {(Z ′, e′) | e′ ∈ E′ ∧ Z ′ ⊆ E′ ∧ ∃Z : Z ≻ e′ ∧ Z ′ = Z \ {e1, ..., en}}
7→′ = {(X ′, e′) | e′ ∈ E′ ∧ X ′ ⊆ E′ ∧ ∃X : X 7→ e′ ∧ X ′ = X \ {e1, ..., en}}
T ′ = {X ′ | X ′ ⊆ E′ ∧ ∃X ∈ T : X ′ = X \ {e1, ..., en}}
l′ = l ↾ E′
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if it is defined. This can be shown by induction onn, which is omitted here.
The main statement is shown by induction onn, where the base casen = 0 is easily seen.
⇒: If (e1, .., en+1) ∈ Tre(E) then (e1, .., en) ∈ Tre(E). Hence, by inductionE[e1]...[en] is defined.

From the non disabling condition of event traces ofE we obtainen+1 ∈ E′, from the well causality
constraint we get∅ 7→′ en+1 and from the termination constraint we obtain thatE[e1]...[en] ∈ PREES.
ThusE[e1]...[en+1] is defined.

⇐: If E[e1]...[en+1] is defined thenE[e1]...[en] is defined and so by induction(e1, .., en) ∈ Tre(E). There-
fore, it is only left to show that

• ∀X ⊆ {e1, ..., en} : ¬(X ≻ en+1), which has to be the case, since otherwiseen+1 /∈ E′,

• ∃X ⊆ {e1, ..., en} : X 7→ en+1, which has to be the case, since otherwiseen+1 is not enabled
in E[e1]...[en] and

• ∀X ⊆ {e1, ..., en} : X /∈ T , which has to be the case, since otherwiseE[e1]...[en] /∈ PREES.
⊓⊔

Theorem 4.4. The set of all prees ordered by� is anω-complete partial order, where the least upper
bound of anω-chain(Ei)i∈IN is given by

⊔

i Ei = (
⋃

i Ei,
⋃

i ≻i,
⋃

i 7→i,
⋃

i Ti,
⋃

i li).

Proof:
It is easily seen that� is a partial order with(∅, ∅, ∅, ∅, ∅) as its least element. Furthermore,E =

⊔

i Ei

is a prees. In the following we only considerT . The cases≻ and 7→ follow analogously.
upper bound: Obviously,Tj ⊆

⋃

i Ti.

Let X ⊆ ⋃

i Ei such thatX ⊆ Ej and∃i : X ∈ Ti. ThusX ⊆ Ei and fromEj � Ei or Ei � Ej we get
X ∈ Tj , as required.

least upper bound: LetE ′ be a prees such thatEi � E ′ for all i ∈ IN. Then
⋃

i Ei ⊆ E′.

Let X ∈ T . Then∃j : X ∈ Tj . Hence,X ∈ T ′, sinceEj � E ′.

Let X ∈ T ′ such thatX ⊆ ⋃

i Ei. SinceX is finite, there existsj ∈ IN such thatX ⊆ Ej . Hence,
X ∈ Tj . Then by definitionX ′ ∈ T .

⊓⊔

Proposition 4.2. SupposeE1, E2, E ∈ PREES such thatE1 ∩ E2 = ∅ then

Tr(E1+E2) = Tr(E1)+Tr(E2) Tr(E1 ; E2) = Tr(E1) ; Tr(E2) Tr(E1[>E2) = Tr(E1)[>Tr(E2)

Tr(E1‖AE2) = Tr(E1)‖ATr(E2) Tr(Lab(E , f) = Lab(Tr(E), f) Tr(E \\A) = Tr(E1) \\A

Proof:
We present the proof ofTr(E1‖AE2) = Tr(E1)‖ATr(E2). The other cases are simpler and hence are
omitted.
Suppose(ẽ0, ..., ẽn) ∈ Tre(E1‖AE2). Define fori ≤ n:

w
(i)
1 =

{

e if ẽi = (e, ⋆)

ǫ otherwise
w

(i)
3 =

{

e if ẽi = (e, e′)

ǫ otherwise
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Now, we will argue thatw(0)
1 w

(0)
3 · · ·w(n)

1 w
(n)
3 ∈ Tre(E1): the causality and the conflict constraint is

easily seen. Suppose the termination constraint is violated, then by the definition of‖A all events corre-
sponds toE1 are disabled, hence(ẽ0, ..., ẽn) /∈ Tre(E1‖AE2). Contradiction.

w
(i)
2 andw

(i)
4 can be analogously defined. Hence,(ẽ0, ..., ẽn) ∈ Tr(E1)‖ATr(E2) is an immediately con-

sequence of the definitions ofw
(i)
j .

