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Abstract. In this paper, we develop techniques of action refinement for
probabilistic processes within the context of a probabilistic process alge-
bra. A semantic counterpart is carried out in a non-interleaving causality
based setting, probabilistic bundle event structures. We show that our
refinement notion has the following nice properties: the behaviour of the
refined system can be inferred compositionally from the behaviour of
the original system and from the behaviour of the systems substituted
for actions; the probabilistic extensions of pomset trace equivalence and
history preserving bisimulation equivalence are both congruences under
the refinement; and with respect to a cpo-based denotational semantics
the syntactic and semantic refinements coincide with each other up to
the aforementioned equivalence relations when the internal actions are
abstracted away.

1 Introduction

Process algebras are a frequently used tool for the specification and verification
of concurrent systems. In process algebras, actions are used to denote the ba-
sic entities of systems. By an action we understand here any activity which is
considered as a conceptual entity on a chosen level of abstraction. This allows
the representation of systems in a hierarchical way, i.e. actions on a higher level
are interpreted by more complicated processes on a lower level. Such a change
in the level of abstraction is usually referred to as action refinement, which is a
core operation in the methodology of top-down system design.

Action refinement for classical concurrent systems without probabilistic con-
straints has been thoroughly discussed in the literature [2,13]. The models of
concurrency can roughly be distinguished in two kinds: interleaving based mod-
els, in which the independent execution of two processes is modelled by specifying
the possible interleaving of their actions; and true concurrency models, in which
the causal relations between actions are represented explicitly.

Without further restriction or relaxation on actions or refinement operations,
most of the equivalence relations are not preserved under refinement in the in-
terleaving approach [10]. These equivalence relations, however, are often used
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to establish the correctness of the implementation with respect to the specifi-
cation of concurrent systems. This problem can be overcome by moving to true
concurrency models. Also, in the system design phase the local causal dependen-
cies between actions are important. Interleaving with actions of other parts of
the system burdens the design. Partial order models are considered to be much
more appropriate here. Moreover, a causality based model does not suffer from
the state explosion problem. Parallelism leads to the sum of the components,
rather than to their product as in the interleaving approach.

We study action refinement for truly concurrent systems with probabilistic
constraints. Probabilistic phenomena are important in many areas of comput-
ing. Therefore, formal tools for describing and reasoning about such systems are
needed. A number of probabilistic process calculi have been proposed [11,12].
Our aim is to achieve higher reliability with respect not only to the functional
correctness but also to the performance issue. In our setting, probabilistic con-
current systems are described in a probabilistic LOTOS-like process algebra [3]
proposed in [6,15]. It is actually a synthesis of CCS [23] and CSP [14]. We use
probabilistic bundle event structures [15,18] as the semantic model. Note that
bundle event structures have been shown to adequately deal with e.g. parallel
composition, and the method to attach probabilistic information does not com-
plicate the theory and it is simple and practical. We are unaware of any other
work on action refinement in a partial-order setting associated with probabilistic
information.

Current probabilistic process algebras usually use probabilistic extensions of
labelled transition systems as an underlying semantic model. It is quite common
to distinguish between probabilistic and nonprobabilistic transitions in these
models. The main problem with this approach is the intertwining of these types
of transitions. This is to say, it is not clear what the intended meaning of a proba-
bility attached to a transition is in the presence of a competitive nonprobabilistic
transition. Such situations can happen if e.g. combinations of parallel compo-
sition and probabilistic choice are taken. Several solutions have been proposed
for this problem, but most of them loose the property of backward compatibility
with the nonprobabilistic semantics. A causality-based model does not have such
problems [7,15].

There are essentially two interpretations of action refinement, called syn-
tactic and semantic. Syntactic action refinement, where actions occurring in a
process are replaced by more complicated ones, yields a more detailed process
description [2,13]. Due to its definitional clarity, syntactic action refinement can
be easily used without too much insight on the semantics. Semantic action re-
finement is carried out in the semantic domain. It avoids a confusion of the
abstraction levels, which can happen in syntactic refinement. Such a confusion
may result in undesirable situations [10,13].

We adopt the methodology that refinement is modelled as an operator. After
defining syntactic and semantic action refinement in the probabilistic process
algebra, we discuss three common issues of interest: safety, congruence and co-
incidence problems.
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A refinement operation should be safe. That is, the behaviour of the refined
system should be the refinement of the behaviour of the original system (in some
sense), and vice versa. Equivalence relations are often used to capture when two
systems are considered to exhibit the same behaviour. To examine the well-
definedness of the refinement operator, we have to try to find such equivalence
relations which are congruences under it. The result that syntactic and semantic
refinements coincide can give a clear understanding of the concept of action
refinement, and has important applications in system verifications [20,21]: the
refined syntactic specification can be modelled by semantic action refinement,
and the refined semantic model can be specified by syntactic action refinement.

The main contributions of this paper are:

– the notions of syntactic and semantic refinement operators in the probabilis-
tic process algebra;

– the verification of safety of refinement;
– the congruence results about pomset trace and history preserving bisimula-
tion equivalences; and

– the coincidence result of semantic refinement with syntactic refinement.

This paper is a further development of [10], where action refinement in event
structures without probabilistic information is investigated.

2 A Probabilistic Process Algebra

In this section, we fix the process algebraic framework that is used to develop
probabilistic concurrent systems, and we describe a cpo-based denotational se-
mantics.

