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Abstract

Coordinatingthe motion of multiple mobile robotsis one
of the fundamentalproblemsin robotics. The predomi-
nant algorithmsfor coordinatingteamsof robotsare de-
coupledandprioritized, therebyavoiding combinatorially
hardplanningproblemstypically facedby centralizedap-
proaches.In this paperwe presenta methodfor �nding
solvablepriority schemesfor suchprioritized anddecou-
pledplanningtechniques.Existingapproachesapplyasin-
glepriority schemewhichmakesthemoverly proneto fail-
ure in caseswhere valid solutionsexists. By searching
in the spaceof priorization schemes,our approachover-
comesthis limitation. To focusthe search,our algorithm
is guidedby constraintsgeneratedfrom the task speci�-
cation. To illustrate the appropriatenessof this approach,
thispaperdiscussesexperimentalresultsobtainedwith real
robotsandthroughsystematicrobotsimulation.Theexper-
imentalresultsdemonstratethatour approachsuccessfully
solvesmany morecoordinationproblemsthanpreviousde-
coupledandprioritizedtechniques.

1 Intr oduction

Pathplanningis oneof thefundamentalproblemsin mobile
robotics. As mentionedby Latombe[10], the capability
of effectively planningits motionsis “eminentlynecessary
since,by de�nition, a robotaccomplishestasksby moving
in therealworld.”
In this paperwe considertheproblemof motion planning
for multiple mobile robots. The goal is to computetra-
jectoriesfor the individual robotssuchthat collisionsbe-
tweenthe robotsareavoided. Especiallyin thecontext of
multi-robotsystemsdifferentundesirablesituationscanoc-
cur like congestionsor even deadlocks.Sincethe sizeof
the joint statespaceof the robotsgrows exponentiallyin
the numberof robots,planningpathsfor teamsof mobile
robotsis signi�cantly harderthanthe pathplanningprob-
lem for single robot systems.Therefore,the existing ap-
proachesfor singlerobotsystemscannotdirectly betrans-
ferredto multi-robotsystems.

The existing methodsfor solving the problemof motion
planningfor multiple robotscanbedivided into two cate-
gories[10]. In thecentralizedapproach[3, 13, 17] thecon-
�guration spacesof theindividualrobotsarecombinedinto
onecompositecon�guration spacewhich is thensearched
for a pathfor thewholecompositesystem.In contrast,the
decoupledapproach[6, 8, 12, 15] �rst computesseparate
pathsfor the individual robotsand thenresolvespossible
con�icts of thegeneratedpaths.
While centralizedapproaches(at least theoretically)are
ableto �nd the optimal solutionto any planningproblem
for which a solution exists, their time complexity is ex-
ponentialin thedimensionof thecompositecon�guration
space.In practiceoneis thereforeforcedto useheuristics
for theexplorationof thehugejoint statespace.
Many methodsusepotential�eld techniques[2, 3, 18] to
guide the search. Thesetechniquesapply different ap-
proachesto dealwith the problemof local minima in the
potentialfunction. Othermethodsrestrict the motionsof
therobotsto reducethesizeof thesearchspace.For exam-
ple, [9, 11, 17] restrict the trajectoriesof the robotsto lie
on independentroadmaps.Thecoordinationis achievedby
searchingtheCartesianproductof theseparateroadmaps.
Decoupledplannersdeterminethe pathsof the individual
robotsindependentlyandthenemploy differentstrategies
to resolve possiblecon�icts. Accordingto that,decoupled
techniquesareincomplete,i.e. they mayfail to �nd a solu-
tion evenif thereis one. A populardecoupledapproachis
planningin thecon�guration time-space[6] which canbe
constructedfor eachrobotgiventhepositionsandorienta-
tionsof all otherrobotsat every point in time. Techniques
of this type assignpriorities to the individual robotsand
computethepathsof therobotsbasedon theorderimplied
by thesepriorities. The methodpresentedin [19] usesa
�x edorderandappliespotential�eld techniquesin thecon-
�guration time-spaceto avoid collisions.Theapproachde-
scribedin [7] alsousesa�x edpriority schemeandchooses
randomdetoursfor therobotswith lowerpriority.
Anotherapproachto decoupledplanningis the pathcoor-
dination methodwhich was �rst introducedin [15]. The
key idea of this techniqueis to keepthe robotson their
individual pathsandlet the robotsstop,move forward,or
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Figure1: Situationin which no solutioncanbefoundif robot3
hashigherpriority thanrobot1.

