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Abstract. The hierarchy of untimed equivalences is well understood for
action-based systems. This is not the case for timed systems, where it is,
for example, possible to detect concurrency by single timed action exe-
cution. To clarify the connection between equivalences in timed systems,
a timed version of configuration structures is introduced together with
timed equivalence notions adapted from untimed equivalences. There ac-
tions (events) have an occurrence time and a duration. The result of this
paper is that all timed versions of the equivalences from [15] have the
same relative discriminating power as in the untimed case, except that
interleaving and step (for trace and bisimulation) equivalences coincide if
systems are considered where every action must have a positive duration.

1 Introduction

Action-based formalisms are used to model systems at an abstract level. But
nearly all those formalisms are too concrete in the sense that the same system can
be described in many different ways. Therefore, equivalences are introduced to
identify those descriptions that have the same observation. Since there are many
notions of observations (e.g., linear/branching, interleaving/true concurrent, ...),
different equivalences are investigated. In order to relate the level of abstraction
of the equivalences, their discriminating power is examined. This is done, for
example, for untimed equivalences in [15, 11, 13, 12].

Timed systems have much more observation possibilities, since observations
concerning the occurrence time and the duration of actions are possible. This
allows, for example, to detect some concurrency by action traces, in the case when
ill-timed traces, i.e., traces where the occurrence time of actions may decrease
inside a trace, are allowed [2, 1].

The observation that a certain degree of concurrency can be detected in
timed systems leads to the question whether the inclusion relations of untimed
equivalences are different for the timed versions, in particular, do some timed
equivalence notions coincide? The advantage of the collapsing of equivalences is
that the verification techniques, axiom systems and results existing for one of
them can be used for the other. Furthermore, it can reduce the state spaces that
have to be considered to verify the equivalences of processes; for example, when
? The work started when the author worked at the University of Mannheim, Germany.



single action execution (interleaving) bisimilarity coincides with step bisimilarity,
it is enough to consider only the transition system consisting of single action
executions and not also the step executions in order to verify that processes are
step bisimilar.

Another question is whether the hierarchy of the timed equivalences are dif-
ferent when the considered system is restricted. For example do some equiva-
lences coincide when every action has a positive duration and/or when no action
may idle (i.e., an action can only be executed at the time when it becomes
enabled). Systems where no action may idle, are called urgent systems in this
paper.

The aim of this paper is to present answers to these questions. In order to
have the possibility to compare equivalences, we have to define them on a com-
mon abstract domain. Configuration structures were used for this purpose in
the untimed case [15]. We introduce a timed version of them, called durational
configuration structures, where an event has also an occurrence time and a du-
ration. These structures have to satisfy some well formed condition relating the
causality and the occurrence time of events (an event that causes another event
e has to occur earlier than e). We introduce timed equivalences, which are ex-
tensions of untimed equivalences, in durational configuration structures. These
equivalences are compared with respect to their level of abstraction. We point
out that the hierarchy of all considered equivalences are the same in the untimed
and the timed case, except that interleaving and step (for trace and bisimula-
tion) equivalences coincide if every event (action) must have a positive duration.
In particular, the restriction to urgent systems does not have any influence on
the equivalence hierarchy.

The structure of the paper is the following: In Section 2 durational configu-
ration structures are investigated. The timed equivalences are defined on them
in Section 3. In Section 4, we introduce a simple timed process algebra in order
to obtain a more readable notation for our counterexamples. The equivalences
are examined with respect to their discriminating power in Section 5. The paper
is concluded in Section 6.

2 Durational Configuration Structures

Configuration structures [14, 16, 15] are a more general event-oriented model of
untimed concurrent systems, which is more general than, e.g., event structures
[28]. They usually consist of a family of finite sets (the configurations) and a
labelling function which maps the elements that occur in a configuration to a
set of action names. A configuration can be considered as a collection of events
that can appear at some stage of the system run. The labelling function indicates
which actions are observable when the events happen. Sometimes configuration
structures also contain a termination predicate (a subset of configurations) [16,
15], which indicates terminated configurations. Since termination is not relevant
for our approach, we do not consider termination predicates. It is straightforward
to transform our result to termination sensitive equivalences.



In timed systems, it is possible to observe at which time the events (actions)
happen and also how long their duration is, see for example [23, 9, 8]. We make
an atomicity assumption, in the sense that the termination time of an event
(action) is known as soon as this event starts to execute, i.e., the duration (and
also non-termination) of events is known a priory1. The occurrence and the
duration time information can not be encoded in a configuration structure by an
additional global function, as the labelling function, since the same event may
happen at different times (and with different durations) in different system runs.
Therefore, we encode configurations as partial functions from the set of events to
the set of their possible occurrence times together with their possible duration.
In our case, these will be partial functions into IR+∞

0 = IR+
0 ×(IR+

0 ∪{∞}), where
the duration ∞ denotes that the event will never terminate.