2.1 Syntax

Assume a given set Θ of observable actions and an invisible internal action τ
(τ �∈ Θ). Action √ (

√ �∈ Θ ∪ {τ}) indicates the successful termination of a
process. Let Ω = Θ ∪ {τ,√}.

Definition 2.1.1 (Probabilistic Formalism L).

B ::= 0 | 1 | a.B | B;B | B ‖A B | B +B | B +p B | B\A | B[λ] | x | µx.B.
Here, a ∈ Θ∪{τ}, A ⊆ Θ, λ: Ω → Ω is a relabelling function such that λ(τ) = τ ,
λ(
√
) =

√
and λ(a) �= √ for a ∈ Θ, x ∈ V , V is a set of process variables, and

p ∈ (0, 1), i.e. 0 < p < 1.
We assume dom(λ) = {a ∈ Ω | λ(a) �= a}, representing the set of actions that

are really relabelled by λ. The operators have the following intuitive meaning:
0 denotes inaction. 1 represents the process that terminates successfully.
a.B1 denotes the prefix of action a before process B1. B1[λ] denotes the

relabelling of B1 according to λ. B1\A behaves as B1, except that the actions
in A are abstracted, i.e., turned into τ -actions.
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B1;B2 denotes the sequential composition of processes B1 and B2, where the
control is passed to B2 by the successful termination of B1. B1 ‖A B2 denotes the
parallel composition of B1 and B2, where B1 and B2 must perform any actions
in A ∪ {√} simultaneously, while the other actions are executed independently
from each other.

We distinguish between a non-deterministic and a probabilistic choice. B1 +
B2 indicates the non-deterministic choice between the behaviours described by
processes B1 and B2. B1 +p B2 behaves like B1 with probability p or like B2

with probability 1− p. This distinction is important. From a design perspective
it is necessary to express choices for which the probability of an alternative is left
unspecified. Such quantitative knowledge may either be absent at the current
stage of design or it may be deliberately left unspecified. Therefore, one should
not be forced to associate such quantity with an alternative. When going from
an abstract specification to a more concrete specification, it is useful to consider
the replacement of some non-deterministic choices by probabilistic choices.

Recursive behaviour is described by µx.B1. It can be understood through
x := B1, where x may occur in the body B1.

The probabilistic choice between processes B1 and B2 should not be influ-
enced by the environment. So we have to add some constraints on B1 and B2.
These constraints guarantee that B1 +p B2 induces an independent stochastic
experiment.

We first introduce two subsidiary predicates pc and ppc.
Let ppc : L→ {true, false} be defined as follows:

ppc(B1 +p B2) = (ppc(B1) ∨B1 = τ.B′
1) ∧ (ppc(B2) ∨B2 = τ.B′

2),
ppc(B1;B2) = ppc(B1),
ppc(◦B1) = ppc(B1) for ◦ ∈ {\A, [λ]},
ppc(µx.B1) = ppc(B1),
ppc is false for all other syntactical constructs.

Let pc : L→ {true, false} be defined as follows:

pc(B1 +p B2) = true,
pc(B1;B2) = pc(B1),
pc(B1 ‖A B2) = pc(B1) ∨ pc(B2),
pc(◦B1) = pc(B1) for ◦ ∈ {\A, [λ]},
pc(µx.B1) = pc(B1),
pc is false for all other syntactical constructs.

In fact, ppc(B) holds if a pure probabilistic choice has to happen next in B.
pc(B) holds if a probabilistic choice occurs in a proper component of B.

Definition 2.1.2 (Probabilistic Process Algebra PPA). PPA = {B ∈ L |
ppa(B)}, where ppa : L→ {true, false} is defined as:

ppa(0) = true,
ppa(1) = true,
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ppa(x) = true for x ∈ V ,
ppa(◦B1) = ppa(B1) for ◦ ∈ {a., \A, [λ]},
ppa(B1 ◦B2) = ppa(B1) ∧ ppa(B2) for ◦ ∈ {; , ‖A},
ppa(B1 +B2) = ¬pc(B1) ∧ ¬pc(B2) ∧ ppa(B1) ∧ ppa(B2),
ppa(B1 +p B2) = ppc(B1 +p B2) ∧ ppa(B1) ∧ ppa(B2),
ppa(µx.B1) = ppa(B1).

Hereafter, the elements of PPA, denoted as B and Bk, are called (probabilis-
tic) expressions.The alphabet of expression B, namely the set of all observable
actions occurring in B, is denoted by AB .

Example 2.1.3. B′ = τ.a.1 + (τ.b.0 +0.5 τ.c.1) is not an expression,
whereas the following B and Bc are expressions:
B = r.((τ.a.s.0 +0.4 τ.b.s.0) +0.7 τ.c.s.0)
Bc = τ.c1.1 +0.8 τ.c2.1

2.2 Semantic Model

We use probabilistic bundle event structures as the semantic model of the prob-
abilistic process algebra.

Probabilistic Event Structures. A bundle event structure [18] consists of
events labelled with actions and two relations between events for causality and for
conflict. When an event occurs, the action labelled to it occurs. The symmetric
conflict relation, denoted �, is a binary relation between events, and the intended
meaning of e�e′ is that events e and e′ cannot both occur in a single system run.
Causality is represented by a binary bundle relation, denoted �→. It relates a set
of events, where all events have to be pairwise in conflict, and an event. X �→ e
means that if event e happens in a system run, exactly one event in event set X
has happened before and caused e. X is called a bundle-set.