evenmove backwardon their trajectoriesin orderto avoid
collisions(seealso[4]). To reducethe complexity in the
caseof hugeteamsof robots[12] recentlypresentedatech-
niqueto separatetheoverallcoordinationproblemintosub-
problems.This approach,however, assumesthat theover-
all problemcanbe divided into very small sub-problems,
aseriousassumptionwhich,asvariousexamplesdescribed
below demonstrate,is oftennot justi�ed. In general,there-
fore,a prioritizedvarianthasto beapplied.
The methodsdescribedabove leave open how to assign
the priorities to the individual robots. In the past,differ-
ent techniquesfor selectingprioritieshave beenused. [5]
applieda heuristicwhich assignshigherpriority to robots
which canmove on a straightline from the startingpoint
to their target location. In [1] all possibleassignmentsare
considered.Due to its complexity this approachhasonly
beenappliedto groupsof up to threerobots.
For decoupledandprioritized methodstheorderin which
the pathsareplannedhasa seriousin�uence on whether
at all a solutioncanbe found. Figure1 shows a situation
in which no solutioncanbe found if robot 3 hasa higher
priority thanrobot 1. Sincethepathof robot3 is planned
without consideringrobot1, it entersthecorridorcontain-
ing its targetlocationmarked ��� beforerobot1 hasleft this
corridor. Becausethecorridorsaretoonarrow to allow two
robotsto passby, robot3 blockstheway of robot1 sothat
it cannotreachits targetpoint ��� . However, if we change
theprioritiesandplan the trajectoryof robot1 beforethat
of robot3, thenrobot3 considersthe trajectoryof robot1
duringpathplanningandthuswill wait in thehallwayuntil
robot1 hasleft thecorridor.
Pleasenote,thatin orderto �nd asolutiononegenerallyhas
to considerdifferentpriority schemes.Sinceeachchange
of aschemerequiresthecomputationof thepathsfor many
of the robots,it is of utmostimportanceto minimize the
time requiredto �nd priority schemesfor which a solution
to thepathplanningproblemcanbecomputed.
In this paperwe presenta techniquewhich interleavesthe
searchfor anappropriatepriority schemewith theplanning
of thepathsfor theindividualrobots.Ourapproachis aran-
domizedsearchtechniquewhich startswith an initial pri-
ority schemeandchangesthis by swappingtwo randomly
chosenrobots.Therebyit exploits constraintsbetweenthe
optimalpathsof theindividual robotsin orderto focusthe

search.Thisway thenumberof problemsfor whichasolu-
tion canbefoundin agivenamountof timeis increasedsig-
ni�cantly. Our techniquehasbeenimplementedandtested
on real robotsandin extensive simulationruns. In all ex-
perimentsit hasbeenshown to be very effective even for
large teamsof robots,for differentenvironments,andus-
ing two differentdecoupledpathplanningtechniques.
The paperis organizedasfollows. The following section
describestheprioritizedanddecoupledpathplanningtech-
niqueswe apply our algorithmpresentedin Section3 to.
Section4 containsexperimentalresultsillustrating theca-
pabilitiesof ourapproach.

2 Prioritized
���

-based Path Plan-
ning and Path Coordination

The basicalgorithm to computeoptimal pathsfor single
robotsappliedthroughoutthis paperis thewell-known ��	

searchprocedure. The next sectionbrie�y describesthe
variantwe areusing. To representtheenvironmentof the
robotswe apply occupancy grids [14] which separatethe
environmentinto agrid of equallyspacedcellsandstorein
eachcell 
���
���� theprobability ������������� ��� thatit is occupied
by a staticobject. In theremainderof this sectionwe then
presentthekey ideasof decoupledprioritizedpathplanning
anddiscusshow the �

	 procedurecanbe utilized to plan
themotionsof teamsof robotsby this approach.