In the following, f : M1 ⇀ M2 denotes that f is a partial function from
M1 to M2. Partial functions are sometimes considered as sets, hence the partial
function that is everywhere undefined is given by ∅. The domain of f , denoted
by dom(f), is the set {m ∈ M1 | f(m) is defined}. The restriction of f to set
M ′1 ⊆ M1 is f �M1 = f ∩ (M ′1 ×M2). Partial functions from M1 to M2 are
ordered pointwise, denoted by v, i.e., f v g iff f ⊆ g.

Definition 1. A labelled durational configuration structure over an alphabet
Act with respect to set E is a tuple C = (C, l) such that

C ⊆ {f : E ⇀ IR+
0 × IR+∞

0 | |dom(f)| <∞}
l : E → Act.

An element f of C is called a durational configuration. Furthermore, πt de-
notes the projection to the occurrence time and πd denotes the projection to the
duration, i.e., if f(e) = (t, d) then πt(f(e)) = t (the absolute time when event
e happens in f) and πd(f(e)) = d (the duration of event e in f). Hereafter, C
is considered to be (C, l), E is assumed to be a fixed set of event names, and
Act be a fixed set of action names. Furthermore, if M ⊆ E then M denotes the
complement of M , i.e., M = {e ∈ E | e /∈M}.

Remark 2. The untimed configuration structures of [15] can be modelled as
durational configuration structures, where all events occur at time 0 and all
events have duration 0, i.e., by assigning an untimed configuration structure
X ⊆ E to the durational configuration structure fX , where dom(fX) = X and
∀e ∈ X : fX(e) = (0, 0).

In the untimed case, a subset of configuration structures is characterized by
the property that the causal dependencies in configurations can faithfully be
represented by means of partial orders. It turned out that these are exactly the
configuration structures associated with stable event structures [15]. In the fol-
lowing definition, we define the analogous property for durational configuration
structures.
1 This atomicity assumption has the consequence that the ST-equivalence [17] does

not fit into our setting.



Definition 3. A durational configuration structure C is

– rooted iff ∅ ∈ C,
– connected iff ∀g ∈ C : g 6= ∅ ⇒ ∃e ∈ dom(g) : g �{e} ∈ C,
– closed under bounded unions iff ∀f, g, h ∈ C : (f v h∧ g v h)⇒ f ∪ g ∈ C,
– closed under bounded intersections iff ∀f, g, h ∈ C : (f v h ∧ g v h) ⇒
f ∩ g ∈ C.

C is stable iff it is rooted, connected, closed under bounded unions, and closed
under bounded intersections.

The causality relation on events describes which event occurrences are nec-
essary for other event occurrences and the concurrency relation describes which
event occurrences are independent from each other. These relations are defined
with respect to configurations, i.e., the event dependencies may vary in different
configurations (system runs). The relations are adapted to durational configu-
ration structures as follows:

Definition 4. Let C be a durational configuration and let g ∈ C.
The causality relation <Cg⊆ dom(g)×dom(g) on g is given by e′ <Cg e iff e′ ≤Cg e
and e′ 6= e, where e′ ≤Cg e ⇐⇒

(
∀f ∈ C : (f v g∧e ∈ dom(f))⇒ e′ ∈ dom(f)

)
.

The concurrency relation ‖Cg ⊆ dom(g) × dom(g) on g is given by e′‖Cge iff
¬(e′ <Cg e ∨ e <Cg e′).

We write <g (‖g) rather than <Cg (respectively, ‖Cg ) if C is clear from the
context. If an event e′ is a causality of e, i.e., e′ <g e, then e′ has to occur
earlier than e. More precisely, e has to occur later than the termination of e′.
This is formalized in the following definition, where also further time properties
of configuration structures are specified.

Definition 5. A durational configuration structure C is time stable iff C is stable
and ∀g ∈ C : e′ <g e ⇒ πt(g(e′)) + πd(g(e′)) ≤ πt(g(e)). Let C be the set of all
time stable durational configuration structures.

– C ∈ C has only durational action iff ∀g ∈ C, e ∈ dom(g) : πd(g(e)) > 0.
– C ∈ C is urgent iff ∀g ∈ C, e ∈ dom(g) : πt(g(e)) > 0 ⇒ ∃e′ : e′ <g e ∧
πt(g(e′)) + πd(g(e′)) = πt(g(e)).