The basic idea of probabilistic event structures is to incorporate fixed prob-
abilities in event structures by associating probabilities with some events [15].
Suppose we have an event e and we decorate this event with probability p ∈ (0, 1).
The intuitive interpretation is that e happens with likelihood p provided that it
is enabled. Thus, p is a conditional probability. A partial mapping π is assumed
that decorates an event with a probability in (0, 1). Some events are grouped
into clusters in order to model a stochastic experiment.

Definition 2.2.1 (Probabilistic Event Structure, pes for Short). A probabilistic
event structure Π is a tuple (E, �, �→, l, π) with

E, a set of events,
� ⊆ E × E, the irreflexive and symmetric conflict relation,
�→⊆ P(E)× E, the bundle relation,
l : E → Ω, the action labelling function,
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π : E −→P (0, 1) the probability function,
such that for any bundle-set X and event e ∈ dom(π)
(1) (X ×X) \ IdE ⊆ �, and
(2) ∃Q ⊆ dom(π) : (e ∈ Q) ∧ (Q is a cluster ) ∧ (

∑
e′∈Q π(e

′) = 1).

Here P(·) denotes the power-set function, IdE = {(e, e) | e ∈ E}, −→P indicates
a partial function, dom(π) denotes the domain of π, and a cluster is defined as
follows:
Q ⊆ E is called a cluster, if

(i) |Q| > 1,
(ii) ∀e ∈ Q : l(e) = τ ,
(iii) ∀e, e′ ∈ Q : (e �= e′)⇒ (e�e′),
(iv) ∀e ∈ Q, e′ ∈ E : (e�e′)⇒ (e′ ∈ Q),
(v) ∀e, e′ ∈ Q,X ⊆ E : (X �→ e)⇒ (X �→ e′).

|Q| denotes the number of the elements of Q. Constraint (i) requires a cluster to
consist of more than one event. This is convenient for technical reasons and poses
no real practical constraint. In order to guarantee that stochastic experiments
represented by clusters are indeed independent from their context, Constraint
(ii) requires all events in a cluster to be internal, i.e. labelled with action τ . In this
way, we are sure that such events are not subject to interaction anymore, which
would make their probability dependent on the context in which they are em-
bedded. According to Constraint (iii), events in a cluster mutually exclude each
other such that only one event can happen. This is because the realization of a
stochastic experiment usually has a single outcome. Constraint (iv) requires that
events in a cluster are not in conflict with events outside the cluster. Allowing
such conflicts will destroy the interpretation that an event probability repre-
sents the likelihood that this event happens once enabled. Finally, Constraint
(v) requires all events in a cluster must be pointed to by the same bundle-sets.
Together with the fourth constraint, this guarantee that if an event in a cluster
is enabled all events in this cluster are enabled.

Constraint (1) in the definition of pes’s enables us to uniquely define a causal
ordering between the events in a system run. Constraint (2) requires the domain
of π to be partitioned into clusters such that the sum of the probabilities assigned
to all events in a cluster equals one. In this way, a cluster Q can be considered
to represent a stochastic experiment for which the probability of outcome e ∈ Q
equals π(e).

A pes is depicted as follows: Events are denoted by dots. Near the dot the
action label is given. e�e′ is indicated by a dotted line between e and e′. A
bundle X �→ e is indicated by an arrow to e and to this arrow each event in X is
connected via a line. The probability of an event is depicted near to the event.
A cluster is indicated by a shaded surface. When no confusion arises, we identify
an event with its action label.

Example 2.2.2. Figure 1 is a pes. It can be understood as a system of mes-
sage sender with probabilistic information, where r = read-message, a = use-
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channel-1, b = use-channel-2, c = use-channel-3, s = send-message, and the
internal actions indicate the system chooses the corresponding channels. The
probability of choosing channel-1 is 0.28, the probability of choosing channel-2
is 0.42, and the probability of choosing channel-3 is 0.3.

r s

a

b

c

τ

τ 0.28

0.42

0.3τ

  

An example pesFigure 1.

By PES we denote the set of pes’s. Elements of PES are denoted by Π and
Πk, where Π = (E, �, �→, l, π) and Πk = (Ek, �k, �→k, lk, πk). When necessary, we
also use EΠ , �Π , �→Π , lΠ and πΠ to represent the components of Π . Without
loss of generality, we assume Ef ∩ Eg = ∅ for two different pes’s Πf and Πg.

We use init(Π) to denote the set of initial events (ofΠ), and exit(Π) denotes
the set of successful termination events:

init(Π) = {e ∈ E | ¬(∃X ⊆ E : X �→ e)}, exit(Π) = {e ∈ E | l(e) = √}.
To describe system runs of a pes Π , we first consider its underlying set of

events. Suppose that γ is a finite sequence e1, · · · , en of events of Π , where ei and
ej are distinct whenever i �= j. By E(γ) we denote the event set {e1, · · · , en}.
Sequence γi−1 = e1, · · · , ei−1 represents the (i− 1)-th prefix of γ.

In a system run any two events that occur should not be in conflict, and if a
non-initial event happens in a system run then events that cause it should have
happened before. Formally

en(γi−1) = {e ∈ E \ E(γi−1) | (∀ej ∈ E(γi−1) : ¬(e�ej)) ∧
(∀X �→ e : X ∩ E(γi−1) �= ∅)}.

is the set of events that are enabled after the performance of γi−1.