2.1  "! -basedPath Planning

The �#	 proceduresimultaneouslytakes into accountthe
accumulatedcostof reachingacertainlocation 
$�%
&�'� from
thestartingpositionaswell astheestimatedcostof reach-
ing the target location 
$�(	)
��'	�� from 
$�%
&�'� . In our case,
the cost for traversinga cell 
$�%
&�'� is proportionalto its
occupancy probability �������*�

�)� �
� . Furthermore,the esti-

matedcostfor reachingthetargetlocationis approximated
by ��+(,-,-
$�%
&�'�/.0
$�

	

��

	
�*,1, where �3254 is chosenas the

minimumoccupancy probability ���6�����
��� �

� in themapand
,1,-
$��
��'�7.8
��9	)
&�:	��*,1, is the straight-linedistancebetween


���
���� and 
��9	)
��'	*� . Sincethis heuristicis admissible,�7	

determinesthecost-optimalpathfrom thestartingposition
to thetargetlocation.

2.2 Decoupled Path Planning for Teams of
Robots

In this paperwe considerdecoupledand prioritized path
planningapproacheswhichplanthepathsin thecon�gura-
tion time-space.Suchapproachesproceedasfollows.First,
onecomputesfor eachrobot thepathwithout considering
thepathsof theotherrobots.Thenonechecksfor possible
con�icts in the trajectoriesof the robots(we regardit asa



con�ict betweentwo robotsif their distanceis lessthan �

where ���������
	 in our currentsystem).Con�icts between
robotsareresolvedby introducingapriority scheme.A pri-
ority schemedeterminestheorderin whichthepathsfor the
robotsarere-planned.Thepathof a robot is thenplanned
in its con�gurationtime-spacecomputedbasedon themap
of theenvironmentandthepathsof therobotswith higher
priority.
Our systemappliesthe �7	 procedureto computethecost-
optimal pathsfor the individual robots, in the remainder
denotedastheindependentlyplannedoptimalpathsfor the
individual robots.We alsoapply �7	 searchto planthemo-
tionsof the robotsin thecon�guration time-space.In this
casethecostof traversinga location 
���
���� at time � is de-
terminedby theoccupancy probability ��������� ��� � � plus the
probabilitythatoneof theotherrobotswith higherpriority
covers 
$�%
&�'� at thattime.
In this paperwe considertwo different strategies. The
�rst methodis the general� 	 -basedplanningin the con-
�guration time-space.The secondmethodis a restricted
versionof this approachdenotedasthe pathcoordination
technique[12]. It differs from the generalapproachin
that it only explores a subsetof the con�guration time-
spacegiven by thosestateswhich lie on the initially op-
timal pathsfor the individual robots. The pathcoordina-
tion techniquethusforcestherobotsto stayon their initial
trajectories.Theoverall complexity of bothapproachesis

�

��
 +�	 +������9��	 �&� where
 is thenumberof robotsand 	

is the maximumnumberof statesexpandedby �
	 during

planningin thecon�gurationtime-space(i.e. themaximum
lengthof theOPEN-list).
Dueto therestrictionduringthesearch,thepathcoordina-
tion methodis moreef�cient thanthe general��	 search.
Its majordisadvantage,however, lies in thefactthatit fails
moreoften.

3 Searching for Solvable Priority
Schemes

As alreadymentionedabove, prioritized and decoupled
approachesto multi-robot path planning are incomplete.
However, astheexamplegiven in Figure1 illustrates,the
orderin whichthepathsareplannedhasasigni�cant in�u-
enceon whethera solutioncanbe found. This raisesthe
questionof how to �nd a solvablepriority scheme,i.e. an
orderfor whichcollision-freepathscanbecomputedusing
a decoupledapproach.