Let Cd be C restricted to those configuration structures that have only durational
action and let Cu be C restricted to those configuration structures that are ur-
gent. Finally, Cdu denotes the set of all configuration structures that have only
durational action and are urgent, i.e., Cdu = Cd ∩ Cu.

If a durational configuration structure is urgent, then time must not pass
between actions2, i.e., time may only pass by action execution. Urgent systems
are, for example, most generative systems, where the environment has no influ-
ence on the action execution. Durational configuration structures that have only
2 In some approaches, e.g., [27, 21], urgency is only enforced on internal actions.



durational actions are generated by most physical processes, since an action has
to consume time in real systems. In these systems actions are sometimes ab-
stracted and are considered durationless. But such kind of abstractions are not
always reasonable. Hence, we just motivated that the restriction to durational
configuration structures that are urgent and/or have only durational actions is
reasonable for applications.

Example 6. The durational configuration structure

C̃ =
({
{(e0, 0, 1)}, {(e1, 0, 2)}, {(e0, 0, 1), (e1, 0, 2)}, {(e1, 0, 2), (e2, 2, 1)},({
{(e0, 0, 1), (e1, 0, 2), (e2, 2, 1)}

}
, {(e0, a), (e1, b), (e2, c)}

)
is time stable, has only durational action, and is urgent.

3 Timed Equivalences

In this section, we adapt equivalence notions of the untimed case to the timed
case, where we concentrate on truly concurrent equivalences (i.e., those equiv-
alences presented in [15]), since we rather expect a change in the hierarchical
structure of truly concurrent equivalences. For simplicity, we only consider strong
equivalences, i.e., we do not abstract from internal actions.

In order to define the equivalences, we introduce different kinds of action (not
event) executions with respect to time. One concerns single action execution.
Another one concerns simultaneous action execution (multisets over Act). A
third one concerns the execution of sets of ordered actions, which are called
pomsets. In all these executions, the occurrence time and the duration of the
executed event is taken into account.

Definition 7. Define L = Act×IR+
0 ×IR+∞

0 . The isomorphism class of partially
ordered sets labelled by L are called pomsets over L. The isomorphism class of
a partially ordered set u is denoted by [u]. Let P be the set of all pomsets over
L where the underlying sets have to be subsets of E.

Suppose l : E ⇀ Act and g : E ⇀ IR+
0 × IR+∞

0 such that dom(l) = dom(g),
then l × g : E ⇀ L is defined by dom(l × g) = dom(l) and ∀e ∈ dom(l) :
(l × g)(e) = (l(e), g(e)).

Definition 8. Suppose C ∈ C.
Define the action execution relation −→C⊆ C×L×C, where f

(a,t)−→d C g abbreviates
(f, (a, t, d), g) ∈−→C, by

f
(a,t)−→d C g iff ∃e : e /∈ dom(f) ∧ g = f ∪ {(e, t, d)} ∧ l(e) = a.

Define the step execution relation 7−→C⊆ C × (L → IN)× C by

f
γ7−→C g iff f v g ∧ ∃H : H = dom(g) \ dom(f) ∧ (∀e, e′ ∈ H : e‖ge′) ∧

γ(a, t, d) = |{e ∈ H | l(e) = a ∧ g(e) = (t, d)}|.



Define the pomset execution relation ↪→C⊆ C × P × C by

f
u
↪→C g iff f v g ∧ ∃H : H = dom(g) \ dom(f) ∧

u = [H,<g ∩(H ×H), l �H × g �H].

Example 9. Consider the durational configuration structures C̃ from Example 6.
Then

∅ {(e0, 0, 1), (e1, 0, 2), (e2, 2, 1)}

{(e1, 0, 2)}

(b
,0

)
−→2
C̃

ũ
↪→C̃

γ̃
7−→

C̃

where γ̃ = {((a, 0, 1), 1), ((c, 2, 1), 1)}
and ũ = [{e0, e1, e2}, {(e1, e2)}, {(e0, a), (e1, b), (e2, c)}].

Many equivalences are based on the trace or the bisimulation technique:

Definition 10. Let C, C′ ∈ C and −→⊆ C ×M × C and −→′⊆ C ′ ×M × C ′
for some set of labels M . An element (m0, ...,mn−1) ∈ M∗ is a trace of C with
respect to −→ if there exists f0, ..., fn ∈ C with ∅ = f0 and ∀i < n : fi

mi−→ fi+1.
The set of all traces of C with respect to −→ is denoted by T(C,−→).
(C,−→) and (C′,−→′) are trace equivalent iff T(C,−→) = T(C′,−→′).