Definition 2.2.3 (Configuration). If the event sequence γ = e1, · · · , en satisfies
the condition ei ∈ en(γi−1) for 1 ≤ i ≤ n, then the set E(γ) of all events
occurring in γ is called a configuration of Π .

By C(Π) we denote the set of all configurations ofΠ . Let σ be a configuration
of Π . Event e ∈ σ is said to be maximal in σ if for any bundle-set X and e′ ∈ E,
if e ∈ X and X �→ e′ then e′ �∈ σ. We say that σ successfully terminates if there
exists e ∈ σ such that e is labelled with the successful termination action

√
. Π

is called well-labelled if σ∩ exit(Π) is empty or a singleton for any configuration
σ of Π .
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A system run may be represented as an equivalence class of labelled partial
orders (pomsets). We define in the following a linear-time equivalence, termed
pomset trace equivalence, on PES. A branching-time equivalence, termed his-
tory preserving bisimulation equivalence (see e.g. [10]), can be defined similarly,
which further records where choices are made. Here we only describe the former
equivalence relation in detail.

Assume that σ is a configuration of Π , and ei, ej ∈ σ. By ej �→ |σei we
mean that there exists a bundle-set X such that ej ∈ X and X �→ ei. Without
confusion, we use → |σ again to represent the transitive closure of→ |σ. We use
l|σ as the restriction of l on σ, i.e. l|σ(e) = l(e) for e ∈ σ.

A configuration σ1 of Π1 and a configuration σ2 of Π2 are said to be iso-
morphic, denoted σ1 ≈ σ2, if there exists a bijection h : σ1 → σ2, such that for
arbitrary e, e′ ∈ σ1,

(1) e→1 |σ1e
′ iff h(e)→2 |σ2h(e′),

(2) l1|σ1(e) = l2|σ2(h(e)),
(3) e ∈ dom(π1) and π1(e) = p iff h(e) ∈ dom(π2) and π2(h(e)) = p.

When σ1 ≈ σ2, σ1 and σ2 only differ in the event names, i.e. the action labels,
causality relations as well as the probabilities of events remain the same.

By C(Π1) ≈ C(Π2) we denote the fact that for any configuration of Π1,
there is an isomorphic configuration of Π2, and vice versa.

Definition 2.2.4 (Pomset Trace Equivalence). Π1 and Π2 are pomset trace
equivalent, denoted Π1

∼=p Π2, if C(Π1) ≈ C(Π2).

A Denotational Semantics. We first describe the operators on PES corre-
sponding to those in the probabilistic process algebra. Here we only present the
definition of probabilistic choice +p in detail. For the definitions of action prefix
aT ., abstraction \A, relabelling [λ], sequential composition ;, parallel composition
‖A and choice +, we refer the reader to [5,6,15,16,17].

Probabilistic Choice. Π1 +p Π2 = (E1 ∪E2, �, �→1 ∪ �→2, l1 ∪ l2, π), where
� = �1 ∪ �2 ∪ (init(Π1)× init(Π2)) ∪ (init(Π2)× init(Π1)),
π = π1|(E1\init(Π1)) ∪ π2|(E2\init(Π2)) ∪ {(e, p) | e ∈ init(Π1) \ dom(π1)}
∪{(e, p · π1(e)) | e ∈ init(Π1) ∩ dom(π1)} ∪ {(e, 1− p) | e ∈ init(Π2) \ dom(π2)}
∪{(e, (1− p) · π2(e)) | e ∈ init(Π2) ∩ dom(π2)}.
In this definition, we assume events in init(Π1) and init(Π2) are all labelled with
internal τ -actions. This assumption guarantees that Π1+pΠ2 remains a pes, and
has no influence on providing semantics for the probabilistic process algebra.
πk|(Ek\init(Πk)) represents the restriction of πk on Ek \ init(Πk) (k = 1, 2).

An expression is called closed, if every occurrence of a process variable x
is in the range of a µx-operator. A recursion µx.B1 is said to be guarded, if
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B1 becomes guarded by substituting for a finite number of times the bodies of
processes for the process instantiations occurring in B1 [15].

We want to use the cpo-based denotational semantics as proposed in [15].
For this we have to require that all the recursions occurring in the given closed
expression B are guarded [15]. Let s denote this semantics. The semantic model
s(B) of expression B is a pes, which is derived as follows:

s(0) = (∅, ∅, ∅, ∅, ∅),
s(1) = ({e}, ∅, ∅, {(e,√)}, ∅),
s(◦B1) = ◦s(B1) for ◦ ∈ {aT ., \A, [λ]},
s(B1 ◦B2) = s(B1) ◦ s(B2) for ◦ ∈ {; , ‖√,+,+p},

and for guarded recursion (µx.B1), s(µx.B1) is defined as the least upper bound
of a set of pes’s with a complete partial order (cpo) [1,8,15].

When s(B) is mentioned in the following, we always suppose that expression
B is closed and all the recursions occurring in B are guarded.

Example 2.2.5. The semantic model s(B) of the expression B of Example 2.1.3
is pomset trace equivalent to the pes Π of Example 2.2.2 (Figure 1). That is,
s(B) ∼=p Π .

3 Action Refinement

In this section, we discuss syntactic action refinement operation in the proba-
bilistic process algebra. The semantic counterpart is also investigated.

3.1 Syntactic Refinement

Firstly, we have to sort out some ’bound’ actions. For a given expression B, let

Sort(B) = ∪{A | \A occurs in B or A = dom(λ) and [λ] occurs in B}.
All actions in Sort(B) are not allowed to be refined, since they may lead to a
confusion of the communication levels like in the unprobabilistic case [13].