It is also straightforwardly checked that every termination trace ofTre(E1‖AE2) is also a termination
trace ofTr(E1)‖ATr(E2).

Supposêw(0)
1 ŵ

(0)
2 ŵ(0) · · · ŵ(n)

1 ŵ
(n)
2 ŵ(n) ∈ Tr(E1)‖ATr(E2). We use induction onn.

If ŵ
(n)
1 = ǫ then ŵ

(0)
1 ŵ

(0)
2 ŵ(0) · · · ŵ(n)

1 ∈ Tre(E1‖AE2) by induction. If ŵ(n)
1 = (e, ⋆) then the in-

dex of the causality set obtained inE1 can be used to obtain a causality set inTre(E1‖AE2). Sup-

pose ŵ
(0)
1 ŵ

(0)
2 ŵ(0) · · · ŵ(n)

1 /∈ Tre(E1‖AE2) because of conflicts. But this cannot be the case, be-

cause otherwisew(0)
1 w

(0)
3 · · ·w(n)

1 ∈ Tre(E1) would be contradicted by the disabling or by the ter-

mination constraint. The termination constraint ofŵ
(0)
1 ŵ

(0)
2 ŵ(0) · · · ŵ(n)

1 can be easily seen. Hence,

ŵ
(0)
1 ŵ

(0)
2 ŵ(0) · · · ŵ(n)

1 ∈ Tre(E1‖AE2).

The other cases,̂w(n)
2 andŵ

(n)
3 , are shown analogously. ⊓⊔

B. Proof of Theorem 4.4

The main problem in verifying Theorem 4.4 is to handle recursion, since it will be hard to appropri-
ately relate an action execution in the SOS-transition system to an action execution in the corresponding
PREES-denotation. The technique used in [4] cannot be applied, since there recursion is handled via
metric spaces, and not via complete partial orders. This hasthe consequence that it is not even possi-
ble to give a denotation to unguarded processes, since the distance function will not be contractive in
these cases. The technique used in [18] has the disadvantagethat event identifiers are introduced at the
language level and therefore finite systems can never be obtained if recursion is present.

In order to solve the problem of relating action execution toevent execution, we first introduce an
event-based SOS-transition system, where every action execution is annotated by the event-name of
its PREES-denotation. Then we show that the event-based transition system of process〈decl, B〉 is
bisimilar to (EXP,Act, −→decl, B) and also to(PREES,Act, →֒, [[〈decl, B〉]]). Hence, Theorem 4.4
follows by the transitivity of the bisimilarity [25].

The advantage of our approach is that we can handle unguardedprocesses.

B.1. Event Based Transition System.

Let EXPe be the set that contains exactly the elements generated by

C ::= B | C;B | C [>B | C‖AC | C[f ] | C\\A | ⌈C⌉i

whereB ∈ EXP, f ∈ FL, i ∈ {1, 2} andA ⊆ Obs. Let PAe = (Var → EXP) × EXPe. Please note
that variables are still assigned to the standard expressions. In Figure 4 the event-based transition rules
−→′

decl⊆ EXPe × (Act × U)× (EXPe ∪ {√}) are presented. In the followinḡC denotes an element of
EXPe ∪ {√} andB̄ denotes an element ofEXP ∪ {√}.



22 Fecher, Majster-Cederbaum / Event Structures for Arbitrary Disruption

Here −→ is a abbreviation of−→′
decl

A′
1 :

a
a−→• √ C ′

1 : B1
a−→
e C ′

B1 + B2
a−→(e,⋆) ⌈C ′⌉1

B2 + B1
a−→(⋆,e) ⌈C ′⌉2

C ′
2 :

B1
a−→
e

√

B1 + B2
a−→(e,⋆)

√

B2 + B1
a−→(⋆,e)

√

S′
1 : C

a−→
e C ′

C;B
a−→(e,⋆) C ′;B

S′
2 :

C
a−→
e

√

C;B
a−→(e,⋆) ⌈B⌉2

D′
1 : C

a−→
e C ′

C [>B
a−→(e,⋆) C ′ [>B

B
a−→
e C ′

C [>B
a−→(⋆,e) ⌈C ′⌉2

D′
2 :

C
a−→
e

√

C [>B
a−→(e,⋆)

√ B
a−→
e

√

C [>B
a−→(⋆,e)

√

P ′
1 :

C1
a−→
e C ′

1 a /∈ A

C1‖AC2
a−→(e,⋆) C ′

1‖AC2

C2‖AC1
a−→(⋆,e) C2‖AC ′

1

P ′
2 :