Definition 11. Let C, C′ ∈ C and −→⊆ C×M ×C and −→′⊆ C ′×M ×C ′ for
some set of labels M . A relation R ⊆ C × C ′ is called a bisimulation between
(C,−→) and (C′,−→′) iff (∅, ∅) ∈ R and if (f, f ′) ∈ R then

– f
m−→ g ⇒ ∃g′ : f ′ m−→ g′ ∧ (g, g′) ∈ R,

– f ′
m−→ g′ ⇒ ∃g : f m−→ g ∧ (g, g′) ∈ R.

(C,−→) and (C′,−→′) are bisimilar iff there is a bisimulation between (C,−→)
and (C′,−→′).

In the following, the interleaving trace equivalence [20], interleaving bisimilar-
ity [22], step trace equivalence [24], step bisimilarity [24], pomset trace equivalence
[7], pomset bisimilarity [7], weak history-preserving equivalence [10], history-
preserving equivalence [25] and hereditary history-preserving equivalence [3] are
adapted to time, i.e., defined on durational configuration structures.

Definition 12 (Interleaving trace). The durational configuration structures
C and C′ are interleaving trace equivalent, denoted by C ≈it C′, iff (C,−→C) and
(C′,−→C′) are trace equivalent.

Definition 13 (Interleaving bisimilarity). The durational configuration struc-
tures C and C′ are interleaving bisimilar, denoted by C ≈ib C′, iff (C,−→C) and
(C′,−→C′) are bisimilar.



Definition 14 (Step trace). The durational configuration structures C and C′
are step trace equivalent, denoted by C ≈st C′, iff (C, 7−→C) and (C′, 7−→C′) are
trace equivalent.

Definition 15 (Step bisimilarity). The durational configuration structures C
and C′ are step bisimilar, denoted by C ≈sb C′, iff (C, 7−→C) and (C′, 7−→C′) are
bisimilar.

Definition 16 (Pomset trace). The durational configuration structures C and
C′ are pomset trace equivalent, denoted by C ≈pt C′, iff (C, ↪→C) and (C′, ↪→C′)
are trace equivalent.

It is easily seen that the definition of pomset trace equivalence can be re-
stricted to single element traces, i.e.,
C ≈pt C′ iff ∀u ∈ P : (∃g : ∅ u

↪→C g)⇔ (∃g′ : ∅ u
↪→C′ g′).

Definition 17 (Pomset bisimilarity). The durational configuration struc-
tures C and C′ are pomset bisimilar, denoted by C ≈pb C′, iff (C, ↪→C) and
(C′, ↪→C′) are bisimilar.

Definition 18 (Weak history-preserving). The durational configuration struc-
tures C and C′ are weak history-preserving equivalent, denoted by C ≈wh C′, iff
there is a bisimulation R between (C,−→C) and (C′,−→C′) such that there is
an isomorphism between the two partially ordered, labelled sets (dom(f), <f , l �
dom(f)× f), and (dom(f ′), <f ′ , l �dom(f ′)× f ′) for every (f, f ′) ∈ R.

Definition 19 (History-preserving). Let C, C′ ∈ C. A relation R ⊆ C ×
C ′ × (E ⇀ E) is called a history-preserving bisimulation between C and C′ iff
(∅, ∅, ∅) ∈ R and if (f, f ′, ι) ∈ R then

– dom(ι) = dom(f) and ι is an isomorphism between the two partially ordered,
labelled sets (dom(f), <f , l �dom(f)×f), and (dom(f ′), <f ′ , l �dom(f ′)×f ′),

– f
(a,t)−→d C g ⇒ ∃g′, κ : f ′

(a,t)−→d C′ g′ ∧ (g, g′, κ) ∈ R ∧ κ�dom(f) = ι,

– f ′
(a,t)−→d C′ g′ ⇒ ∃g, κ : f

(a,t)−→d C g ∧ (g, g′, κ) ∈ R ∧ κ�dom(f) = ι.

C and C′ are history-preserving equivalent, denoted by C ≈h C′, iff there exists
an history-preserving bisimulation between C and C′.

Definition 20 (Hereditary history-preserving). The durational configura-
tion structures C and C′ are hereditary history-preserving equivalent, denoted by
C ≈hh C′, iff there is a history-preserving bisimulation R between C and C′ such
that ∀f, f ′, g, ι, a, t, d :

(
(f, g, ι) ∈ R ∧ f ′

(a,t)−→d C f
)
⇒ (f ′, ι(f ′), ι � dom(f ′)) ∈ R,

where ι(f ′)(e′) = f ′(ι−1(e′)).