Assume that Ω0 is a subset of Ω, representing the set of actions that need not
or cannot be refined such that Sort(B) ∪ {τ,√} ⊆ Ω0. Let g : Ω \ Ω0 → PPA
be a function. For convenience, in the following we also use Ag(a) to denote the
action singleton {a} when a ∈ Θ ∩Ω0.

Definition 3.1.1 (Refinement Function for Expression B).
g is a refinement function for 0, 1 and x,
g is a refinement function for a.B1 iff g is a refinement function for B1,
g is a refinement function for B1 ◦ B2 iff g is a refinement function for B1

and B2, where ◦ ∈ {; ,+,+p},
g is a refinement function for B1 ‖A B2 iff g is a refinement function for B1

and B2, and for any two distinct a ∈ A and b ∈ Θ, Ag(a) ∩Ag(b) = ∅,
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g is a refinement function for ◦B1 iff g is a refinement function for B1, and
for any a ∈ Ω \Ω0, Ag(a) ∩ Sort(P ) = ∅, where ◦ ∈ {\A, [λ]},
g is a refinement function for µx.B1 iff g is a refinement function for B1.

We forbid the actions in Sort(B) to occur in g(a), and we pose one more
constraint in the definition for parallel composition. Usually, like the unproba-
bilistic case such constraints cannot be avoided for refinement on syntactic level.
Otherwise they may result in a confusion of the communication levels [13].

Example 3.1.2. Suppose that B and Bc are the expressions of Example 2.1.3,
and Ω0 = Ω \ {c}. Let g : c �→ Bc. Then g is a refinement function for B.

Let g be a refinement function for expressionB. Now the question is how g can
be applied to B to obtain a refined expression. Our basic idea is that the refined
expression of a.B1 where a �∈ Ω0 is defined as the sequential composition of τ.g(a)
and the refined expression of B1. This construction guarantees an equivalence
between syntactic and semantic refinement. An intuitive explanation of the prefix
τ can be given as follows: We may assume that every process has a start point
that executes an internal silent action, the prefix τ here is used to model such a
start point of the process g(a) used to substitute action a.

Definition 3.1.3 (Syntactic Refinement of Expression B). The refinement g(B)
of expression B is defined as follows:

g(0) = 0, g(1) = 1, g(x) = x,

g(a.B1) =

{
a.g(B1) if a ∈ Ω0,
(τ.g(a)); g(B1) otherwise,

g(◦B1) = ◦g(B1) for ◦ ∈ {\A, [λ]},
g(B1 ◦B2) = g(B1) ◦ g(B2) for ◦ ∈ {; ,+,+p},
g(B1 ‖A B2) = g(B1) ‖g(A) g(B2) where g(A) = ∪a∈AAg(a),
g(µx.B1) = µx.g(B1).

Theorem 3.1.4. Suppose that B ∈ PPA and g is a refinement function for B.
Then g(B) ∈ PPA.

Furthermore, g(B) is closed if B is closed. All the recursions occurring in
g(B) are guarded if all the recursions occurring in B are guarded.

Example 3.1.5. Consider B and g of Example 3.1.2.
g(B) = r.((τ.a.s.0 +0.4 τ.b.s.0) +0.7 τ.((τ.(τ.c1.1 +0.8 τ.c2.1)); (s.0))).

3.2 Semantic Refinement

The refinement methodology developed for various event structures in e.g. [10]
does not work for pes’s. For example, when we refine action a in the pes
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a•- - - -•τ by the pes of Figure 2(a), the resulting Figure 2(b) is no longer a
pes because the property of clusters is violated. Our solution is to introduce a
special event in each pes used to substitute an action.

τ τ0.4 0.6

a1

τ 0.60.4 τ

a1

τ

(a) (b) 

Figure 2. An example showing a refinement methodology does not work

  

We call τ.Π , denoted r(Π), the rooted pes associated with Π . In r(Π), the
newly introduced event that corresponds to the prefix τ is called the start-event
of Π , and is denoted by or(Π). This new event resembles the special events used
in [4,9,22,24,25], and can be understood as the start point of system, which is
usually supposed to be executing an internal silent action. In the definition of
syntactic refinement, we introduced the prefix τ for g(a) with the intention to
obtain an ’equivalence result’ for syntactic and semantic refinement.

τ 0.8 τ 0.2

c1 c2

τ 0.8 τ 0.2

c
c21c

  

A pes and the rooted pes associated with it

(a) (b)

Figure 3.

Example 3.2.1. LetΠc be the pes of Figure 3(a). Then r(Ec) is the pes of Figure
3(b). The pes Πc of Figure 3(a) is in fact the semantic model of expression Bc of
Example 2.1.3. Namely s(Bc) = Πc. In the following, we want to replace action
c in the pes of Example 2.2.2 (Figure 1) by Πc. We may understand that in
this example c1 and c2 are two new channels that can be used to decompose
c. Similarly, the internal actions indicate the system chooses the corresponding
channels. The probabilities of choosing channel c1 and channel c2 are 0.8 and
0.2, respectively.

The refinement of an action a, say Πa, should be a pes. Since action
√

only
represents successful termination of a system, a system run, if it is not a deadlock,
should contain exactly one

√
-event. So we require that Πa is well-labelled.
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Definition 3.2.2 (Semantic Refinement Function). f : Ω \Ω0 → PES is called
a refinement function, if f(a) is well-labelled for any action a ∈ Ω \Ω0.