C1
a−→
e

√
a /∈ A

C1‖AC2
a−→(e,⋆) (⌈C2⌉2)\\A

C2‖AC1
a−→(⋆,e) (⌈C2⌉1)\\A

P ′
3 :

C1
a−→e1 C ′

1 C2
a−→e2 C ′

2 a ∈ A

C1‖AC2
a−→(e1,e2) C ′

1‖AC ′
2

P4 :
C1

a−→e1

√
C2

a−→e2 C ′
2 a ∈ A

C1‖AC2
a−→(e1,e2) (⌈C ′

2⌉2)\\A
C2‖AC1

a−→(e1,e2) (⌈C ′
2⌉1)\\A

P ′
5 :

C1
a−→e1

√
C2

a−→e2

√
a ∈ A

C1‖AC2
a−→(e1,e2)

√ Lab′ : C
a−→
e C ′

C[f ]
f(a)−→

e C ′[f ]

C
a−→
e

√

C[f ]
f(a)−→

e

√

Res′ : C
a−→
e C ′ a /∈ A

C\\A a−→
e C ′\\A

C
a−→
e

√
a /∈ A

C\\A a−→
e

√

Rec′ :
decl(x)

a−→
e C ′

x
a−→
e C ′

decl(x)
a−→
e

√

x
a−→
e

√

N ′ : C
a−→
e C ′

⌈C⌉1 a−→(e,⋆) ⌈C ′⌉1
⌈C⌉2 a−→(⋆,e) ⌈C ′⌉2

C
a−→
e

√

⌈C⌉1 a−→(e,⋆)

√

⌈C⌉2 a−→(⋆,e)

√

Figure 4. Event Based Transition Rules with respect to−→′

decl
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B.2. The First Bisimilarity Result

In order to verify the bisimilarity, we introduce the following relation betweenEXPe and EXP. An
expressionC from EXPe and an expressionB from EXP are related ifB results fromC by removing
all ⌈ ⌉ expressions inC. This is formalized by the following function, where we alsocount the⌈ ⌉
symbols inC, which is done in order to allow induction verification with this relation. The relation is
more precisely described as follows:B combined with a natural numbern maps to the set of allC that
containn ⌈ ⌉-expressions and the removing of these expressions inC yieldsB.

Definition B.1. Ξ : IN × EXP → P(EXPe) is defined as follows, whereI = {1, 2}.

Ξ(0, B) = {B}
Ξ(n + 1, B) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B)} if B ∈ {0, a,B1 + B2, x}

Ξ(n + 1, B1;B2) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B1;B2)} ∪ {C1;B2 | C1 ∈ Ξ(n + 1, B1)}
Ξ(n + 1, B1 [>B2) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B1 [>B2)} ∪ {C1 [>B2 | C1 ∈ Ξ(n + 1, B1)}
Ξ(n + 1, B1‖AB2) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B1‖AB2)} ∪

{C1‖AC2 | ∃m ∈ IN : m ≤ n + 1 ∧ C1 ∈ Ξ(m,B1) ∧ C2 ∈ Ξ(n + 1 − m,B2)}
Ξ(n + 1, B[f ]) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B[f ])} ∪ {C[f ] | C ∈ Ξ(n + 1, B)}

Ξ(n + 1, B\\A) = {⌈C̃⌉i | i ∈ I ∧ C̃ ∈ Ξ(n,B\\A)} ∪ {C\\A | C ∈ Ξ(n + 1, B)}

The well-definedness ofΞ is easily seen. Now we are ready to verify the first bisimulation result.

Lemma B.1. SupposeB ∈ EXP. Then(EXP,Act, −→decl, B) and(EXPe,Act,−→′′
decl, B) are bisim-

ilar, whereC
a−→′′

decl C̄ ⇔ ∃e ∈ U : C
a−→′
e decl C̄.

Proof:
DefineR = {(B,C) ∈ EXP × EXPe | ∃n : C ∈ Ξ(n,B)}. To verify thatR is a bisimulation, we show

(B
a−→decl B̄ ∧ C ∈ Ξ(n,B)) ⇒ ∃e, C̄,m : C

a−→′
e decl C̄ ∧ (C̄ ∈ Ξ(m, B̄) ∨ C̄ = B̄ =

√
) (8)

The proof of (8) works by induction on the depth of inference of B
a−→decl B̄ combined with the value

of n. Then (8) can be easily checked with the following procedure:

• applying ruleN ′ wheneverC = ⌈C̃⌉i. In these casesn is reduced by one andB
a−→decl B̄

remains unaffected and therefore the hypotheses yields theresult.