4 Process Algebra

In order to describe easily some durational configuration structures (e.g., to
present counterexamples for the non-inclusion of equivalences), we introduce a
simple event-based timed process algebra. The event-based approach is encoded
in the syntax of our Process Algebra and becomes visible in the operational
semantics. The process algebra expressions Expr are defined by the following
BNF-grammar:

B ::= ad | B +B | B;B | B‖AB | B\\dA | B[a 7→ b] | d : B | dBei,

where i ∈ {1, 2}, d ∈ IR+∞
0 , a, b ∈ Act, and A ⊆ Act. For reasons of simplic-

ity, we do not consider recursion or further time-specific operators here, since
these are not needed for our counterexamples given in the next section. Our
process algebra can be straightforwardly extended with these constructs. A non-
event-based process algebra, which only speak about actions and not events,
can be straightforwardly deduced from our by removing the d ei operators and
neglecting the events in the operational semantics.

The expressions, which we sometimes call processes, have the following in-
tuitive meaning: ad is the process that executes a with duration d at time 0
(terminates at time d), B1 + B2 is the choice operator, B1;B2 is the sequential
composition and B1‖AB2 is a parallel composition, where the processes have to
synchronize on actions from A. An action may idle by waiting for synchroniza-
tion. The restriction process B\\dA does not allow actions from A to be executed
and termination may not happen before time point d. B[a 7→ b] is the relabelling
operator. d : B behaves like B except that every occurrence time is increased by
d. In particular, ∞ : B cannot execute anything. Processes dBei have the same
behavior as B. They are only used for event renaming.

The event-based operational semantics of processes is given by a transition
system (Expr, −→), where −→⊆ Expr × ((E × IR+

0 × IR+∞
0 ) × (Act × IR+

0 )) ×
(Expr ∪ {

√
d | d ∈ IR+∞

0 }). The transition B
(e,t,d)−→a,s B′ indicates that B executes

action a with identity e at time t and this action has duration d. Furthermore,

this execution happens s times after the enabling of e. The transition B
(e,t,d)−→a,s

√
d′

indicates that B terminates at time d′ by execution of the action. This termi-
nation predicate is a timed version of the untimed one presented, for example,
in [4]. The transition rules are presented in Figure 1. For technical reasons, we
assume that • ∈ E, ? /∈ E and for all e, e′ ∈ E we have (e, e′), (?, e), (e, ?) ∈ E.
These restriction are necessary to guarantee the uniqueness and the existence of
events in process executions.

The durational configuration structure of process B, denoted by CB , is ob-
tained by collecting all labels (neglecting the action name information) of a trace
of B where the last component of the label is always zero (execution may not
idle) to obtain a configuration of CB . The value on e of the labelling function of
CB is determined by the corresponding action label of a trace of B that contains
e (where a fixed action name is used if such a trace does not exist).



ad
(•,s,d)−→a,s √

d+s

B1

(e,t,d)−→a,s B′

B1 +B2

((e,?),t,d)−→a,s dB′e1
B2 +B1

((?,e),t,d)−→a,s dB′e2

B1

(e,t,d)−→a,s √
d′

B1 +B2

((e,?),t,d)−→a,s √
d′

B2 +B1

((?,e),t,d)−→a,s √
d′

B1

(e,t,d)−→a,s B′1

B1;B2

((e,?),t,d)−→a,s B′1;B2

B1

(e,t,d)−→a,s √
d′

B1;B2

((e,?),t,d)−→a,s d′ : dB2e2

B1

(e,t,d)−→a,s B′1 a /∈ A
B1‖AB2

((e,?),t,d)−→a,s B′1‖AB2

B2‖AB1

((?,e),t,d)−→a,s B2‖AB′1

B1

(e,t,d)−→a,s √
d′ a /∈ A

B1‖AB2

((e,?),t,d)−→a,s (dB2e2)\\d′A

B2‖AB1

((?,e),t,d)−→a,s (dB2e1)\\d′A

B1

(e1,t,d)−→a,s1 B′1 B2

(e2,t,d)−→a,s2 B′2 a ∈ A s = min{s1, s2}

B1‖AB2

((e1,e2),t,d)−→a,s B′1‖AB′2

B1

(e1,t,d)−→a,s1
√
d′ B2

(e2,t,d)−→a,s2 B′2 a ∈ A s = min{s1, s2}

B1‖AB2

((e1,e2),t,d)−→a,s (dB′2e2)\\d′A

B2‖AB1

((e2,e1),t,d)−→a,s (dB′2e1)\\d′A

B1

(e1,t,d)−→a,s1
√
d1

B2

(e2,t,d)−→a,s2
√
d2

a ∈ A s = min{s1, s2}

B1‖AB2

((e1,e2),t,d)−→a,s √
max{d1,d2}

B
(e,t,d)−→a,s B′ a /∈ A

B\\d′A
(e,t,d)−→a,s B′\\d′A

B
(e,t,d)−→a,s √

d′′ a /∈ A

B\\d′A
(e,t,d)−→a,s √

max{d′,d′′}

B
(e,t,d)−→a,s B′ a′ 6= a

B[a 7→ b]
(e,t,d)−→b,s B′[a 7→ b]