We say that f(a) is a refinement of action a. In practice, it is reasonable to
require that f(a) is finite. If so the condition in this definition can be checked
and easily enforced.

Example 3.2.3. Suppose Ω \ Ω0 = {c}, and Πc is the pes of Example 3.2.1.
Then f(c) = Πc is a refinement of action c.

Let f be a semantic refinement function. Now we see how f can be used to
refine a pes. For simplicity, we use rfl(e) and rf(a) to abbreviate r(f(l(e))) and
r(f(a)), respectively.

Definition 3.2.4 (Refinement of a pes). The refinement of Π is defined as
f(Π) = (Ef , �f , �→f , lf , πf ), where
• Ef = {(e, e′) | (e ∈ E) ∧ (l(e) �∈ Ω0)∧ (e′ ∈ Erfl(e))}∪
{(e, e) | (e ∈ E) ∧ (l(e) ∈ Ω0)},

• ∀(e1, e2), (e′1, e′2) ∈ Ef , (e1, e2)�f (e′1, e
′
2) iff

if (e1 = e′1) then (e2�rfl(e1)e
′
2) ∨ (e2, e′2 ∈ exit(rfl(e1)) ∧ e2 �= e′2),

if (e1 �= e′1) then
if (e2 = e1) ∧ (e′2 = e′1) then (e1�e′1),
if (e2 �= e1) ∧ (e′2 = e

′
1) then (e1�e′1) ∧ (e2 ∈ {orfl(e1)} ∪ exit(rfl(e1))),

if (e2 = e1) ∧ (e′2 �= e′1) then (e1�e′1) ∧ (e′2 ∈ {orfl(e′
1)} ∪ exit(rfl(e′1))),

if (e2 �= e1) ∧ (e′2 �= e′1) then (e1�e′1) ∧ ((e2 = orfl(e1) ∧ e′2 = orfl(e′
1))

∨(e2 ∈ exit(rfl(e1))∧ e′2 ∈ exit(rfl(e′1)))),

• ∀X ⊆ Ef , (e1, e2) ∈ Ef , X �→f (e1, e2) iff
if (e2 �= e1) ∧ (e2 ∈ Erfl(e1) \ {orfl(e1)}) then

(ρ1(X) = {e1}) ∧ (ρ2(X) �→rfl(e1) e2),
if (e2 �= e1 ∧ e2 = orfl(e1)) ∨ (e2 = e1) then (ρ1(X) �→ e1)

∧(ρ2(X) = ∪e∈ρ1(X),l(e) �∈Ω0exit(rfl(e)) ∪ (∪e∈ρ1(X),l(e)∈Ω0{e})),

• ∀(e1, e2) ∈ Ef ,
if (e2 �= e1) then

if (e2 �∈ exit(rfl(e1))) then (lf (e1, e2) = lrfl(e1)(e2)),
if (e2 ∈ exit(rfl(e1))) then (lf (e1, e2) = τ),

if (e2 = e1) then (lf (e1, e2) = l(e1)),

• ∀(e1, e2) ∈ Ef , (e1, e2) ∈ dom(πf ) iff
(e1 ∈ dom(π)) ∨ ((e1 �= e2) ∧ (e2 ∈ dom(πrfl(e1)))),
if (e1 ∈ dom(π)) then (πf (e1, e2) = π(e1)),
if (e1 �= e2) ∧ (e2 ∈ dom(πrfl(e1))) then (πf (e1, e2) = πrfl(e1)(e2)).
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Here ρ1(X) = {e | (e, e′) ∈ X} and ρ2(X) = {e′ | (e, e′) ∈ X}.

Theorem 3.2.5. Suppose that Π ∈ PES and f is a refinement function. Then
f(Π) ∈ PES.

Example 3.2.6. Let Π be the pes of Example 2.2.2 (Figure 1) and f(c) be the
refinement of action c given in Example 3.2.3 (Figure 3(a)). Then f(Π) is the
pes of Figure 4.

r
τ

τ 0.28

0.42

0.3τ

  b

a

τ

τ 0.8 c1

c2τ

0.2

τ

τ
s

The refined pesFigure 4.

4 Properties

Hereby, suppose that g : Ω \ Ω0 → PPA is a syntactic refinement function for
a given expression B, and f : a �→ s(g(a)) (a ∈ Ω \Ω0) is a semantic refinement
function. Π,Π1 and Π2 are pes’s, and f1 and f2 are two semantic refinement
functions.

Let σ be a configuration of Π , e ∈ σ with l(e) �∈ Ω0, and σe a configuration
of pes rfl(e) which is used to substitute for that action labelled to event e. Fur-
thermore, assume rfl(e) satisfies the condition that σe successfully terminates
if event e is not maximal in σ. Let

σg = {(e, ej) | e ∈ σ and if l(e) ∈ Ω0 then ej = e otherwise ej ∈ σe}.
We call σg a refinement of configuration σ. It is derived by replacing each event
e in configuration σ with l(e) �∈ Ω0 by a configuration σe of rfl(e).

Theorem 4.1.1 (Safety). C(f(Π)) = {σf | σf is a refinement of σ ∈ C(Π)}.