• applying the corresponding rules ofB
a−→decl B̄ wheneverC is different from⌈C̃⌉i. In these

cases the depth of inference is reduced andn does not get increased and therefore the hypotheses
yield the result.

Another fact is

(C
a−→′
e decl C̄ ∧ C ∈ Ξ(n,B)) ⇒ ∃B̄,m : B

a−→decl B̄ ∧ (C ′ ∈ Ξ(m, B̄) ∨ C̄ = B̄ =
√

) (9)

This equation can be proved by induction on the depth of inference ofC
a−→′
e decl C̄.

Now we are ready to verify thatR is a bisimulation:
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x
�

�

@@R

�
�

a

decl
x

a−→′′
decl ⌈x⌉2

a−→′′
decl ⌈⌈x⌉2⌉2 · · ·

Figure 5. Transition System ofdecl(x) = a; x

• It is clear that(B,B) ∈ R.

• Suppose(B1, C1) ∈ R andB1
a−→decl B2. Then∃e,C2,m : C1

a−→′
e decl C2 ∧ C2 ∈ Ξ(m,B2)

by (8). ThusC1
a−→′′

decl C2 and(B2, C2) ∈ R, as required. And analogously forB1
a−→decl

√
.

• Suppose(B1, C1) ∈ R andC1
a−→′′

decl C2. ThenC1
a−→′
e decl C2 for somee. Hence,∃B2,m :

B1
a−→decl B2 ∧ C2 ∈ Ξ(m,B2) by (9). And analogously forC1

a−→′′
decl

√
.

⊓⊔

Remark B.1. The transition systems mentioned in Lemma B.1 are not isomorphic. Consider for exam-
ple decl with decl(x) = a;x. Then the expressionx yields a finite transition system with respect to
−→decl, whereas an infinite one is derived with respect to−→′′

decl. This is illustrated in Figure 5.

B.3. The Second Bisimilarity Result.

We extend the denotational semantics toPAe.

Definition B.2. (Denotational semantics ofPAe)
Define[[ ]]′ : PAe → PREES by

[[〈decl, B〉]]′ = [[〈decl, B〉]]
[[〈decl, C;B〉]]′ = Shift1([[〈decl, C〉]]′) ; Shift2([[〈decl, B〉]]′)
[[〈decl, C [>B〉]]′ = Shift1([[〈decl, C〉]]′)[>Shift2([[〈decl, B〉]]′)
[[〈decl, C[f ]〉]]′ = Lab([[〈decl, C〉]]′, f) [[〈decl, C1‖AC2〉]]′ = [[〈decl, C1〉]]′‖A[[〈decl, C2〉]]′
[[〈decl, C\\A〉]]′ = [[〈decl, C2〉]]′ \\A [[〈decl, ⌈C⌉i〉]]′ = Shift i([[〈decl, C〉]]′)

It is easily checked that[[ ]]′ is well defined. The next lemma illustrates how the differentoperators
behave on event execution. This lemma is essential to relatethe event-based transition system with the
event execution inPREES.
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Lemma B.2. SupposeE , E1, E2 ∈ PREES such thatE1 ∩ E2 = ∅. Then

(E1+E2)[e] ≃
{

E1[e] if e ∈ E1

E2[e] otherwise

(E1 ; E2)[e] ≃
{

E2 if e ∈ init(E1) ∧ Υ(T1, e)

E1[e] ; E2 otherwise

(E1[>E2)[e] ≃
{

E2[e] if e ∈ E2

E1[e][>E2 otherwise

(E1‖AE2)[(e1,⋆)] ≃
{

E1[e1]‖AE2 if ¬Υ(T1, e1) ∧ l1(e1) /∈ A

Shift2(E2) \\A if e1 ∈ init(E1) ∧ Υ(T1, e1) ∧ l1(e1) /∈ A

(E1‖AE2)[(⋆,e2)] ≃
{

E1‖AE2[e2] if ¬Υ(T2, e2) ∧ l2(e2) /∈ A

Shift1(E1) \\A if e2 ∈ init(E2) ∧ Υ(T2, e2) ∧ l2(e2) /∈ A

(E1‖AE2)[(e1,e2)] ≃























E1[e1]‖AE2[e2] if ¬Υ(T1, e1) ∧ ¬Υ(T2, e2)

Shift2(E2[e2]) \\A if e1 ∈ init(E1) ∧ Υ(T1, e1) ∧ ¬Υ(T2, e2)