3.1 The RandomizedSearch Technique

Recently, randomizedsearchtechniqueshave beenused
with great successto solve constraintsatisfaction prob-
lemsor to solvesatis�ability problems[16]. Ouralgorithm

presentedhereis a variantwhich performsa randomized
searchin order to �nd a solvable planningorder for de-
coupledandprioritizedpathplanningtechniques.Thereby
it interleaves the searchfor collision-freepathswith the
searchfor asolvablepriority scheme.It startswith anarbi-
trary initial priority scheme� andrandomlyexchangesthe
prioritiesof two robotsin this scheme.If we geta scheme

� for which collision-freepathscanbe found, we return
this order. In order to escapefrom possibledead-endsin
the searchspace,we performrandomrestartswith differ-
ent initial ordersof the robots. Thecompletealgorithmis
listedin Table1.

Table1: Thealgorithmto ®nd solvablepriority schemes.

FOR tries := 1 TO maxTries BEGIN
select random order �

FOR flips := 1 TO maxFlips BEGIN
choose random i, j with i � j

� := swap(i, j, � )
if solvable( � )

return �

END FOR
END FOR
return "No solution found"

3.2 Exploiting Constraints to Focus the
Search

Whereasthe plain randomizedsearchtechniqueproduces
goodresults,it hasthemajordisadvantagethatoftena lot
of iterationsarenecessaryto comeup with a solution.For
example,we found that for ten robotsmorethan20 itera-
tionson averagewerenecessaryto �nd a solvablepriority
scheme.In this sectionwe thereforepresenta technique
to focusthesearch.As anexampleagainconsiderthesit-
uation depictedin Figure 1. As alreadymentioned,it is
impossibleto �nd a pathfor robot 1 if thepathof robot3
is planned�rst, becausethetargetlocationof robot3 is too
closeto theoptimal trajectoryfor robot1. Thekey ideaof
our approachis to introducea constraint��� 2���� between
theprioritiesof two robots� and� , whenever thetargetpo-
sition of robot � is too closeto the initially optimal path
of robot � . In our examplewe thus obtain the constraint

�(� 2��
� betweentherobots1 and3. Additionally, we get

theconstraint�! 2��9� , sincethetarget locationof robot1
lies toocloseto thetrajectoryof robot2.
Although thesatisfactionof theconstraintsdoesnot guar-
anteethat collision-freepathscanbe found for a priority
scheme,orderssatisfyingthe constraintsmoreoften have
a solutionthanpriority schemesviolating constraints.Un-
fortunately, dependingon theenvironmentandthenumber
of the robotsit is possiblethat thereis no ordersatisfying
all constraints. In sucha casethe constraintsproducea
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Figure2: Independentlyplannedpathsfor tenrobots.
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Figure3: Constraintsgeneratedaccordingto thepathsshown in
Figure2.

cyclic dependency. Thekey ideaof our approachis to re-
orderonly thoserobotsthatareinvolvedin sucha cycle in
theconstraintgraph.Thus,we separateall robotsinto two
sets.The�rst group �7� containsall robotsthat,according
to the constraints,do not lie on a cycle andhave a higher
priority thanall robotswhich lie on a cycle. This set of
robotsis orderedaccordingto theconstraintsandthisorder
is not changedduring thesearch.Thesecondset,denoted
as �

 containsall otherrobots.
Figure 2 shows a simulated situation with ten robots.
Whereasthe startingpositionsare marked by ���)
������*
����

the corresponding goal positions are marked by
��� 
�������
 ��� . The independentlyplanned optimal tra-
jectoriesareindicatedby solid lines. Giventhesepathswe
obtain the constraintsdepictedin Figure3. Accordingto
the constraints,six robotsbelongto the group of robots
whoseorderremainsunchangedduringthesearchprocess.
The robotsin their orderof priorities are3, 6, 7, 2, 4, 9.
Only theotherfour robotsareconsideredduringthesearch
for a solvablepriority scheme.Our approachstartswith
theorder0, 1, 5, and8 for theremainingrobotsfor which
our systemimmediatelycan determinethe collision-free
pathsshown in Figure4. Thus,theconstraintsimmediately
leadto a solvablepriority scheme.
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Figure4: Resultingcollision-freepaths.

Figure5: Cyclic corridor environmentusedfor the simulation
runs.