It is natural to use rfl(e) rather than f(l(e)) to substitute action l(e) in Π .
The start-event we introduced is to imitate the start point of system. Theorem
4.1.1 demonstrates that the refinement of a configuration of Π can be obtained
by replacing each event e with l(e) �∈ Ω0 in this configuration by a configuration
of rfl(e).

It is straightforward to see that the causality relations in each σe remain
unchanged in the refinement of σ. The causality relations in σ remain unchanged
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in the meaning that if e causes e′ in σ, then the maximal event in σe causes the
minimal event in σe′ . Furthermore, the probability of (e, ej) ∈ σg equals the
probability of e ∈ σ when e ∈ dom(π) and equals the probability of ej ∈ σe

when ej ∈ dom(πf(l(e))).
The behaviour of a refined system can be thus inferred compositionally from

the behaviour of the original system and from the behaviour of those substituted
for the actions. Hence, our refinement is safe.

Theorem 4.1.2 (Congruence Result). If Π1
∼=p Π2 and f1(a) ∼=p f2(a) for any

a ∈ Ω \Ω0, then f1(Π1) ∼=p f2(Π2).

This theorem indicates that pomset trace equivalence is a congruence under
our refinement.

The start-events can be neglected by considering only the observable be-
haviour of systems. On the other hand, when dealing with the coincidence prob-
lem, we have to consider such behaviour. Namely we have to abstract from the
internal actions.

Let σ be a configuration of Π . Then {e ∈ σ | l(e) �= τ} is called an observa-
tional configuration of Π . This observational configuration is said to be derived
from configuration σ.

Assume that σ0 is a configuration of Π , and ei, ej ∈ σ0. For the observational
configuration σ derived from σ0, a binary relation → |σ on σ is defined as the
relation �→ |σ0 in which the causally necessary internal τ -events that occurs are
neglected. That is, ej → |σei iff ej �→ |σ0ei or there exist ekp ∈ σ with l(ekp) = τ
for p = 1, · · · ,m, such that ej �→ |σ0ek1 , ekq �→ |σ0ekq+1(q = 1, · · · ,m − 1) and
ekm �→ |σ0ei. It is actually the causality relation that is observable in σ0. In the
sequel, we use → |σ again to represent the transitive closure of → |σ.

As in Section 2.2, we can similarly define that an observational configuration
of Π1 and an observational configuration of Π2 are isomorphic, and we say that
Π1 and Π2 are observational pomset trace equivalent, denoted Π1

∼=op Π2, if
for any observational configuration of Π1, Π2 has an observational configuration
isomorphic to it, and vice versa. Clearly, Π1

∼=p Π2 implies Π1
∼=op Π2.

Theorem 4.1.3 (Coincidence Result). f(s(B)) ∼=op s(g(B)).

This theorem demonstrates that with respect to the cpo-based denotational
semantics our syntactic and semantic refinement operations coincide up to ob-
servational pomset trace equivalence.

Please note that all the recursions occurring in expression B should be
guarded in Theorem 4.1.3. In addition, Theorem 4.1.3 may not hold if we do
not abstract away from τ -events. The main reason is that we can by no means
require that some τ -actions can be executed simultaneously. The constraint that
actions in Sort(B) are not allowed to be refined and the constraint for refinement
of parallel composition are also necessary.
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Example 4.1.4. The semantic model of the expression g(B) of Example 3.1.5 is
observational pomset trace equivalent to the pes f(Π) of Example 3.2.5 (Figure
4). Therefore, up to observational pomset trace equivalence the refinement of pes
Π can be used as the semantic model of the refinement of expression B, and on
the other hand the refinement of expression B can be used as the specification
of the refinement of pes Π .

If we require that the pes Πa used to replace any observable action a re-
mains ’observable’, namely any configuration of Πa that successfully terminates
contains at least one event which is labelled with an observable action, then
Theorem 4.1.1 holds for observational configurations and Theorem 4.1.2 holds
for observational pomset trace equivalence.

All the conclusions above hold for history preserving bisimulation equivalence
and observational history preserving bisimulation equivalence.

5 Concluding Remarks

In this paper, we defined the notions of syntactic and semantic action refinements
in a probabilistic process algebra with a true concurrency model. We showed
that they coincide with each other up to observational pomset trace equivalence
and observational history preserving bisimulation equivalence with respect to
a cpo-based denotational semantics. We demonstrated that they are safe and
(observational) pomset trace equivalence and history preserving bisimulation
equivalence are congruences under them.

This paper is a further development of [10]. The refinement operation defined
here can be mapped in a safe refinement operation in the non-deterministic
counterpart. Moreover, The results presented in this paper also hold for the
metric semantics developed in [19]. This semantics can be easily extended to the
probabilistic case.

Appendix

In this part we sketch proofs of our theorems.
Theorems 3.1.4 follows from the fact that ppa(B) = true implies ppa(g(B)) =

true. Theorem 3.2.5 can be proved by directly checking the two conditions in
the definition of pes’s. We hereby focus on the remaining statements.

Lemma 1 below shows that introducing the start-event into a pes does not
have influence on the observational behaviours. It does not alter the properties
of being well-labelled.

Lemma 1. (1) Π is well-labelled iff r(Π) is well-labelled,
(2) Π1

∼=p Π2 iff r(Π1) ∼=p r(Π2).
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Now suppose that σf is a configuration of f(Π). Let

ρ1(σf ) = {e | ∃(e, ej) ∈ σf}.
For e ∈ ρ1(σf ) with l(e) �∈ Ω0, let

ρ2(σf , e) = {ej | ∃(e, ej) ∈ σf}.
ρ1(σf ) is the projection of σf on Π , and ρ2(σf , e) the projection of σf on rfl(e).