B[a′ 7→ b]
(e,t,d)−→a,s B′[a′ 7→ b]

B
(e,t,d)−→a,s √

d′ a′ 6= a

B[a 7→ b]
(e,t,d)−→b,s

√
d′

B[a′ 7→ b]
(e,t,d)−→a,s √

d′

B
(e,t,d)−→a,s B′ t′ 6=∞

t′ : B
(e,t+t′,d)−→a,s t′ : B′

B
(e,t,d)−→a,s √

d′ t′ 6=∞

t′ : B
(e,t+t′,d)−→a,s √

t′+d′

B
(e,t,d)−→a,s B′

dBe1
((e,?),t,d)−→a,s dB′e1

dBe2
((?,e),t,d)−→a,s dB′e2

B
(e,t,d)−→a,s √

d′

dBe1
((e,?),t,d)−→a,s √

d′

dBe2
((?,e),t,d)−→a,s √

d′

Fig. 1. Transition Rules



Example 21. Consider the process B̃ = a1‖∅(b2; c1). Then CB̃ is equal to the
durational configuration structure C̃ from Example 6 where e0 = (•, ?), e1 =
(?, (•, ?)) and e2 = (?, (?, •)).

We present the following proposition without proof:

Proposition 22. Let B ∈ Expr. Then CB ∈ C. Furthermore, if for every action
ad that occurs in B d > 0 holds, then CB ∈ Cd. Moreover, if B does not contain
subexpressions of the form d : B′ or B\\dA, then CB ∈ Cu.

The above proposition illustrates, for example, that the concept of durational
configuration structures is a reasonable one, since it can be naturally used for
presenting a denotational semantics of timed process algebras.

5 Relations Between the Equivalences

The following theorem illustrates that there exists only a difference between
the hierarchy of time equivalences versus the hierarchy of untimed equivalences,
when only durational actions are allowed. In this case the step equivalences
cannot be distinguished from the interleaving equivalences. All other inclusion
of the equivalences are unaffected.

Theorem 23. Let ./it, ./ib, ./st, ./sb, ./pt, ./pb, ./wh, ./h, ./hh denote the corre-
sponding equivalences restricted to Cu, e.g., ./it=≈it ∩Cu×Cu, let ∼it,∼ib,∼st,
∼sb,∼pt,∼pb,∼wh,∼h,∼hh denote the corresponding equivalences restricted to
Cd, and let �it,�ib,�st,�sb,�pt,�pb,�wh,�h,�hh denote the corresponding
equivalences restricted to Cdu. Then all valid inclusion-relations between the
equivalences are presented in Figure 2: If two equivalences are connected via
a line, then the lower one identifies more elements than the upper one. Identical
equivalences are separated by a comma.

The rest of this section contains the proof of Theorem 23, where explicit
counterexamples for the non-inclusions are presented.

5.1 Proof of the Inclusions

It is easily seen that ≈hh⊆≈h⊆≈wh and ≈pb⊆≈sb⊆≈ib and ≈pt⊆≈st⊆≈it and
≈pb⊆≈pt and ≈sb⊆≈st and ≈ib⊆≈it. The proof of ≈h⊆≈pb can be carried out
analogously to the proof of the untimed case [15] and the proof of ≈wh⊆≈pt and
≈wh⊆≈sb can also be carried out analogously to the untimed case [11].

In order to verify the inclusions ∼it⊆∼st and ∼ib⊆∼sb, we introduce the
following lemma. This lemma states that an ill-timed trace (a trace where time
does not increase) can be replaced by a step execution only if durational actions
are considered.
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Fig. 2. Hierarchy of the Equivalences

Lemma 24. Suppose C ∈ Cd and f1, f2, f3 ∈ C such that f1
γ7−→C f2

(a,t)−→d C f3

and ∀(a′, t′, d′) ∈ L : γ(a′, t′, d′) 6= 0⇒ t′ ≥ t. Then

f1
γ′7−→C f3 where γ′(a′, t′, d′) =

{
γ(a′, t′, d′) + 1 if (a′, t′, d′) = (a, t, d),
γ(a′, t′, d′) otherwise .