4 Experimental Results

Thealgorithmdescribedabovehasbeentestedthoroughly
onrealrobotsandin extensivesimulationruns.In all exper-
imentsweneverobservedthattheconstrainedsearchfailed
more often than the unconstrainedsearch. Furthermore,
therewasno signi�cant differencebetweenthe lengthsof
thegeneratedpaths.All experimentswerecarriedoutusing
differentenvironments.To evaluatethegeneralapplicabil-
ity, weappliedour methodto thetwo decoupledandprior-
itized pathplanningtechniquesdescribedabove. Thecur-
rentimplementationis highly ef�cient. It requireslessthan
0.1secondsona1000MHz PentiumIII to planacollision-
free path for onerobot in all environmentsdescribedbe-
low. The whole searchprocedurefor 10 robotswith 10
restartsand10 iterationsperrestartrequiresapproximately
oneminute.

4.1 Simulation Experiments

This set of experimentsis designedto illustrate that the
overall numberof failurescanbereducedsigni�cantly us-
ing our randomizedsearchtechniqueandeven moresig-
ni�cantly by taking into accountthegeneratedconstraints
duringthesearch.
For eachnumberof robotsconsidered,we performed100
experiments. In eachexperimentwe randomlychosethe
startingandtargetlocationsof therobots.We appliedfour
differentstrategiesto �nd solvablepriority schemes:

1. A randomlychosenorderfor therobots.
2. A singleorderwhich satis�es the constraintsfor the

robotsin R� andconsistsof a randomlychosenorder
for therobotsin R .

3. Randomizedsearchstartingwith a randomorderand
withoutconsideringtheconstraints.

4. Constrainedrandomizedsearchstartingwith anorder
computedin thesamewayasstrategy 2).

Pleasenotethat in this experimentwe chosea smallnum-
ber of iterationsfor the last two strategies in order to as-
sesstheadvantagesof theconstrainedsearchunderserious
time constraints.Particularly, wechosea valueof 3 for the
parametersmaxFlips and maxTries . For eachtech-
nique,we performed�7	 -basedplanningin the con�gura-
tion time-spaceandcountedthenumberof solvedplanning
problems.
Figure6 summarizestheresultswe obtainedfor thecyclic
corridor environmentdepictedin Figure 5. Whereasthe
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Figure6: Solvedplanningproblemsfor differentstrategiesusing
���

-basedplanningin the con®gurationtime-spacein the cyclic
corridorenvironmentdepictedin Figure5.

x-axis representsthe numberof robots, the y-axis con-
tains the numberof solved problemsin percent. As this
�gure shows, our constrainedsearchtechniqueis signi�-
cantly moreoften able to �nd a solutioncomparedto all
otherstrategies. Interestingly, the secondstrategy, which
exploits the constraintsbut considersonly oneschemein
eachexperiment,showsasimilarperformancethantheun-
constrainedrandomizedsearch.
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Figure7: Numberof solvedplanningproblemsin thenoncyclic
corridorenvironmentshown in Figure4 for thedifferentstrategies
using

�

�

-basedplanningin thecon®gurationtime-space.

Additionally, weperformedasimilar seriesof experiments
for the noncyclic corridor environment depictedin Fig-
ure 4. The resultsare shown in Figure 7. Again, our
constrained-basedsearchoutperformsall otherstrategies.
Furthermore,we analyzedall four strategies to �nd solu-
tions for the pathcoordinationmethod. Throughoutthese
experimentswe usedavariantof theenvironmentdepicted
in Figure4 with � vecorridorsonbothsides.Sincethepath
coordinationmethodrestrictsthe robots to stay on their
independentlyplannedoptimal trajectories,thenumberof
unsolvableproblemsis muchhighercomparedto the ��	 -
basedplanningin thecon�guration time-space.As canbe
seenfrom Figure8 our constrainedsearchagainleadsto a
muchhighersuccessrate.