Shift1(E1[e1]) \\A if e2 ∈ init(E2) ∧ Υ(T2, e2) ∧ ¬Υ(T1, e1)

(∅, ∅, ∅, {∅}, ∅) if ∀i ∈ {1, 2} : ei ∈ init(Ei) ∧ Υ(Ti, ei)

wheneverl1(e1) = l2(e2) ∈ A

Lab(E , f)[e] ≃ Lab(E[e], f)

(E \\A)[e] ≃
{

E[e] \\A if l(e) /∈ A

undefined otherwise

Shift1(E)[(e,⋆)] ≃ Shift1(E[e])

Shift2(E)[(⋆,e)] ≃ Shift2(E[e])

Proof:
Straightforward. ⊓⊔

Now we show that a transition labelled with evente of the event-based transition system can be
matched in thePREES-denotation by executing thise:

Lemma B.3. Suppose〈decl, C〉 ∈ PAe andC
a−→′
e decl C̄. Then

e ∈ init(E) ∧ l(e) = a ∧ (C̄ 6= √ ⇒ Ē = E[e]) ∧ (C̄ =
√ ⇔ Υ(T, e))

with E = [[〈decl, C〉]]′ andĒ = [[〈decl, C̄〉]]′.

Proof:
We use induction on the depth of inference ofC

a−→′
e decl C̄. Then the equation can be verified by case

analysis on the derivation rules, where Lemma B.2 is used. Inthe case ofRec′ we make use of the fact
that [[〈decl, x〉]] = [[〈decl,decl(x)〉]] for anyx ∈ Var. ⊓⊔
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The converse of Lemma B.3 also holds, i.e. the execution of evente in thePREES-denotation ofC
can be matched by a transition fromC that is labelled withe.

Lemma B.4. Let 〈decl, C〉 ∈ PAe, E = [[〈decl, C〉]]′ ande ∈ init(E). Then∃C̄ : C
l(e)−→′
e decl C̄.

Proof:
First we show ifn ∈ IN, B ∈ EXP andEn = [[B]]Fn

decl(⊥) then

e ∈ init(En) ⇒ ∃C̄ ∈ EXP
e : B

ln(e)−→′
e decl C̄ (10)

This is done by induction onn combined with the structure ofB where the lexicographical order is
used. Furthermore, a case analysis on the structure ofB is used. We only present here the caseB = x:
Supposee ∈ init([[x]]Fn

decl(⊥)) thenn > 0. Therefore,[[x]]Fn

decl(⊥) = Fn
decl(⊥)(x) = [[decl(x)]]Fn−1

decl (⊥).
The rest follows by induction, sincen is reduced. Thus (10) is established.

The main statement follows now by structural induction onC. We only present the caseC = B ∈
EXP. By Remark 4.1 we get[[〈decl, B〉]] =

⊔

n[[B]]Fn

decl(⊥). Then it is easily seen that there ism such
thate ∈ init([[B]]Fm

decl(⊥)) and the labels one coincide. And so the result follows by (10). ⊓⊔

Now we are ready to verify the second bisimulation result, which concludes the proof.

Lemma B.5. Suppose〈decl, C〉 ∈ PAe. Then the transition systems(PREES,Act, →֒, [[〈decl, C〉]]′)
and(EXPe,Act,−→′′

decl, C) are bisimilar, where−→′′
decl is defined as in Lemma B.1.

Proof:
DefineR = {(C ′, [[〈decl, C ′〉]]′) | C ′ ∈ EXPe}. Then(C, [[〈decl, C〉]]′) ∈ R by definition.

SupposeC1 ∈ EXPe andC1
a−→′′

decl C̄. ThenC1
a−→′
e decl C̄ for somee. By Lemma B.3, we get

C̄ ∈ EXPe ⇒ [[〈decl, C1〉]]′
a→֒ [[〈decl, C̄〉]]′ andC̄ =

√ ⇔ Υ(π4([[〈decl, C1〉]]′), e), as required.

SupposeC1 ∈ EXPe and [[〈decl, C1〉]]′
a→֒ Ē . Then there ise ∈ init([[〈decl, C1〉]]′) such thatĒ =

[[〈decl, C1〉]]′[e] andπ5([[〈decl, C1〉]]′)(e) = a. By Lemma B.4 there is̄C such thatC1
a−→′
e decl C̄. More-

over, C̄ ∈ EXPe ⇒ [[〈decl, C1〉]]′[e] = [[〈decl, C̄〉]]′ andC̄ =
√ ⇔ Υ(π4([[〈decl, C1〉]]′), e) by Lemma

B.3, which concludes the proof. ⊓⊔
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