Proof. The only non-trivial fact to show is that e‖f3e
′ holds for every e, e′ ∈

(dom(f3) \ dom(f1)). We proceed with the following case analysis:
e, e′ ∈ dom(f2) \ dom(f1): From f1

γ7−→C f2 we get e‖f2e
′. This implies e‖f1e

′,
which is easily checked.

e ∈ dom(f3) \ dom(f2): Without loss of generality e′ ∈ dom(f2) \ dom(f1). Sup-
pose e <f3 e′. Then by the definition of <f3 we get e ∈ dom(f2), since
f2 v f3 ∧ e′ ∈ dom(f2). Contradiction.
Suppose e′ <f3 e then πt(f3(e′)) + πd(f3(e′)) ≤ πt(f3(e)), since C is time
stable. Moreover, πt(f3(e′)) < πt(f3(e)), since C has only durational action.
Furthermore, γ(l(e′), t′, d′) 6= 0 where (t′, d′) = f3(e′). Thus from the assump-
tion, we get πt(f3(e′)) ≥ t. This is a contradiction, since t = πt(f3(e)). ut

Lemma 25. ∼it⊆∼st.

Proof. Suppose C ≈it C′. Let (γ0, ..., γn−1) ∈ T(C, 7−→C). The other case follows
analogously. By definition, there are f0, .., fn ∈ C with ∀i < n : fi

γi7−→C fi+1

and ∅ = f0. Take q : IN → IN and ei1, ...e
i
q(i) for i < n such that all eij



are pairwise distinct and dom(fi+1) \ dom(fi) = {ei1, ..., eiq(i)} and ∀i < n :
∀j < q(i) − 1 : πt(fi+1(eij+1)) ≥ πt(fi+1(eij+2)). Then it is easily checked
that (α0

1, ..., α
0
q(1), α

1
1, ..., α

n−1
q(n−1)) ∈ T(C,−→C), with αij = (l(eij), f1(eij)). From

C ≈it C′ we obtain (α0
1, ..., α

n−1
q(n−1)) ∈ T(C′,−→C′ ). From Lemma 24 we obtain

(γ0, ..., γn−1) ∈ T(C′, 7−→C′ ), as required. ut

Lemma 26. ∼ib⊆∼sb.

Proof. Suppose C ≈ib C′. Then there is a bisimulation R between (C,−→C) and
(C′,−→C′). In the following we show that R is also a step bisimulation between
C and C′. Let (f, f ′) ∈ R, then

∀γ, g : f
γ7−→C g ⇒ ∃g′ : f ′

γ7−→C g′ ∧ (g, g′) ∈ R. (1)

This is verified by induction on |
∑
`∈L γ(`)|, which has to be finite, since

only finite configurations are allowed. In the case |
∑
`∈L γ(`)| = 0, we obtain

f = f ′ and therefore g′ can be chosen to be g.
Suppose |

∑
`∈L γ(`)| > 0. Choose (a, t, d) such that γ(a, t, d) > 0 and that it

is minimal in the sense that ∀(a′, t′, d′) : γ(a′, t′, d′) > 0⇒ t′ ≥ t. It is easily

checked that there is f̃ such that f
γ′7−→C f̃

(a,t)−→d C g with

γ′(a′, t′, d′) =
{
γ(a′, t′, d′)− 1 if (a′, t′, d′) = (a, t, d),
γ(a′, t′, d′) otherwise .

Then there exists f̃ ′ such that f ′
γ′7−→C f̃ ′∧(f̃ , f̃ ′) ∈ R by induction. Since R is

an interleaving bisimulation, there exists g′ such that f̃ ′
(a,t)−→d C g′ ∧ (g, g′) ∈ R.

Furthermore, f ′
γ7−→C g′ by Lemma 24.

Equation (1) also holds for the symmetrical case, thus R is also a bisimulation
between (C, 7−→C) and (C′, 7−→C′). Hence, C ∼sb C′, as required. ut

The other inclusions follow immediately from set theory, since Cdu ⊆ Cd ⊆ C
and Cdu ⊆ Cu ⊆ C.

5.2 Proof of the Non-Inclusions

In the following examples, we illustrate some non-inclusions. The other non-
inclusions can be derived from these counterexamples.

Example 27 (./ib 6⊆./st). Let B1 = a0‖∅b0 and B′1 = a0; b0 + b0; a0. Obviously
CB1 ./ib CB′1 and CB1 6./st CB′1 .