4.2 Real Robot Experiment

Figure9 (center)illustratesa typical applicationexample
carriedout in our of�ce environmentwith our robotsAl-
bert andLudwig. The robotsareshown in Figure9 (left
andright). In this example,we usedthe general��	 pro-
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Figure8: Solvedplanningproblemsfor all four strategiesusing
thepathcoordinationmethod.

wait

Albert
Ludwig

Figure9: ThemobilerobotsAlbert (left) andLudwig (right) and
arealworld applicationof

�
�

-basedplanningin thecon®guration
time-space(center).

cedurein thecon�guration time-spacefor local pathplan-
ning. While Albert startsat the right endof the corridor
of our lab andhasto move to the left end,Ludwig hasto
traversethecorridor in theoppositedirection. Notice that
no path for Albert canbe found if the pathof Ludwig is
planned�rst, sinceAlbert cannotreachits target point if
Ludwig stayson its optimaltrajectory. Becauseof that,the
systemaltersthe orderof the two robots. Given the opti-
mal path for Albert, our systemplansa path for Ludwig
which �rst leadsit into a doorway in order to let Albert
passby. The resultingtrajectoriesareshown in Figure9
(center).Noticethatat somepoint, therobotLudwig waits
to let therobotAlbert passby. In comparison,no solution
canbefound in this situationif thepathcoordination[12]
techniqueis used.
In variousothertestsoperatingour two robotsin our nar-
row hallways,wefrequentlyobservedtheemergenceof so-
lutions whererobotssensiblycoordinatedtheir behavior,
e.g.,by waiting for eachother. However, we alsonoticed
thatwith only tworobots,theseexperimentsdonotevaluate
theutility of oursearchalgorithmin priority schemespace,
sincethereexist only two suchschemes.Unfortunately, we
currentlyhaveonly two physicalrobotsavailablein ourlab,
so that theexperimentcouldnot becarriedout with larger
groupsof robots.

4.3 In�uence on the Overall Path Length

A further importantquestionin the context of pathplan-
ning is theminimizationof theoverallmovecosts.Wealso
appliedthe randomizedsearchtechniquedescribedin this



Figure10: Independentlyplannedoptimal pathsfor 30 robots
(left) andtheresultingpathsafterpriority optimization(right).
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Figure11: Summedmove costsplottedover time.

paperto minimizethelengthof thetrajectoriesfor ateamof
robots. In this case,the randomizedsearchwascombined
with ahill-climbing strategy. If additionaltimeis available,
the systemperformsseveral restartsandalwayskeepsthe
bestsolutionfound so far. Figure10 (left) shows the in-
dependentlyplannedoptimalpathsfor a teamof 30 robots
in anunstructuredenvironment.After 100iterationsof our
optimizationalgorithm,we obtain the solution illustrated
in Figure10 (right). Figure11 plots the evolution of the
summedmove costsof thebestsolutionfoundso far over
time anddemonstratesthe capabilitiesof this approachto
reducetheoverallpathlength.

5 Conclusions

In this paperwe presentedan approachto �nd solvable
priority schemesfor decoupledpathplanningmethodsfor
groupsof mobile robots. Our approachis a randomized
methodwhich repeatedlyreordersthe robotsto �nd a se-
quencefor which a plan canbe computed.To reducethe
computationtime necessaryto �nd a solutioncertaincon-
straintsbetweenthe robotsareextractedandexploited to
focusthesearch.Theapproachhasbeenimplementedand
testedonrealrobotsaswell asin extensivesimulationruns
for two differentdecoupledpathplanningtechniques.The
experimentsdemonstratethat our techniquesigni�cantly
decreasesthe numberof failures in which no solution is
foundfor a givenplanningproblem.Furthermore,our ran-
domizedsearchmethodcanalsobe usedto minimize the
overallpathlength.
It shouldbe notedthat our algorithmis not limited to the
two differentbaselinepath-planningtechniquesconsidered
here.In contrast,it canbeusedto �nd andoptimizepaths
generatedwith arbitraryprioritizedpath-planningmethods.

Thisalsoincludesplanningtechniqueswithouttheassump-
tionsof themethodsconsideredin this paper, like accurate
globalmodelsof theenvironmentandlikedeterministicex-
ecutionof the plannedmovements.Furthermore,our ap-
proachcan easily be extendedto situationsin which the
robotshave to meetcertaindeadlines.Finally, we would
like to mentionthat our methodis equallysuitedto more
complex coordinationproblems,in which the robotshave
largedegreesof freedom.
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