Lemma 2. (1) ρ1(σf ) ∈ C(Π), (2) ρ2(σf , e) ∈ C(rfl(e)) and it successfully
terminates if e is not maximal in ρ1(σf ).

The semantic models of expressions have the following properties:

• σ1 is a configuration of s(B1) iff σ = {ea}∪σ1 is a configuration of s(aT .B1),
where event ea is labelled with action a. The causality relations, action labels
and probabilities of events in σ1 remains unchanged in σ.
• σ is a configuration of s(B1;B2) iff either σ is a configuration of s(B1), or

σ = σ1 ∪ σ2, where σ1 is a configuration of s(B1) that successfully terminates
and σ2 is a configuration of s(B2). The causality relations, action labels and
probabilities of events in σ1 and σ2 remain unchanged in σ except that the event
in σ1 labelled with action

√
is relabelled with action τ in σ.

• σ is a configuration of s(B1 + B2) iff it is a configuration of s(B1) or a
configuration of s(B2). The causality relations, action labels and probabilities of
events remains unchanged.
• σ is a configuration of s(B1 +p B2) iff it is a configuration of s(B1) or

a configuration of s(B2). The causality relations and action labels remains un-
changed. If e is an initial event and its probability is q in s(B1) [s(B2)], then the
probability of e in s(B1 +p B2) is q · p [resp. q · (1− p)].
• For a configuration σ of s(B1 ‖A B2), let

ρ1(σ) = {e1 | ∃(e1, e2) ∈ σ ∧ e1 �= ∗} and
ρ2(σ) = {e2 | ∃(e1, e2) ∈ σ ∧ e2 �= ∗}

then ρk(σ) is a configuration of s(Bk) (k ∈ {1, 2}). On the other hand, assume
that σk is a configuration of s(Bk) which satisfies the conditions:

(1) eak1, · · · , eakn are all the events in σk labelled with action a ∈ A, and
(2) if ea1i �→1 e

a
1j then ea2j ��→2 e

a
2i and if ea2i �→2 e

a
2j then ea1j ��→1 e

a
1i.

Then

{(e1, ∗) | e1 ∈ E(σ1)∧ the action labelled to e1 is not in A}∪
{(∗, e2) | e2 ∈ E(σ2)∧ the action labelled to e2 is not in A}∪
∪a∈A{(ea1i, e

a
2i) | i = 1, · · · , n}

is a configuration of s(B1 ‖A B2). In addition, event (e1, e2) causes event (e′1, e
′
2)

in s(B1 ‖A B2) iff event e1 causes event e′1 in s(B1) or event e2 causes event e′2
in s(B2) (See e.g. [15,17] for the usage of ∗-event).
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• σ1 is a configuration of s(B1) iff it is a configuration of s(B1[λ]), but each
event e ∈ E(σ1) is relabelled by λ. The causality relations remain unchanged.
• σ1 is a configuration of s(B1) iff it is a configuration of s(B1\A), but

each event e ∈ E(σ1) ∩ A is relabelled with τ . The causality relations remain
unchanged.
• σ is a configuration of s(µx.B1) iff there exists k ≥ 0 such that σ is a

configuration of vk
B1
(⊥). The causality relations remain unchanged. Here pes

⊥ = (∅, ∅, ∅, ∅, ∅), function vB1 : PES → PES is defined that substitutes a pes
for each occurrence of x in B1, and vk

B1
(⊥) = vB1(v

k−1
B1

(⊥)).

An immediate corollary of these facts is the following lemma.

Lemma 3. If s(B1) ∼=op s(B2) and s(B3) ∼=op s(B4) then
◦s(B1) ∼=op ◦s(B2) for ◦ ∈ {aT ., \A, [λ]},
s(B1 ◦B3) ∼=op s(B2 ◦B4) for ◦ ∈ {; , ‖A,+,+p}.

Lemma 4 follows from the above facts, Lemma 3 and the requirement that
the actions involved with abstraction and relabelling operators are not allowed
to be refined.

Lemma 4. C(f(a.s(B1))) = C(a.f(s(B1))) if a ∈ Ω0,
C(f(a.s(B1))) = C((τ.f(a)); f(s(B1))) if a �∈ Ω0,
C(f(◦s(B1))) = C(◦f(s(B1)))for◦ ∈ {\A, [λ]},
C(f(s(B1) ◦ s(B2))) = C(f(s(B1)) ◦ f(s(B1))) for ◦ ∈ {; ,+,+p}.

By the facts above, Lemma 4 and the condition that Ag(a) ∩ Ag(b) = ∅ for
two distinct a ∈ A and b ∈ Θ, for parallel composition we have the following
lemma. Remark that it does not hold if τ -events are not abstracted away.

Lemma 5. f(s(B1) ‖A s(B2)) ∼=op f(s(B1)) ‖g(A) f(s(B2)).

Theorem 4.1.1 follows from Lemma 1 and Lemma 2. Theorem 4.1.2 follows
from Lemma 2 and Theorem 4.1.1. Theorem 4.1.3 follows from Lemmas 3, 4
and 5. The conclusion for recursion follows from the fact that f(vk

B1
(⊥)) ∼=op

vk
g(B1)(⊥) for k ≥ 0. This fact can be proved via the conclusions for the other
operators.
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