Please note that it is essential in the counterexample presented in Example
27 that actions do not need to have a duration. In particular, the processes
B̃1 = a1‖∅b1 and B̃′1 = a1; b1 + b1; a1 are distinguishable in ./ib, since in B̃′1
there is a trace where b happens at time 1, which cannot be the case in B̃1 [2, 1].

Example 28 (�pt 6⊆�ib). Let B2 = a1; (b1 + c1) and B′2 = a1; b1 + a1; c1. Then it
is easily seen that CB2 �pt CB′2 and CB2 6�ib CB′2 .



Example 29 (�sb 6⊆�pt). Let B3 = a1‖∅(b1; c1) + (a1; c1)‖∅b1 and B′3 = B3 +
(a1‖∅b1); c1. Then it is easily seen that CB3 �sb CB′3 . Furthermore, CB3 6�pt CB′3 ,

since the pomset acaaab -
-

can only be executed by B′3.

Example 30 (�wh 6⊆�pb). The untimed counterexample from [15] is adapted to
time as follows. Let B4 =

(
(a1; c1)‖{c}(a1; b1 + (a1‖∅c1))

)
[c 7→ b] and B′4 =

((a1; b1)‖∅(a1; b1 + a1))‖{b}b1. Then CB4 �wh CB′4 and CB4 6�pb CB′4 , which is
argued similarly as in the untimed case [15].

Example 31 (�pb 6⊆�wh). Here, we modify the counterexample of [15] such that
it applies to Cdu. Let B5 = (a1‖∅a′1); (b1 + c1) + a1‖∅(a′1; b1) + (a1; b1)‖∅a′1 +
(a1‖∅a′1); b1 and B′5 = (a1‖∅a′1); (b1 + c1) + a1‖∅(a′1; b1) + (a1; b1)‖∅a′1.
Then CB5 �pb CB′5 , which can be seen as follows. The only non-obvious case is to
match execution from (a1‖∅a′1); b1. Execution of {a} is matched by a1‖∅(a′1; b1),
the execution of {a′} and {a, a′} are matched by (a1; b1)‖∅a′1, and the execution
of {a, a′, b} is matched by (a1‖∅a′1); (b1 + c1).
But CB5 6�wh CB′5 , since the execution of a in (a1‖∅a′1); b1 has to be matched by
a1‖∅(a′1; b1) in order to be bisimilar. But then after the executions of a′ and b
the obtained configuration structures are not isomorphic, since in only one case
a is a causality of b.

Example 32 (�h 6⊆�hh). The untimed counterexample from [15] can be immedi-
ately be used, since no sequential composition is used there. The counterexample
is: B6 = (b1‖∅(a1 + c1)) + (a1‖∅b1) + (a1‖∅(b1 + c1)) and B′6 = (b1‖∅(a1 + c1)) +
(a1‖∅(b1 + c1)). See [15] for the arguments that CB5 �h CB′5 and CB5 �hh CB′5 .

The other non-inclusions can be derived by the set theory from the above
examples or from the fact that Cdu ⊆ Cd ⊆ C and Cdu ⊆ Cu ⊆ C.

6 Conclusion

We have presented durational configuration structures, where events have an
occurrence time and a duration. On these structures timed equivalences are
introduced. We have shown that they have the same discriminating power except
for durational configuration structures where every event has a positive duration.
In this case interleaving and step equivalences coincide. Consequently, if one can
restrict to systems where all actions have positive duration, then it is enough
to consider only single action execution in order to show step equivalence, i.e.,
the considered transition steps are reduced, since no step execution have to be
taken into account. Furthermore, we showed that no advantage results from
restricting to urgent systems, since this has no influence on the hierarchy of the
discriminating power.

There are many papers that introduces timed equivalences. Among them we
want to mention [19], where ill-time sensitive timed bisimilarity is compared
with non timed sensitive equivalences. In [26] timed configuration, where events
have an occurrence time but no duration (which is the interesting aspect in our



approach), are derived from a timed version of event structures. They introduce
interleaving, step, and pomset trace/bisimulation equivalences. The discriminat-
ing power of these equivalences is examined on those timed configurations that
are obtained from their timed event structures (and also from restricted kinds
of their timed event structures).

In our paper, we only examine ill-time sensitive equivalences, i.e., the oc-
currence time of the events of an execution may be less than the occurrences
time of a previous event. A future task is to place equivalence notions that do
not allow negative time steps into the hierarchical structure of the discriminat-
ing power. Another task is to examine the equivalences where it is not a priory
known how long the actions’ duration will be. Such equivalences, for example the
ST-equivalence [17], are especially of interest for reactive systems and/or action
refinement [18]. Of course, it is also of interest to consider weak equivalences,
which abstract from internal executions.
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